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Preface

The goal of this work is to introduce elementary Stochastic Calculus to senior under-
graduate as well as to master students with Mathematics, Economics and Business
majors. The author’s goal was to capture as much as possible of the spirit of ele-
mentary Calculus, at which the students have been already exposed in the beginning
of their majors. This assumes a presentation that mimics similar properties of deter-
ministic Calculus, which facilitates the understanding of more complicated concepts
of Stochastic Calculus. Since deterministic Calculus books usually start with a brief
presentation of elementary functions, and then continue with limits, and other prop-
erties of functions, we employed here a similar approach, starting with elementary
stochastic processes, different types of limits and pursuing with properties of stochas-
tic processes. The chapters regarding differentiation and integration follow the same
pattern. For instance, there is a product rule, a chain-type rule and an integration by
parts in Stochastic Calculus, which are modifications of the well-known rules from the
elementary Calculus.

Since deterministic Calculus can be used for modeling regular business problems, in
the second part of the book we deal with stochastic modeling of business applications,
such as Financial Derivatives, whose modeling are solely based on Stochastic Calculus.

In order to make the book available to a wider audience, we sacrificed rigor for
clarity. Most of the time we assumed maximal regularity conditions for which the
computations hold and the statements are valid. This will be found attractive by both
Business and Economics students, who might get lost otherwise in a very profound
mathematical textbook where the forest’s scenary is obscured by the sight of the trees.

An important feature of this textbook is the large number of solved problems and
examples from which will benefit both the beginner as well as the advanced student.

This book grew from a series of lectures and courses given by the author at the
Eastern Michigan University (USA), Kuwait University (Kuwait) and Fu-Jen University
(Taiwan). Several students read the first draft of these notes and provided valuable
feedback, supplying a list of corrections, which is by far exhaustive. Any typos or
comments regarding the present material are welcome.

The Author,
Ann Arbor, October 2012
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Part 1

Stochastic Calculus






Chapter 1

Basic Notions

1.1 Probability Space

The modern theory of probability stems from the work of A. N. Kolmogorov published
in 1933. Kolmogorov associates a random experiment with a probability space, which
is a triplet, (2, F, P), consisting of the set of outcomes, 2, a o-field, F, with Boolean
algebra properties, and a probability measure, P. In the following sections, each of
these elements will be discussed in more detail.

1.2 Sample Space

A random experiment in the theory of probability is an experiment whose outcomes
cannot be determined in advance. These experiments are done mentally most of the
time.

When an experiment is performed, the set of all possible outcomes is called the
sample space, and we shall denote it by €2. In financial markets one can regard this also
as the states of the world, understanding by this all possible states the world might
have. The number of states the world that affect the stock market is huge. These
would contain all possible values for the vector parameters that describe the world,
and is practically infinite.

For some simple experiments the sample space is much smaller. For instance, flip-
ping a coin will produce the sample space with two states {H, T}, while rolling a die
yields a sample space with six states. Choosing randomly a number between 0 and 1
corresponds to a sample space which is the entire segment (0, 1).

All subsets of the sample space © form a set denoted by 22. The reason for this
notation is that the set of parts of {2 can be put into a bijective correspondence with the
set of binary functions f : @ — {0,1}. The number of elements of this set is 21/, where
|Q| denotes the cardinal of Q. If the set is finite, || = n, then 2 has 2" elements. If
Q) is infinitely countable (i.e. can be put into a bijective correspondence with the set
of natural numbers), then 2/l is infinite and its cardinal is the same as that of the real

!



number set R. As a matter of fact, if Q represents all possible states of the financial
world, then 2 describes all possible events, which might happen in the market; this is
a supposed to be a fully description of the total information of the financial world.

The following couple of examples provide instances of sets 2 in the finite and
infinite cases.

Example 1.2.1 Flip a coin and measure the occurrence of outcomes by 0 and 1: as-
sociate a 0 if the outcome does not occur and a 1 if the outcome occurs. We obtain the
following four possible assignments:

{H—-0,T—-0}, {H—-0T—1}, {H—-1T—-0}, {H—1T—1},

so the set of subsets of {H, T} can be represented as 4 sequences of length 2 formed
with 0 and 1: {0,0}, {0,1}, {1,0}, {1,1}. These correspond in order to the sets
O, {T},{HY,{H, T}, which is the set 21T}

Example 1.2.2 Pick a natural number at random. Any subset of the sample space
corresponds to a sequence formed with 0 and 1. For instance, the subset {1,3,5,6}
corresponds to the sequence 10101100000... having 1 on the 1st, 3rd, 5th and 6th
places and 0 in rest. It is known that the number of these sequences is infinite and
can be put into a bijective correspondence with the real number set R. This can be also
written as |2V = |R|, and stated by saying that the set of all subsets of natural numbers
N has the same cardinal as the real numbers set R.

1.3 Events and Probability

The set of parts 2? satisfies the following properties:

1. It contains the empty set O;
2. If it contains a set A, then it also contains its complement A = Q\ A;

3. It is closed with regard to unions, i.e., if Ay, As,... is a sequence of sets, then
their union A; U A3 U--- also belongs to 2%,

Any subset F of 2 that satisfies the previous three properties is called a o-field. The
sets belonging to F are called events. This way, the complement of an event, or the
union of events is also an event. We say that an event occurs if the outcome of the
experiment is an element of that subset.

The chance of occurrence of an event is measured by a probability function P :
F — [0, 1] which satisfies the following two properties:

1. P(Q) =1;



2. For any mutually disjoint events Ay, As,--- € F,

P(AlLJAQU"'):P(Al)-l-P(AQ)-l—"'.

The triplet (2, F, P) is called a probability space. This is the main setup in which
the probability theory works.

Example 1.3.1 In the case of flipping a coin, the probability space has the following
elements: Q = {H,T}, F = {O,{H},{T},{H,T}} and P defined by P(®) = 0,
P({H}) =5, P{T}) = 3, P{H,T}) = 1.

Example 1.3.2 Consider a finite sample space Q = {s1,...,Sp}, with the o-field F =
2% and probability given by P(A) = |A|/n, YA € F. Then (9,29, P) is called the

classical probability space.

1.4 Random Variables

Since the o-field F provides the knowledge about which events are possible on the
considered probability space, then F can be regarded as the information component
of the probability space (2, F, P). A random variable X is a function that assigns a
numerical value to each state of the world, X : 2 — R, such that the values taken by
X are known to someone who has access to the information F. More precisely, given
any two numbers a,b € R, then all the states of the world for which X takes values
between a and b forms a set that is an event (an element of F), i.e.

{weQa< X(w)<b}elF.

Another way of saying this is that X is an F-measurable function. It is worth noting
that in the case of the classical field of probability the knowledge is maximal since
F = 29 and hence the measurability of random variables is automatically satisfied.
From now on instead of measurable terminology we shall use the more suggestive word
predictable. This will make more sense in a future section when we shall introduce
conditional expectations.

Example 1.4.1 Let X(w) be the number of people who want to buy houses, given the
state of the market w. Is X predictable? This would mean that given two numbers,
say a = 10,000 and b = 50,000, we know all the market situations w for which there
are at least 10,000 and at most 50,000 people willing to purchase houses. Many times,
in theory, it makes sense to assume that we have enough knowledge to assume X
predictable.

Example 1.4.2 Consider the experiment of flipping three coins. In this case ) is the
set of all possible triplets. Consider the random variable X which gives the number of



Figure 1.1: If any pullback X_l((a, b)) 1s known, then the random variable X : Q — R
is 2% -measurable.

tails obtained. For instance X(HHH) =0, X(HHT) =1, etc. The sets

{w;X(w)=0}={HHH}, {w;X(w)=1}={HHT,HTH THHY},
{w; X (w) =3} ={TTT}, {w;X(w)=2}={HTT,THT,TTH}

belong to 22, and hence X is a random variable.

Example 1.4.3 A graph is a set of elements, called nodes, and a set of unordered pairs
of nodes, called edges. Consider the set of nodes N' = {ny,na,...,nx} and the set of
edges € = {(ns,n;),1 <1i,j <n,i# j}. Define the probability space (Q2, F,P), where

o the sample space is the the complete graph, Q@ =N UE;

o the o-field F is the set of all subgraphs of C1;

o the probability is given by P(G) = n(G)/k, where n(G) is the number of nodes
of the graph G.
As an example of a random variable we consider Y : F — R, Y(G) = the total number
of edges of the graph G. Since given F, one can count the total number of edges of each
subgraph, it follows that Y is F-measurable, and hence it is a random variable.

1.5 Distribution Functions

Let X be a random variable on the probability space (2, F,P). The distribution
function of X is the function F : R — [0, 1] defined by
F

X

() = P(w; X(w) < ).

It is worth observing that since X is a random variable, then the set {w; X (w) < z}
belongs to the information set JF.
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Figure 1.2: a Normal distribution; b Log-normal distribution; ¢ Gamma distributions;
d Beta distributions.

The distribution function is non-decreasing and satisfies the limits

:vgr_noo FX ($) =0, wEI-iI-loo FX (x) =1
If we have p
%FX (33) = p(x)v

then we say that p(z) is the probability density function of X. A useful property which
follows from the Fundamental Theorem of Calculus is
b
Pla< X <b)=Pw;a< X(w)<b) = / p(zx) dz.
a
In the case of discrete random variables the aforementioned integral is replaced by the
following sum
Pla<X<b)= Y P(X=u)
a<x<b
For more details the reader is referred to a traditional probability book, such as Wack-
erly et. al. [6].

1.6 Basic Distributions

We shall recall a few basic distributions, which are most often seen in applications.



10

Normal distribution A random variable X is said to have a normal distribution if
its probability density function is given by

L @)

oV 2 ’

with © and o > 0 constant parameters, see Fig.1.2a. The mean and variance are given
by
EX]=p, VarX]=o%

2

If X has a normal distribution with mean p and variance o, we shall write

X ~ N(p,0?).

Exercise 1.6.1 Let o, € R. Show that if X is normal distributed, with X ~
N(u,0?), then Y = aX + B is also normal distributed, with Y ~ N(au + 3, a%0?).

Log-normal distribution Let X be normally distributed with mean p and variance
o2. Then the random variable Y = eX is said to be log-normal distributed. The mean
and variance of Y are given by

02
E[Y] = ety
VarlY] = 2t (602 —1).
The density function of the log-normal distributed random variable Y is given by

1 _(nz—p?
p(l‘) = € 202, x>0,
To/ 2T

see Fig.1.2b.

Exercise 1.6.2 Given that the moment generating func2ti20n of a normally distributed
random variable X ~ N(u,02) is m(t) = E[e"X] = "7 /2 show that

(a) E[Y"] = e F°* /2 yhere Y = eX.

(b) Show that the mean and variance of the log-normal random variable Y = e
are

X

2

E[Y] = et 2 Var[y] = ¥+ (7 — 1),
Gamma distribution A random variable X is said to have a gamma distribution with
parameters a > 0, 8 > 0 if its density function is given by

xaflefx/ﬁ

T Y

p(x) =



11

where I'(a) denotes the gamma function,! see Fig.1.2c. The mean and variance are
E[X] = ap, Var[X] = aB%

The case a@ =1 is known as the exponential distribution, see Fig.1.3a. In this case

1
plz)==e 2B x>0
p
The particular case when o = n/2 and 8 = 2 becomes the x2—distribution with n
degrees of freedom. This characterizes also a sum of n independent standard normal
distributions.

Beta distribution A random variable X is said to have a beta distribution with
parameters a > 0, 8 > 0 if its probability density function is of the form

a—1 o B—1
) )
B(a, B)

where B(a, ) denotes the beta function.? See see Fig.1.2d for two particular density
functions. In this case

p(x) =

« of
E[X] = Var(X] = CETECETESk

a+ B’

Poisson distribution A discrete random variable X is said to have a Poisson proba-
bility distribution if

AR

P(X:k):Fe 5

k=0,1,2,...,

with A > 0 parameter, see Fig.1.3b. In this case E[X]| = A and Var[X] = .
Pearson 5 distribution Let o, 5 > 0. A random variable X with the density function

1 e Blx >0
M= o g

is said to have a Pearson 5 distribution® with positive parameters o and 3. It can be
shown that

82 .
ifa>1 ifa>2
EX]={ a-1 Var(X) =4 (a—1)2(a—2)’
00, otherwise, 00, otherwise.
'Recall the definition of the gamma function I'(a) = o y*le Ydy; if @ = n, integer, then
I'(n) = (n—1)!
2Two definition formulas for the beta functions are B(a, 8) = Fr(f(jigg)) = 01 Yy 1 — )P dy.

3The Pearson family of distributions was designed by Pearson between 1890 and 1895. There are
several Pearson distributions, this one being distinguished by the number 5.
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A =15, 0<k<30

]

Figure 1.3: a Ezrponential distribution; b Poisson distribution.

The mode of this distribution is equal to T
o

The Inverse Gaussian distribution Let y,A > 0. A random variable X has an

inverse Gaussian distribution with parameters p and X if its density function is given
by

A AMemw?
pla)=g—ge ==, x>0 (1.6.1)
T

We shall write X ~ IG(u, \). Its mean, variance and mode are given by

9u?  3u
E[X]:u7 VQT(X):T7 Mode(X):'u< 1+W_5)

This distribution will be used to model the time instance when a Brownian motion
with drift exceeds a certain barrier for the first time.

1.7 Independent Random Variables
Roughly speaking, two random variables X and Y are independent if the occurrence
of one of them does not change the probability density of the other. More precisely, if
for any sets A, B C R, the events

[wX(@) €A},  {wY(w) e B}

are independent,* then X and Y are called independent random variables.

Proposition 1.7.1 Let X and Y be independent random wvariables with probability
density functions p, (x) and py, (y). Then the joint probability density function of (X,Y")

is given by px,y (z,y) = px () Py (y)-

4In Probability Theory two events A; and Aj are called independent if P(A1NAz) = P(A1)P(As).
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Proof: Using the independence of sets, we have®

Pxy (@ y)drdy = Pz <X <z+dr,y<Y <y+dy)
= Pr<X<z+dr)Ply<Y <y+dy)
= px(@)dz py(y)dy
= px(2)py (y) dody.

Dropping the factor dxdy yields the desired result. We note that the converse holds
true. |

1.8 Integration in Probability Measure

The notion of expectation is based on integration on measure spaces. In this section
we recall briefly the definition of an integral with respect to the probability measure
P.

Let X : Q — R be a random variable on the probability space (€2, F, P). A partition
(Qi)1<i<n of Q is a family of subsets Q; C Q satisfying
1. QZ‘QQ]’:@, fOI‘Z'#j;

n
2. UQi:Q.

Each ; is an event with the associated probability P(€2;). A simple function is a sum
of characteristic functions f = > 7' ¢;x,, . This means f(w) = ¢; for w € Q. The
integral of the simple function f is defined by

/QfdP = ;QP(QU'

If X : Q — Ris arandom variable such that there is a sequence of simple functions

(Fa)nz1 satisfying;

1. fn is fundamental in probability: Ye > 0 limy, y—o0 P(w; | frn(w) — fm(w)] > €) = 0,
0

2. fn converges to X in probability: Ve > 0 lim,, o0 P(w;|fn(w) — X (w)| > €) —
then the integral of X is defined as the following limit of integrals

/XdP: lim [ f,dP.
Q Q

n—oo

From now on, the integral notations [, X dP or [, X(w)dP(w) will be used inter-
changeably. In the rest of the chapter the integral notation will be used formally,
without requiring a direct use of the previous definition.

5We are using the useful approximation P(z < X < x + dzx) = f;+dl p(u) du = p(x)dx.
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1.9 Expectation

A random variable X : 2 — R is called integrable if

Awwwmmzéummm<m

where p(x) denotes the probability density function of X. The previous identity is
based on changing the domain of integration from 2 to R.
The expectation of an integrable random variable X is defined by

E[X] = /Q X (w)dP(w) = /]R 2 p(z) d.

Customarily, the expectation of X is denoted by p and it is also called the mean. In
general, for any continuous® function h : R — R, we have

E[h(X)] :/Qh(X(w)) dP(w):/h(x)p(x) dx.

R

Proposition 1.9.1 The expectation operator E is linear, i.e. for any integrable ran-
dom variables X and'Y

1. E[cX] = cE[X], Ve € R;
2.E[X+Y]=E[X]+ E[Y].

Proof: 1t follows from the fact that the integral is a linear operator. [ |

Proposition 1.9.2 Let X and Y be two independent integrable random variables.
Then

E[XY] = E[X]E[Y].

Proof: This is a variant of Fubini’s theorem, which in this case states that a double
integral is a product of two simple integrals. Let p,, p,, py, denote the probabil-
ity densities of X, Y and (X,Y), respectively. Since X and Y are independent, by
Proposition 1.7.1 we have

BIXY) = [[ oy o) dedy = [ ap @) do [ up, () dy = EIXIEDY)

Sin general, measurable
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1.10 Radon-Nikodym’s Theorem

This section is concerned with existence and uniqueness results that will be useful later
in defining conditional expectations. Since this section is rather theoretical, it can be
skipped at a first reading.

Proposition 1.10.1 Consider the probability space (2, F,P), and let G be a o-field
included in F. If X is a G-predictable random variable such that

/XdP:O VA € G,
A

then X =0 a.s.

Proof: In order to show that X = 0 almost surely, it suffices to prove that P (w; X(w) = 0) =1.
We shall show first that X takes values as small as possible with probability one, i.e.
Ve > 0 we have P(|X| < €) = 1. To do this, let A = {w; X(w) > €}. Then

1 1

0<P(X>e):/dP:—/edP<—/XdP:O,
A €JA €JA

and hence P(X > €) = 0. Similarly P(X < —e¢) = 0. Therefore

P(X|<e)=1-P(X>e¢)—P(X<—€)=1-0-0=1.

Taking € — 0 leads to P(|X| = 0) = 1. This can be formalized as follows. Let ¢ = 1
and consider B,, = {w; | X (w)| < €}, with P(B,) = 1. Then

P(X =0)=P(|X| =0) = P(ﬁ By) = lim P(B,) = 1.
n=1

Corollary 1.10.2 If X and Y are G-predictable random variables such that

/XdP:/YdP VA € G,
A A

then X =Y a.s.

Proof: Since [,(X —Y)dP =0, VA € G, by Proposition 1.10.1 we have X —Y =0
a.s. ]

Theorem 1.10.3 (Radon-Nikodym) Let (2, F, P) be a probability space and G be a
o-field included in F. Then for any random variable X there is a G-predictable random
variable Y such that

XdP:/YdP, VAEG. (1.10.2)
A A
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We shall omit the proof but discuss a few aspects.
1. All o-fields G C F contain impossible and certain events 0,2 € G. Making

A = Q yields
/XdP:/YdP,
Q Q

2. Radon-Nikodym’s theorem states the existence of Y. In fact this is unique almost
surely. In order to show that, assume there are two G-predictable random variables Y;
and Y3 with the aforementioned property. Then from (1.10.2) yields

which is E[X] = E[Y].

/YldP:/YgdP, VA€ G.
A A

Applying Corollary (1.10.2) yields Y1 = Y5 a.s.

3. Since E[X]| = [, X dP is the expectation of the random variable X, given the
full knowledge F, then the random variable Y plays the role of the expectation of X
given the partial information G. The next section will deal with this concept in detail.

1.11 Conditional Expectation

Let X be a random variable on the probability space (2, F,P). Let G be a o-field
contained in F. Since X is F-predictable, the expectation of X, given the information
F must be X itself. This shall be written as E[X|F] = X (for details see Example
1.11.3). Tt is natural to ask what is the expectation of X, given the information G.
This is a random variable denoted by E[X|G] satisfying the following properties:

1. E[X|G] is G-predictable;
2. [,E[X|G]dP = [, XdP, VAE€G.
E[X|G] is called the conditional expectation of X given G.

We owe a few explanations regarding the correctness of the aforementioned defi-
nition. The existence of the G-predictable random variable E[X|G] is assured by the
Radon-Nikodym theorem. The almost surely uniqueness is an application of Proposi-
tion (1.10.1) (see the discussion point 2 of section 1.10).

It is worth noting that the expectation of X, denoted by E[X] is a number, while
the conditional expectation E[X|G] is a random variable. When are they equal and
what is their relationship? The answer is inferred by the following solved exercises.

Example 1.11.1 Show that if G = {0, Q}, then E[X|G] = E[X].
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Proof: ~ We need to show that E[X] satisfies conditions 1 and 2. The first one is
obviously satisfied since any constant is G-predictable. The latter condition is checked
on each set of G. We have

XM=2MM=MH/W=/MMW
Q Q
XdP = /@E[X]dP.
]

Example 1.11.2 Show that E[E[X|G]] = E[X], i.e. all conditional expectations have
the same mean, which is the mean of X.

Proof: Using the definition of expectation and taking A = ) in the second relation of
the aforementioned definition, yields

E[E[X|G] = / E[X|g]dP = / XdP = E[X],
Q Q
which ends the proof. [ |

Example 1.11.3 The conditional expectation of X given the total information F is
the random wvariable X itself, i.e.

E[X|F] = X.

Proof:  The random variables X and E[X|F] are both F-predictable (from the defi-
nition of the random variable). From the definition of the conditional expectation we
have

/E[X|f]dP:/XdP, VA€ F.
A A

Corollary (1.10.2) implies that E[X|F] = X almost surely. [

General properties of the conditional expectation are stated below without proof.
The proof involves more or less simple manipulations of integrals and can be taken as
an exercise for the reader.

Proposition 1.11.4 Let X and Y be two random wvariables on the probability space
(Q,F,P). We have
1. Linearity:

ElaX +bY|G] = aE[X|G] + bE[Y|]], Va,b € R;
2. Factoring out the predictable part:
E[XY|9] = XE[Y|d]
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if X is G-predictable. In particular, E[X|G] = X.
3. Tower property:
E[E[X|G][H] = E[X[H],if H C G;
4. Positivity:
E[X|G] > 0,if X > 0;

5. Expectation of a constant is a constant:
E[c|G] = c.
6. An independent condition drops out:
E[X|9] = E[X],
if X s independent of G.

Exercise 1.11.5 Prove the property 3 (tower property) given in the previous proposi-
tion.

Exercise 1.11.6 Let X be a random variable on the probability space (Q, F, P), which
is independent of the o-field G C F. Consider the characteristic function of a set A C 2

1, ifweA

defined by xa(w) = { 0., ifwg A Show the following:

a) x4 is G-predictable for any A € G;
b) P(A) = E[xal;
) X and x4 are independent random variables;
E[xaX] = E[X]P(A) for any A € G;
E[X|G] = E[X].

1.12 Inequalities of Random Variables

This section prepares the reader for the limits of sequences of random variables and
limits of stochastic processes. We shall start with a classical inequality result regarding
expectations:

Theorem 1.12.1 (Jensen’s inequality) Let ¢ : R — R be a convex function and
let X be an integrable random variable on the probability space (Q, F,P). If o(X) is
integrable, then

p(E[X]) < Elp(X)]

almost surely (i.e. the inequality might fail on a set of probability zero).



19

(pr!>0

Px

Figure 1.4: Jensen’s inequality o(E[X]) < Elp(X)] for a convezr function ¢.

Proof: ~ We shall assume ¢ twice differentiable with ¢” continuous. Let p = E[X].
Expand ¢ in a Taylor series about p and get

1
p(x) = o) + ' (W) = p) + 5" ()€ = ),
with £ in between x and u. Since ¢ is convex, ¢” > 0, and hence

o(x) > () + @' (u)(x — p),

which means the graph of ¢(z) is above the tangent line at (z,¢(z)). Replacing = by
the random variable X, and taking the expectation yields

=
>
|
E
Il
5
=
+
ﬁ\
=
S
>~
|
=

Elp(X)] > Elp(p) +¢

which proves the result. |

Fig.1.4 provides a graphical interpretation of Jensen’s inequality. If the distribution
of X is symmetric, then the distribution of ¢(X) is skewed, with p(E[X]) < E[¢(X)].

It is worth noting that the inequality is reversed for ¢ concave. We shall next
present a couple of applications.

A random variable X : Q — R is called square integrable if
E[X?] :/ |X (w)?dP(w) = / 22p(z) dz < oo.
Q R

Application 1.12.2 If X is a square integrable random variable, then it is integrable.
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Proof: Jensen’s inequality with ¢(z) = 22 becomes
E[X]? < E[X?].

Since the right side is finite, it follows that E[X] < oo, so X is integrable. |

Application 1.12.3 If mx(t) denotes the moment generating function of the random
variable X with mean u, then
mx (t) > et

Proof: Applying Jensen inequality with the convex function p(z) = e® yields
ePX < EleX].
Substituting tX for X yields
ePIX] < EletX). (1.12.3)

Using the definition of the moment generating function my(t) = E[eX] and that
E[tX] =tE[X] = tp, then (1.12.3) leads to the desired inequality. |

The variance of a square integrable random variable X is defined by
Var(X) = E[X?] - E[X]%

By Application 1.12.2 we have Var(X) > 0, so there is a constant o, > 0, called
standard deviation, such that
O'i = Var(X).

Exercise 1.12.4 Prove the following identity:
Var[X] = E[(X — E[X])?].

Exercise 1.12.5 Prove that a non-constant random variable has a non-zero standard
deviation.

Exercise 1.12.6 Prove the following extension of Jensen’s inequality: If ¢ is a convex
function, then for any o-field G C F we have

p(E[X|9]) < Elp(X)|g].

Exercise 1.12.7 Show the following:
(a) |EX]] < E[IXT];
(b) |E[X|G]| < E[|X||G], for any o-field G C F;
(o) [EIX]" < E[X]], forr > 1;
(d) |[EIX|G]|" < E[|X|" |G], for any o-field G C F and r > 1.
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Theorem 1.12.8 (Markov’s inequality) For any A\,p > 0, we have the following

inequality:
1
Plws | X(@)| 2 3) £ S EIXP)

Proof: Let A = {w;|X(w)| > A}. Then
BIXV) = [ X dPG / X@PdP@) = [ X aP()
= /AdP( w) = APP(A) = NPP(|X| > \N).
Dividing by AP leads to the desired result. n

Theorem 1.12.9 (Tchebychev’s inequality) If X is a random variable with mean

u and variance o2, then
2
Pl |X (@) ] 2 3) < 5.

Q

Proof: Let A = {w;|X(w) — pu| > A}. Then
2 _ ar _ 2] — N2
7 = Var(X) = BUX —pf) = [ (X =pPaP> [ (X =P ap
> A2/dP=A2P(A):A2P(w; X (w) — p| > N).
A

Dividing by A? leads to the desired inequality. [ |

The next result deals with exponentially decreasing bounds on tail distributions.

Theorem 1.12.10 (Chernoff bounds) Let X be a random wvariable. Then for any
A > 0 we have

1. P(X>)\) <

2. P(X < \) <

Proof: 1. Let t > 0 and denote Y = e*X. By Markov’s inequality

ElY]
At
PY >e") < X
Then we have
P(X >)\) = P(tX > X)=P(eX > M)
tX
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2. The case t < 0 is similar. [ ]

In the following we shall present an application of the Chernoff bounds for the
normal distributed random variables.

Let X be a random variable normally distributed with mean p and variance o2. It
is known that its moment generating function is given by

m(t) = Ble'X] = ent* 30,
Using the first Chernoff bound we obtain

m(t)

—Nt+1t202
— = eI v >0,

P(X>)\) <
which implies

1
min[(u — A\t + ~t20>
I S

It is easy to see that the quadratic function f(t) = (1 — A)t + 4t?0? has the minimum

A\ —
value reached for t = 2#. Since t > 0, A needs to satisfy A > u. Then
o
: Y e AN G s
mip /0= 1(5") =~

Substituting into the previous formula, we obtain the following result:

Proposition 1.12.11 If X is a normally distributed variable, with X ~ N(u,o?),
then for any A\ >
_(=p?
P(X>)XN)<e 207

Exercise 1.12.12 Let X be a Poisson random wvariable with mean A > 0.

(a) Show that the moment generating function of X is m(t) = eM¢'=1

(b) Use a Chernoff bound to show that

?

P(X > k) <MD=tk 450,
Markov’s, Tchebychev’s and Chernoff’s inequalities will be useful later when com-
puting limits of random variables.

The next inequality is called Tchebychev’s inequality for monotone sequences of
numbers.
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Lemma 1.12.13 Let (a;) and (b;) be two sequences of real numbers such that either
a1 <ag < -0 < ap, by <by<---<by

or
ay >ag > -+ 2 ap, by 2by > 2>by
n

If (N\;) is a sequence of non-negative numbers such that Z i =1, then
i=1

n n n
i=1 i=1 i=1
Proof: Since the sequences (a;) and (b;) are either both increasing or both decreasing

(a; — a;)(bi — bj) > 0.

Multiplying by the positive quantity A\;A; and summing over 7 and j we get
Z)\Z)\]((IZ - (Ij)(bi - bj) > 0.
Z"j

Expanding yields

(Zj:&-) (Z/\ab) B (Zm) (Zj:Ajbj) - (zjjxjaj) (ZM)
+<zl:)‘i) (Ej:%ajbj) > 0.

Using Z Aj = 1 the expression becomes
J

Z )\iaibi Z ( Z )\iai) ( Z )\jbj) s
i i j
which ends the proof. [ |
Next we present a meaningful application of the previous inequality.

Proposition 1.12.14 Let X be a random variable and f and g be two functions, both
increasing or both decreasing. Then

E[f(X)g(X)] = E[f(X)]E[g(X)]. (1.12.4)
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Proof: 1If X is a discrete random variable, with outcomes {z1,--- ,z,}, inequality
(1.12.4) becomes

Z fzy)g(ay)p(a;) > Z f(x)p(a;) Z g(z;)p(z;)

where p(z;) = P(X = z;). Denoting a; = f(z;), bj; = g(z;), and \; = p(x;), the
inequality transforms into

D aibidi =D aid > bk,
j j j

which holds true by Lemma 1.12.13.
If X is a continuous random variable with the density function p : I — R, the
inequality (1.12.4) can be written in the integral form

/If(ﬂﬁ)g(ﬂﬁ)p(ﬂﬁ) dr > /If(ﬂﬁ)p(ﬂﬁ) dzx /Ig(l’)p(l’) dz. (1.12.5)

Let g < 1 < --- < x,, be a partition of the interval I, with Ax = x}; — z. Using
Lemma 1.12.13 we obtain the following inequality between Riemann sums

fo] g(zj)p J:]Aa:>(2fa:J JJJAJJ)(ZQ.T] J,‘]Al‘)

where a; = f(x;), b; = g(z;), and \; = p(x;)Az. Taking the limit ||Az| — 0 we obtain
(1.12.5), which leads to the desired result. |

Exercise 1.12.15 Show the following inequalities:
(a) BIX? > BIX]%

(b) E[X sinh(X)] > E[X]E[sinh(X)];

(c) B[X°] > E[X]E[X°];

(d) F[X°] > B[XP2.

Exercise 1.12.16 For any n,k > 1, show that

E[XQ(n—l—k—l—l)] > E[X2k+1]E[X2n+1].

1.13 Limits of Sequences of Random Variables

Consider a sequence (Xp,),>1 of random variables defined on the probability space

(Q, F, P). There are several ways of making sense of the limit expression X = lim X,,,
n—o0

and they will be discussed in the following sections.
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Almost Certain Limit

The sequence X,, converges almost certainly to X, if for all states of the world w, except
a set of probability zero, we have

lim X, (w) = X(w).

n—0o0

More precisely, this means

P(w; lim X, (w) = X(w)) =1,

n—o0

and we shall write ac-lim X,, = X. An important example where this type of limit
n— o0
occurs is the Strong Law of Large Numbers:
If X, is a sequence of independent and identically distributed random variables with

X +--+X
the same mean p, then ac-lim At A n

n—o0 n
It is worth noting that this type of convergence is also known under the name of
strong convergence. This is the reason that the aforementioned theorem bares its name.

Example 1.13.1 Let Q = {H, T} be the sample space obtained when a coin is flipped.
Consider the random variables X, : Q — {0,1}, where X,, denotes the number of
heads obtained at the n-th flip. Obviously, X, are i.i.d., with the distribution given
by P(X, = 0) = P(X, = 1) = 1/2, and the mean E[X,] =0-1+1-3 =1, Then
X1+ -+ X, is the number of heads obtained after n flips of the coin. By the law of
large numbers, L(X1 + -+ + X,,) tends to 1/2 strongly, as n — cc.
Mean Square Limit

Another possibility of convergence is to look at the mean square deviation of X, from
X. We say that X, converges to X in the mean square if

lim E[(X, — X)?] =0.

n—o0

More precisely, this should be interpreted as

lim [ (X,(w) — X(w))?dP(w) = 0.

n—oo Q

This limit will be abbreviated by ms-lim X,, = X. The mean square convergence is
n— oo

useful when defining the Ito integral.

Example 1.13.1 Consider a sequence X, of random variables such that there is a
constant k with E[X,| — k and Var(X,) — 0 as n — co. Show that ms-lim X,, = k.
n—oo



26

Proof: Since we have

E[| X, —k? = E[X?-2kX, +k?| = E[X?] - 2kE[X,] + k*
= (BIX3] - BIXu]?) + (B[Xa)* - 2kE[X,] + k?)

= Var(X,)+ (E[Xn] k)Q’

the right side tends to 0 when taking the limit n — oo. [ |

Exercise 1.13.2 Show the following relation
E[(X = Y)? = Var[X] + Var[Y] + (E[X] - E[Y])” = 2Cou(X,Y).

Exercise 1.13.3 If X,, tends to X in mean square, with E[X?] < oo, show that:
(a) E[X,] = E[X] as n — oc;

(b) E[X2] — E[X?] as n — oo;

(¢) Var[Xy,] = Var[X] as n — oc;

(d) Cov(Xp,X) = Var[X] as n — 0.

Exercise 1.13.4 If X,, tends to X in mean square, show that E[X,|H] tends to
E[X|H] in mean square.

Limit in Probability or Stochastic Limit

The random variable X is the stochastic limit of X, if for n large enough the probability
of deviation from X can be made smaller than any arbitrary €. More precisely, for any
e>0

lim P(w;|Xn(w) — X(w)| <€) = 1.

n—oo

This can be written also as

lim P(w; | X, (w) — X(w)| >¢€) =0.

n—oo

This limit is denoted by st-lim X,, = X.

n—o0
It is worth noting that both almost certain convergence and convergence in mean

square imply the stochastic convergence. Hence, the stochastic convergence is weaker
than the aforementioned two convergence cases. This is the reason that it is also called
the weak convergence. One application is the Weak Law of Large Numbers:

If X1, Xo, ... are identically distributed with expected value p and if any finite num-
X 4...4+ X
ber of them are independent, then st-lim i e e 7

n—00 n

Proposition 1.13.5 The convergence in the mean square implies the stochastic con-
vergence.
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Proof: Let ms-lim Y,, = Y. Let ¢ > 0 be arbitrarily fixed. Applying Markov’s
n—o0
inequality with X =Y, — Y, p =2 and A = ¢, yields

1
0< PV, =Y[>e) < 5BV, - Y.

The right side tends to 0 as n — oo. Applying the Squeeze Theorem we obtain

lim P(|Y, —Y|>¢) =0,

n—oo

which means that Y;, converges stochastically to Y. [ |

Example 1.13.6 Let X,, be a sequence of random variables such that E[|Xy|] — 0 as
n — oco. Prove that st-lim X, = 0.
n—o0

Proof: Let € > 0 be arbitrarily fixed. We need to show

Jim P(w; | Xp(w)| =€) =0. (1.13.6)

From Markov’s inequality (see Exercise 1.12.8) we have

0< P(w; | X (w)| > e) < M

Using Squeeze Theorem we obtain (1.13.6). [ |

Remark 1.13.7 The conclusion still holds true even in the case when there is a p > 0
such that E[| X,[P] = 0 as n — co.

Limit in Distribution

We say the sequence X, converges in distribution to X if for any continuous bounded
function p(x) we have

lim ¢(X,) = p(X).

n—oo
This type of limit is even weaker than the stochastic convergence, i.e. it is implied by
it.

An application of the limit in distribution is obtained if we consider ¢(z) = €*. In
this case, if X,, converges in distribution to X, then the characteristic function of X,
converges to the characteristic function of X. In particular, the probability density of
X, approaches the probability density of X.

It can be shown that the convergence in distribution is equivalent with

lim F,(z) = F(z),

n—o0
whenever F' is continuous at x, where F,, and F' denote the distribution functions of
X, and X, respectively. This is the reason that this convergence bares its name.
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Remark 1.13.8 The almost certain convergence implies the stochastic convergence,
and the stochastic convergence implies the limit in distribution. The proof of these
statements is beyound the goal of this book. The interested reader can consult a graduate
text in probability theory.

1.14 Properties of Limits

Lemma 1.14.1 If ms-lim X,, =0 and ms-lim Y, =0, then
n—oo

n—oo
1. ms-lim (X, +Y,) =0
n—oo
2. ms-lim (X,Y,) =0.
n— o0

Proof: Since ms;lgrgo X, = 0, then nl;rgo E[X?] = 0. Applying the Squeeze Theorem

to the inequality”
0 < E[X,]* < E[X]]

yields lim E[X,] = 0. Then

n—oo
lim Var[X,] = lim (E[Xg] — lim E[Xn]2>
n—00 n—00 n—00
= lim E[X?] - lim E[X,)?
n—oo n—oo
= 0.
Similarly, we have lim E[Y,?] = 0, lim E[Y,] = 0 and lim Var[¥;] = 0. Then
n—oo n—oo n—oo
lim 0, = lim o, = 0. Using the correlation definition formula of two random
n—00 n n—oo "
variables X, and Y,
Cov(X,,Y,
Corr(Xn,Yn) = M’
Ox, Oy

and the fact that |Corr(X,,Y,)| <1, yields
0 < [Cov(Xy,Yy)| <oy oy .

Since lim o, o, =0, from the Squeeze Theorem it follows that
n—oo N 0

lim Cov(X,,Y,) =0.

n—oo

Taking n — oo in the relation

Cov(Xy, Yy) = E[X,, Yy] — E[X,]E[Y,]

"This follows from the fact that Var[X,] > 0.
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yields lim FE[X,Y,] = 0. Using the previous relations, we have
n—o0

lim E[(X, +Y,)? = lim E[X?+2X,Y, +Y?]
n—00 n—00
= lim E[X2]+2 lim E[X,Y,]+ lim E[Y]
n—o0 n—o0 n— oo
= 0,
which means ms-lim (X,, +Y,,) = 0. [ |
n— o0

Proposition 1.14.2 If the sequences of random variables X, and Y, converge in the
mean square, then

1. ms-lim (X, +Y,) = ms-lim X, + ms-lim Y,
n—o0o n—o0 n—o0

2. ms-lim (cX,,) = c¢- mslim X,, VceR.
n—oo n—oo

Proof: 1. Let ms-lim X, = L and ms-lim Y,, = M. Consider the sequences X =
n—o0o n—oo

X,—LandY, =Y, — M. Then ms-lim X/, =0 and ms-lim Y, = 0. Applying Lemma

n—o0 n—o0
1.14.1 yields

ms-lim (X, +Y,) = 0.

n—o0

This is equivalent with
ms-lim (X,, —-L+Y, — M) =0,
n—oo

which becomes

ms-lim (X, +Y,) =L+ M.

n—oo

1.15 Stochastic Processes

A stochastic process on the probability space (2, F, P) is a family of random variables
X; parameterized by t € T, where T C R. If T is an interval we say that X; is a
stochastic process in continuous time. If T = {1,2,3,...} we shall say that X; is a
stochastic process in discrete time. The latter case describes a sequence of random vari-
ables. The aforementioned types of convergence can be easily extended to continuous
time. For instance, X; converges in the strong sense to X as t — oo if

P(w;tl'gglo Xi(w) = X(w)) = 1.

The evolution in time of a given state of the world w € 2 given by the function
t — Xi(w) is called a path or realization of X;. The study of stochastic processes
using computer simulations is based on retrieving information about the process X;
given a large number of it realizations.
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Consider that all the information accumulated until time ¢ is contained by the o-
field F;. This means that F; contains the information of which events have already
occurred until time ¢, and which did not. Since the information is growing in time, we
have

FsC F, CF

for any s,t € T with s <{¢. The family F; is called a filtration.
A stochastic process X; is called adapted to the filtration F; if X; is F;- predictable,
for any t € T.

Example 1.15.1 Here there are a few examples of filtrations:

1. F; represents the information about the evolution of a stock until time t, with
t>0.

2. JFi represents the information about the evolution of a Black-Jack game until
time t, with t > 0.

Example 1.15.2 If X is a random variable, consider the conditional expectation
X, = E[X|F].

From the definition of conditional expectation, the random variable Xy is Fi-predictable,
and can be regarded as the measurement of X at time t using the information Fi.
If the accumulated knowledge F; increases and eventually equals the o-field F, then
X = E[X|F], i.e. we obtain the entire random variable. The process X, is adapted to
Ft.

Example 1.15.3 Don Joe is asking a doctor how long he still has to live. The age
at which he will pass away is a random wvariable, denoted by X. Given his medical
condition today, which is contained in Fy, the doctor infers that Mr. Joe will die at the
age of Xy = E[X|F]. The stochastic process X, is adapted to the medical knowledge
‘Ft.

We shall define next an important type of stochastic process.?

Definition 1.15.4 A process X;, t € T, is called a martingale with respect to the
filtration Fy if

1. X; is integrable for each t € T}

2. Xy is adapted to the filtration Fy;

3. Xs = E[X{|Fs], Vs < t.

Remark 1.15.5 The first condition states that the unconditional forecast is finite
El|X:]] = / | X¢| dP < oo. Condition 2 says that the value X; is known, given the
Q

information set Fi. This can be also stated by saying that X; is Fi-predictable. The
third relation asserts that the best forecast of unobserved future values is the last obser-
vation on Xi.

8The concept of martingale was introduced by Lévy in 1934.
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Remark 1.15.6 If the third condition is replaced by
3. X < E[XyFs], Vs <t
then X; is called a submartingale; and if it is replaced by
3. X¢> E[Xy|F, Vs <t
then X, is called a supermartingale.
It is worth noting that Xy is a submartingale if and only if — X, is a supermartingale.

Example 1.15.1 Let X; denote Mr. Li Zhu’s salary after t years of work at the same
company. Since X; is known at time t and it is bounded above, as all salaries are,
then the first two conditions hold. Being honest, Mr. Zhu expects today that his future
salary will be the same as today’s, i.e. Xy = E[X|F], for s <t. This means that X,
s a martingale.

If Mr. Zhu is optimistic and believes as of today that his future salary will increase,
then X, is a submartingale.

Exercise 1.15.7 If X is an integrable random variable on (Q, F, P), and F; is a fil-
tration. Prove that X; = E[X|F;] is a martingale.

Exercise 1.15.8 Let X; and Y; be martingales with respect to the filtration Fy. Show
that for any a,b,c € R the process Zy = aX; + bY; + ¢ is a Fi-martingale.

Exercise 1.15.9 Let X; and Y; be martingales with respect to the filtration F;.
(a) Is the process XYy always a martingale with respect to F; ?
(b) What about the processes X7 and Y2 ?

Exercise 1.15.10 Two processes Xy and Yy are called conditionally uncorrelated, given
‘/—-.t; Zf
E[(X; — X)) (Y, = Yy)|Fs] =0, V0 <s<t<oo.

Let X and Y; be martingale processes. Show that the process Zy = XYy is a martingale

if and only if X; and Y; are conditionally uncorrelated. Assume that X, Y; and Z; are
integrable.

In the following, if X; is a stochastic process, the minimum amount of information
resulted from knowing the process X; until time ¢ is denoted by F; = 0(Xs;s < t). In
the case of a discrete process, we have F,, = o(Xy;k < n).

Exercise 1.15.11 Let X,,, n > 0 be a sequence of integrable independent random
variables, with F[X,| < oo, for alln > 0. Let Sy = Xy, Sp = Xo+ -+ Xp. Show the
following:

(a) Sp — E[Sy] is an F-martingale.

(b) If E[X,,] = 0 and E[X2] < o0, Vn > 0, then S2—Var(S,) is an F,-martingale.

(¢) If E[X,] > 0, then S, is an F,-submartingale.



32

Exercise 1.15.12 Let X,, n > 0 be a sequence of independent, integrable random
variables such that E[X,] = 1 for n > 0. Prove that P, = Xy - X1---- X, is an
Fn-martingale.

Exercise 1.15.13 (a) Let X be a normally distributed random wvariable with mean
i # 0 and variance 0. Prove that there is a unique 6 # 0 such that E[eex] =1.

(b) Let (X;)i>0 be a sequence of identically normally distributed random variables with
mean |t # 0. Consider the sum S, = Z?:o Xj. Show that Z, = e is a martingale,
with 0 defined in part (a).

In section 9.1 we shall encounter several processes which are martingales.



Chapter 2

Useful Stochastic Processes

This chapter deals with the most common used stochastic processes and their basic
properties. The two main basic processes are the Brownian motion and the Poisson
process. The other processes described in this chapter are derived from the previous
two.

2.1 The Brownian Motion

The observation made first by the botanist Robert Brown in 1827, that small pollen
grains suspended in water have a very irregular and unpredictable state of motion, led
to the definition of the Brownian motion, which is formalized in the following;:

Definition 2.1.1 A Brownian motion process is a stochastic process By, t > 0, which
satisfies

1. The process starts at the origin, By = 0;

2. By has stationary, independent increments;

3. The process By is continuous in t;

4. The increments By — By are normally distributed with mean zero and variance
|t - 8|;

B, — Bs ~ N(0, |t — s]).

The process X; = x + B; has all the properties of a Brownian motion that starts
at x. Since B; — By is stationary, its distribution function depends only on the time
interval t — s, i.e.

P(Byys — By <a) = P(B;, — By < a) = P(B; < a).

It is worth noting that even if B; is continuous, it is nowhere differentiable. From
condition 4 we get that B; is normally distributed with mean E[B;] = 0 and Var[B;] =t

By ~ N(0,1).

33
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This implies also that the second moment is E[B?] = t. Let 0 < s < t. Since the
increments are independent, we can write

E[B,By] = E[(Bs — Bo)(B; — B,) + B2 = E[B, — By|E[B; — Bs] + E[B?] = s.

Consequently, Bs and B; are not independent.

Condition 4 has also a physical explanation. A pollen grain suspended in water is
kicked by a very large numbers of water molecules. The influence of each molecule on
the grain is independent of the other molecules. These effects are average out into a
resultant increment of the grain coordinate. According to the Central Limit Theorem,
this increment has to be normal distributed.

Proposition 2.1.2 A Brownian motion process By is a martingale with respect to the
information set Fy = 0(Bg;s < t).

Proof: The integrability of B; follows from Jensen’s inequality
E[|Bi|)? < E[B}] = Var(B,) = |t] < .
B, is obviously Fi-predictable. Let s < ¢t and write By = Bs + (B; — Bs). Then

E[Bi|Fs] = E[Bs+ (B — Bs)|Fs
= E[B;|Fs] + E[B; — Bs|Fs]
= Bs+ E[B— By] = Bs + E[B;—s — Bo] = B,

where we used that B, is Fg-predictable (from where E[B4|F,] = Bs) and that the
increment B; — By is independent of previous values of B; contained in the information
set Fr = 0(Bs; s < t). |

A process with similar properties as the Brownian motion was introduced by Wiener.

Definition 2.1.3 A Wiener process Wy is a process adapted to a filtration F; such that
1. The process starts at the origin, Wy = 0;
2. Wy is an Fy-martingale with E[W?] < oo for all t > 0 and

E(W, - W)} =t—s, s<t
3. The process Wy is continuous in t.

Since W, is a martingale, its increments are unpredictable!and hence E[W; — W] =
0; in particular E[W;] = 0. It is easy to show that

Var[W, — W] = |t — s, Var[Wy] =t.

' This follows from E[W: — W] = E[W; — W4|Fs] = E[W|Fs] — Ws = Ws — W, =0.
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Exercise 2.1.4 Show that a Brownian process By is a Winer process.

The only property B; has and W; seems not to have is that the increments are nor-
mally distributed. However, there is no distinction between these two processes, as the
following result states.

Theorem 2.1.5 (Lévy) A Wiener process is a Brownian motion process.

In stochastic calculus we often need to use infinitesimal notation and its properties.
If dW, denotes the infinitesimal increment of a Wiener process in the time interval dt,
the aforementioned properties become dW; ~ N(0,dt), E[dW;] = 0, and E[(dW;)?] =
dt.

Proposition 2.1.6 If W; is a Wiener process with respect to the information set Fi,
then Y; = W2 —t is a martingale.

Proof: Y is integrable since
E[lV}]] < E[W2 +t] =2t <oo, t>0.

Let s < t. Using that the increments Wy — Wy and (W; — VVS)2 are independent of the
information set F, and applying Proposition 1.11.4 yields

E[Wt2|fs] = E[(Ws + Wt - Ws)2|fs]
= E[WZ + 2W, (W, — W) + (W, — W,)?| F]
= E[WsQ‘]:s] + E[2W5(Wt - Ws)|}_s] + E[(Wt - WS)Q“FS]
= W2+ 2W,E[W; — Wi|F] + E[(W; — W,)?|F]
= W2+ 2WE[W; — W] + E[(W; — W,)?]
= Wf +t—s,

and hence E[W7? — t|Fs] = W2 — s, for s < t. |
The following result states the memoryless property of Brownian motion? W.

Proposition 2.1.7 The conditional distribution of Wy4s, given the present Wy and the
past Wy, 0 < u < t, depends only on the present.

Proof: Using the independent increment assumption, we have

= P
= P WtJrs SC‘Wt:l‘)

2These type of processes are called Marcov processes.
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Since W; is normally distributed with mean 0 and variance t, its density function is

Then its distribution function is

Fi(z) = P(W; < x) e du

\/ﬁ

The probability that Wy is between the values a and b is given by

(G<Wt<b \/_

—% du a<b.

Even if the increments of a Brownian motion are independent, their values are still

correlated.

Proposition 2.1.8 Let 0 < s <t. Then
1. Cov(Ws,Wy) = s;

2. Corr(Ws,Wy) =

Proof: 1. Using the properties of covariance

Cov(Wg,Wy) = Cov(Ws, Wy + W, — W)

Cov(Ws, W) + Cov(Wy, Wy — W)
Var(Ws) + E[Ws(Wy — Wy)| — E[Ws]
s+ E[WS|E[W; — W]

= 8’

since E[W] = 0.

We can also arrive at the same result starting from the formula

E[W, —

Cov(Ws, Wy) = E[WsWt] - E[WS]E[Wt] = E[WsWt]-

W]

Using that conditional expectations have the same expectation, factoring the pre-

dictable part out, and using that W, is a martingale, we have

E[WsWt] = E[E[Wswt‘]:s]] = E[WSE[Wt|sz

= E[WW= E[WsZ] =S,

so Cov(Wg, Wy) =
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2. The correlation formula yields

CooWs, Wy) s s
o(Wo)o(Ws) — svt V't

Corr(Ws,Wy) =

Remark 2.1.9 Remowving the order relation between s and t, the previous relations
can also be stated as

Cov(Ws,W;) = min{s,t};

min{s,t
Corr(Ws,Wy) = Himax:[[s t}}'

The following exercises state the translation and the scaling invariance of the Brow-
nian motion.

Exercise 2.1.10 For anyty > 0, show that the process Xy = Wiy, —Wy, is a Brownian
motion. This can be also stated as saying that the Brownian motion is translation
invariant.

Exercise 2.1.11 For any A > 0, show that the process Xy = %W,\t 18 a Brownian
motion. This says that the Brownian motion is invariant by scaling.

Exercise 2.1.12 Let 0 < s <t < u. Show the following multiplicative property
Corr(Ws, Wy)Corr(Wy, W) = Corr(Ws, Wy,).
Exercise 2.1.13 Find the expectations E[W?] and E[W}].

Exercise 2.1.14 (a) Use the martingale property of W2—t to find E[(W7 —t)(W2—s)];
(b) Evaluate E[W2W2;

(¢) Compute Cov(W2, W2);

(d) Find Corr(W2, W2).

Exercise 2.1.15 Consider the process Yy = tWi, t > 0, and define Yy = 0.
(a) Find the distribution of Yy; t

(b) Find the probability density of Yi;

(¢) Find Cov(Ys,Y:);

(d) Find EY: —Ys] and Var(Y; —Ys) for s <t.

It is worth noting that the process Y; = tW1, t > 0 with Yy = 0 is a Brownian motion.
t
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Figure 2.1: a Three simulations of the Brownian motion process Wy; b Two simulations
of the geometric Brownian motion process e''t.

Exercise 2.1.16 The process X; = |W| is called Brownian motion reflected at the
origin. Show that

(a) E[|Wi] = \/2t/;
(b) Var([We]) = (1 - 2)t.

Exercise 2.1.17 Let 0 < s < t. Find E[W?|Fs].

Exercise 2.1.18 Let 0 < s < t. Show that
(a) BE]W3|Fs] = 3(t — s)Ws + W3;
(b) EIWAF) =3(t—s)2 +6(t—s)W2+ W2

Exercise 2.1.19 Show that the following processes are Brownian motions
(a) Xe =Wp —Wrp_, 0<t <T;
() Yy =-W, t > 0.

2.2 Geometric Brownian Motion

The process X; = e*, t > 0 is called geometric Brownian motion. A few simulations
of this process are contained in Fig.2.1 b. The following result will be useful in the
following.

Lemma 2.2.1 E[e®Wt] = ¢*’t/2 for o > 0.

Proof: Using the definition of expectation

1 22
E[eW] = /eax z)dr = /e2t+°‘x dx

2
e t/2’
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where we have used the integral formula

—az? T b
/e ax Hmda::\/je@, a>0
a

Witha:%andb:a. [ |

Proposition 2.2.2 The geometric Brownian motion X; = eVt is log-normally dis-

tributed with mean /2 and variance et — et.

Proof: Since W, is normally distributed, then X; = "* will have a log-normal distri-
bution. Using Lemma 2.2.1 we have

E[X:] = E[eWi] _ ot/?
E[X}] = E["]=¢*,
and hence the variance is
Var[X,] = E[X7] - BX))? = e — (¢/7)? = ¥ — .

The distribution function of X; = e"* can be obtained by reducing it to the distri-
bution function of a Brownian motion.

Fy, (r) = P(Xy<z)= P(eWt <)
PW; <Inz)=F, (Inz)
1 Inz w2
= 2 du.

e
V21t J -

The density function of the geometric Brownian motion X; = e"V* is given by

1 —(m =2/(21),

— ifz >0
d V27t ’
pa) = SF@)={ ™
0, elsewhere.
Exercise 2.2.3 Show that
E[eWt=Ws] = e, s<t
Exercise 2.2.4 Let X; = eWVt.
(a) Show that Xy is not a martingale.
(b) Show that e 31X, is a martingale.
(¢) Show that for any constant c € R, the process Yy = eWi=3¢% g ¢ martingale.
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Exercise 2.2.5 If X; = e, find Cov(Xs, Xy)
(a) by direct computation;
(b) by using Exercise 2.2.4 (b).

Exercise 2.2.6 Show that

gty = { (=472 01 <174
00, otherwise.

2.3 Integrated Brownian Motion

The stochastic process

t
Zt:/WSdS, t>0
0

is called integrated Brownian motion. Obviously, Zy = 0.
Let 0=s9g <81 < - <8 <-++8, =1, with s = % Then Z; can be written as a
limit of Riemann sums

n
o e W e+ W
Zy = nll_}Irolo ;1 W, As =t lim ,

n—oo n

where As = Sg11— Sk = % We are tempted to apply the Central Limit Theorem at this
point, but W, are not independent, so we first need to transform the sum into a sum
of independent normally distributed random variables. A straightforward computation
shows that

We +---+Ws,
= n(WS1 —Wo) +(n — 1)(W32 - Wsl) +o (W, — Wan)
= Xi+Xo+ -+ X,. (2.3.1)

Since the increments of a Brownian motion are independent and normally distributed,
we have

X1~ N(O,n2As)
Xy~ N(0,(n — 1)*As)
X35 ~ N(0,(n—2)*As)
X, ~ N(O, As).

Recall now the following variant of the Central Limit Theorem:
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Theorem 2.3.1 If X; are independent random variables normally distributed with
mean fi; and variance 0]2, then the sum X1 + --- 4+ X, is also normally distributed

with mean py + -+ + piy, and variance 0% + - -+ + o=.

Then

X¢+~'+Xﬁmdv@41+22+3?+~.+n%AQ::N(Q”

t
with As = —. Using (2.3.1) yields
n

Way o+ W,

N N(O, (n+ 1();;2271 + 1)153).

“Taking the limit” we get

aNng)

Proposition 2.3.2 The integrated Brownian motion Z; has a normal distribution with
mean 0 and variance t3/3.

Remark 2.3.3 The aforementioned limit was taken heuristically, without specifying
the type of the convergence. In order to make this to work, the following result is
usually used:

If X, is a sequence of normal random variables that converges in mean square to X,
then the limit X is normal distributed, with E[X,]| — E[X] and Var(X,) — Var(X),
as n — oo.

The mean and the variance can also be computed in a direct way as follows. By
Fubini’s theorem we have

E(Z) = /Wm //W@M
::Aémﬂmzémmm:

since E[Ws] = 0. Then the variance is given by

Var|Z,] = —E|Z E[Zt ]

t ot
= /W du - /W dv] :E[/ / W, W, dudv)
0 JO
= //E[Wqu] dudv:// min{u, v} dudv
0 Jo [0,t] x[0,t]

= / min{u, v} dudv + / min{u, v} dudv, (2.3.2)
D1 D2
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where
Dy ={(w,v);u>v,0<u<t},  Dy={(u,v);u<v,0<u<t}

The first integral can be evaluated using Fubini’s theorem

/ min{u, v} dudv = // v dudv
D1 Dl
t u t, 2 43
= /(/ vdv)du:/u—du:—.
o \Jo 0o 2 6

Similarly, the latter integral is equal to

t3
/ min{u, v} dudv = —.
Ds 6

Substituting in (2.3.2) yields

TRAE S O
VCLT[Zt]:E‘i‘E:g

Exercise 2.3.4 (a) Prove that the moment generating function of Zy is

m(u) = Ut/

(b) Use the first part to find the mean and variance of Zy.

Exercise 2.3.5 Let s <t. Show that the covariance of the integrated Brownian motion

s given by .
CO’U(ZS,Zt> :82<§—%>, s < t.

Exercise 2.3.6 Show that
(a) Cov(Zy, Zy — Zy—p) = $t°h + o(h), where o(h) denotes a quantity such that
limy, 9 0(h)/h = 0;
2
(b) Cov(Zy, Wy) = 3
Exercise 2.3.7 Show that

u+s
=e€e 2 e

E[6W5+Wu]

min{s,u}

t
Exercise 2.3.8 Consider the process X; = / eWs ds.
0
(a) Find the mean of X;
(b) Find the variance of Xj.

t
Exercise 2.3.9 Consider the process Zy = / Wy du, t > 0.

0
(a) Show that E[Z1|Fy] = Zy + Wi(T — t), for any t < T,
(b) Prove that the process My = Zy — tWy is an Fy-martingale.
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2.4 Exponential Integrated Brownian Motion
If Z, = fo W, ds denotes the integrated Brownian motion, the process
V= e

is called exponential integrated Brownian motion. The process starts at Vy = ¥ = 1.
Since Z; is normally distributed, then V; is log-normally distributed. We compute the
mean and the variance in a direct way. Using Exercises 2.2.5 and 2.3.4 we have

3
EV)] = E[e#]=m(1) =€
3 3
E[VZ] = E[e?]=m(2)=e" =eF
3 3
Var(V)) = B[V - E[V)?=¢5 —¢7
Cov(Vs, V) = et+235
Exercise 2.4.1 Show that E[Vp|F;] = VieT~ HWe+ L5 for t<T.

2.5 Brownian Bridge

The process X; = W; — tWj is called the Brownian bridge fixed at both 0 and 1. Since
we can also write
Xy = Wy —tWy —tWy +tW,
= (1 =t)(Wy = Wo) —t(W1 — W),
using that the increments W; — Wy and W7 — W, are independent and normally dis-

tributed, with
Wy — Wy ~ N(0,1), Wy — Wy~ N(0,1—1t),

it follows that X; is normally distributed with

EX:] = (1-0)E[(W:—Wy)] —tE[(W1 — Wy)] =
Var[X,] = (1-t)*Var [( — Wo)l + t*Var[(Wy — Wy)]
= (1-t)2(t-0) +t2(1 —1)
—

This can be also stated by saying that the Brownian bridge tied at 0 and 1 is a Gaussian
process with mean 0 and variance ¢(1 —t), so X; ~ N(0,¢(1 —t)).

Exercise 2.5.1 Let X; = W; —tWy, 0 <t <1 be a Brownian bridge fixed at 0 and 1.
Let Yy = X?. Show that Yo = Y1 = 0 and find E[Y;] and Var(Y;).
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2.6 Brownian Motion with Drift

The process Y; = ut + Wy, t > 0, is called Brownian motion with drift. The process Y;
tends to drift off at a rate p. It starts at Yo = 0 and it is a Gaussian process with mean

EY;]| = pt + E[Wy] = pt

and variance

Var|Y;] = Varjut + Wy = Var[Wy] = t.

Exercise 2.6.1 Find the distribution and the density functions of the process Y.

2.7 Bessel Process

This section deals with the process satisfied by the Euclidean distance from the origin
to a particle following a Brownian motion in R™. More precisely, if W1 (t),--- , W, (t) are
independent Brownian motions, let W (t) = (Wy(t),--- ,Wy,(¢)) be a Brownian motion
in R™, n > 2. The process

R; = dist(O, W (t)) = /Wi (t)2 + - - - + W, ()2

is called n-dimensional Bessel process.

The probability density of this process is given by the following result.

Proposition 2.7.1 The probability density function of R:, t > 0 is given by

2 -1,—2 .
@y P T P20
pi(p) =
0, p<0
with
(5 — 1! for n even;

r(3)= ..

(5 —1)(5—2)--- 557, forn odd.

Proof:  Since the Brownian motions Wi (t),..., W, (t) are independent, their joint
density function is

Sy, @) = fop, () fy, ()

= G tl)m @)/ s )
T

In the next computation we shall use the following formula of integration that
follows from the use of polar coordinates
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/ f(z)dx = o(S"1) /P " Lg(r)dr, (2.7.3)
{lzI<p} 0

where f(z) = g(]z|) is a function on R™ with spherical symmetry, and where

. 27‘1’”’/2
o(8") = T(n/2)

is the area of the (n — 1)-dimensional sphere in R".

Let p > 0. The distribution function of R; is

Fulp) = P(Ri<p)= /{quwluw,l(t)dxl--'dxn
tSpP
1
_ /2 2 2We*@?*“ﬂ%)/@t)dxlmdxn
22 ta2<p

_ /prnl / 1 @00 gy | gy
0 s(0,1) (27t)"/2

n—1
- (UQ(St) ” / e g
)" 0

Differentiating yields

d oS o 2
nle) = P = B e
= 2 P le ; p>0,t>0
202 (n]2) / /

It is worth noting that in the 2-dimensional case the aforementioned density becomes
a particular case of a Weibull distribution with parameters m = 2 and a = 2t, called
Wald’s distribution

pe(z) = Swe™ 77, x>0,t>0.

Exercise 2.7.2 Let P(R; <t) be the probability of a 2-dimensional Brownian motion
to be inside of the disk D(0,p) at time t > 0. Show that
2

p? p?
r 1——) PR, <t) <.
2t< ) <PE<t) <5

Exercise 2.7.3 Let R; be a 2-dimensional Bessel process. Show that
(a) E[R] = V27t)2;
(b) Var(Ry) =2t(1—%).
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Exercise 2.7.4 Let X; = 7t, t > 0, where R; is a 2-dimensional Bessel process. Show

that Xy — 0 as t — co in mean square.

2.8 The Poisson Process

A Poisson process describes the number of occurrences of a certain event before time ¢,
such as: the number of electrons arriving at an anode until time ¢; the number of cars
arriving at a gas station until time ¢; the number of phone calls received on a certain
day until time ¢; the number of visitors entering a museum on a certain day until time
t; the number of earthquakes that occurred in Chile during the time interval [0, ¢]; the
number of shocks in the stock market from the beginning of the year until time ¢; the
number of twisters that might hit Alabama from the beginning of the century until
time ¢.

The definition of a Poisson process is stated more precisely in the following.

Definition 2.8.1 A Poisson process is a stochastic process N¢, t > 0, which satisfies
1. The process starts at the origin, Ng = 0;
2. N; has stationary, independent increments;
3. The process Ny is right continuous in t, with left hand limits;
4. The increments Ny — Ny, with 0 < s < t, have a Poisson distribution with
parameter \(t — s), i.e.

)‘k(t - S)ke—k(t—s)
k!

P(N; — Ny =k) =

It can be shown that condition 4 in the previous definition can be replaced by the
following two conditions:

P(N;—Ng=1) = Xt—s)+o(t—s)
P(Ny =Ny >2) = oft—s),

where o(h) denotes a quantity such that limy_,oo(h)/h = 0. Then the probability
that a jump of size 1 occurs in the infinitesimal interval dt is equal to Adt, and the
probability that at least 2 events occur in the same small interval is zero. This implies
that the random variable d/Vy may take only two values, 0 and 1, and hence satisfies

PN, =1) = Adt
P(dN; =0) = 1-—\dt.

Exercise 2.8.2 Show that if condition 4 is satisfied, then conditions (2.8.4 — 2.8.5)
hold.
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Exercise 2.8.3 Which of the following expressions are o(h)?
(a) f(h) = 3h% + h;

(b) f(h) = Vh+5;
(c) f(h) = hln|hl;
(d) f(h) = he".
The fact that N; — N, is stationary can be stated as
— (A"
P(Nyys — Ny <n)=P(N,— Ny <n)=P(N, <n) = 5 e M
k=0

From condition 4 we get the mean and variance of increments
E[N; — Ng| = A\(t — s), Var[Ny — Ng| = A(t — s).

In particular, the random variable N; is Poisson distributed with E[N;] = At and
Var[N¢ = At. The parameter A is called the rate of the process. This means that the
events occur at the constant rate \.

Since the increments are independent, we have for 0 < s < t
E[NN;] = E[(Ns = No)(N; = Ny) + N
= E[N; — No]E[N; — Ny + E[N]
= As- At —s)+ (Var[Ns] + E[N4]?)
= M\st+ As. (2.8.8)

As a consequence we have the following result:

Proposition 2.8.4 Let 0 < s <t. Then
1. Cov(Ng, N¢) = As;

2. Corr(Ng, Ny) = \/g

Proof: 1. Using (2.8.8) we have

Cov(Ng, Ny) = E[NsNt] - E[NS]E[Nt]
= Mst+ s — Asht
= As.

2. Using the formula for the correlation yields

Cov(Ng, Ny) As s
C Ng, Ny) = = =4/
orr 2 (Var[NgVar[Ny)/2  (AsAt)1/2 t

It worth noting the similarity with Proposition 2.1.8.
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Proposition 2.8.5 Let N; be Fi-adapted. Then the process My = Ny — At is an Fi-
martingale.

Proof: Let s <t and write N; = Ng+ (Ny — Ng). Then

E[N|Fs] = E[Ns+ (Nt — Ns)| Fs]
= E[N,|Fs] + E[N; — Ns|F]
= Ns+E[Nt_Ns]
= Ny+ At —s),

where we used that Ny is Fs-predictable (and hence E[Ng|Fs] = Ng) and that the
increment N; — Ny is independent of previous values of INV; and the information set Fj.
Subtracting At yields

E[Ny — A\t|Fs] = Ng — As,
or E[M|Fs] = M. Since it is obvious that M; is integrable and F;-adapted, it follows
that M; is a martingale. [ |

It is worth noting that the Poisson process V; is not a martingale. The martingale
process M; = N; — At is called the compensated Poisson process.

Exercise 2.8.6 Compute E[N?|F;] for s <t. Is the process N? an Fs-martingale?

Exercise 2.8.7 (a) Show that the moment generating function of the random variable
Nt 18
my, (z) = M,

(b) Deduct the expressions for the first few moments

E[N] = M

E[N?] = N2+ X

E[N?] = Nt +3) %2+ Mt

EINY = M 4633 70 + e

(¢) Show that the first few central moments are given by

E[N;—X] = 0
E[(N; — M)?] = M
E[(N; = Xt)®] = At
E[(N; — Mt)4] 3A%2 4 AL

Exercise 2.8.8 Find the mean and variance of the process Xy = eNt.



49

Exercise 2.8.9 (a) Show that the moment generating function of the random variable
Mt 18
Moy, (z) = eMet 1),

(b) Let s < t. Verify that

E[My — M| = 0,
E[(M; — M,)?] = At —s),
E[(M; — M,)®] = At —s),
E[(M; — M) = At —s)+3)\%(t—s)2

Exercise 2.8.10 Let s < t. Show that

Var[(My — My)?] = At —s)+2X\3(t —s)%

2.9 Interarrival times

For each state of the world, w, the path t — N;(w) is a step function that exhibits unit
jumps. Each jump in the path corresponds to an occurrence of a new event. Let T}
be the random variable which describes the time of the 1st jump. Let 75 be the time
between the 1st jump and the second one. In general, denote by T), the time elapsed
between the (n — 1)th and nth jumps. The random variables T;, are called interarrival
times.

Proposition 2.9.1 The random variables T,, are independent and exponentially dis-
tributed with mean E[T,] = 1/A.

Proof: ~ We start by noticing that the events {17 > t} and {/N; = 0} are the same,
since both describe the situation that no events occurred until after time ¢. Then

P(T; >t) = P(N; =0) = P(N; — Ng = 0) = e,
and hence the distribution function of 77 is

E.t)=PM <t)=1-P(Ty >t)=1—-e

E3
Differentiating yields the density function

Fr () = LB (1) = Ae .

dt
It follows that T} is has an exponential distribution, with E[T7] = 1/A.
In order to show that the random variables 77 and T, are independent, if suffices to
show that
P(T2 S t) = P(TQ S t|T1 = S),
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i.e. the distribution function of 75 is independent of the values of T7. We note first

that from the independent increments property

P(0 jumps in (s, s +t],1 jump in (0, s]) = P(Ns1s — Ny = 0,Ns — No = 1)
= P(Ng4t — Ny = 0)P(Ns; — Ng = 1) = P(0 jumps in (s, s + ¢]) P(1 jump in (0, s]).

Then the conditional distribution of 7% is

F(t|8) = P(TQ St‘Tl :8) = 1—P(T2 >t‘T1 :8)
P(TQ > 1,1 :8)

P(les)
_ P(0 jumps in (s, s + ], 1 jump in (0, s])
B P(Ty = s)
P (0 jumps in (s, s + t]) P(1 jump in (0, s
= 1- (0 jumps in { )P jump in (0, 5) =1— P(0 jumps in (s, s +t])

P(1 jump in (0, s])
= 1—P(Nyyy — Ny =0)=1—e,

which is independent of s. Then 75 is independent of 77 and exponentially distributed.
A similar argument for any T, leads to the desired result.
|

2.10 Waiting times

The random variable S, = 11 + 15 + - - - + T}, is called the waiting time until the nth
jump. The event {S, < t} means that there are n jumps that occurred before or at
time %, i.e. there are at least n events that happened up to time ¢; the event is equal
to {INy > n}. Hence the distribution function of S, is given by

Fs,(t) = P(S, <t) = P(N; > n) = e i (%)k
k=n

Differentiating we obtain the density function of the waiting time S,

6—>\t n—1
fs.(t) = %an(t) = %

Writing
= 1 e—)\t

Pl = Ty

it turns out that S,, has a gamma distribution with parameters & = n and = 1/A. It
follows that

n n
E[S,] = X Var[S,] = ’va
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Figure 2.2: The Poisson process N; and the waiting times S1,5%,--+-Sy,. The shaded
rectangle has area n(Syy1 —t).

The relation lim E[S,] = oo states that the expectation of the waiting time is un-
n—0o0

bounded as n — oo.

)\ef)\t()\t)nfl

d
Exercise 2.10.1 Prove that —Fg, (t) =
(n—1)!

dt

Exercise 2.10.2 Using that the interarrival times Ty, 15, --- are independent and ex-
ponentially distributed, compute directly the mean E[S,]| and variance Var(Sy).

2.11 The Integrated Poisson Process

The function v — N, is continuous with the exception of a set of countable jumps of
size 1. It is known that such functions are Riemann integrable, so it makes sense to

t
U, = / N, du,
0

called the integrated Poisson process. The next result provides a relation between the
process U; and the partial sum of the waiting times Sj.

define the process

Proposition 2.11.1 The integrated Poisson process can be expressed as

N
Uy =tN; = > S
k=1
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Let N; = n. Since N, is equal to k between the waiting times Sy, and Sk, the process
U;, which is equal to the area of the subgraph of N, between 0 and ¢, can be expressed
as

t
Ut:/ Nuduz].'(SQ—Sl)+2’(53_52)+"'+n(5n+1—Sn)—n(sn+1—t).
0

Since S, < t < Sp41, the difference of the last two terms represents the area of last
the rectangle, which has the length ¢ — .S, and the height n. Using associativity, a
computation yields

1-(S2—51)4+2-(55—52)+ -+ n(Spt1 — Sn) =nSpt1 — (S1+ S22+ -+ + Sp).
Substituting in the aforementioned relation yields

Ut = nSnH—(51+52+~--+Sn)—n(5n+1—t)
= nt—(S1+S2+ -+ 5n)

N
= tNt - Zsku
k=1

where we replaced n by N;.

The conditional distribution of the waiting times is provided by the following useful
result.

Theorem 2.11.2 Given that Ny = n, the waiting times S1,S9,---,5, have the the
joint density function given by

n!
f(s1,89, - ,8,) = 0<s1<8< - < g, <t

=
This is the same as the density of an ordered sample of size n from a uniform distribution
on the interval (0,¢). A naive explanation of this result is as follows. If we know
that there will be exactly n events during the time interval (0,t), since the events
can occur at any time, each of them can be considered uniformly distributed, with
the density f(sy) = 1/t. Since it makes sense to consider the events independent,
taking into consideration all possible n! permutaions, the joint density function becomes

f(s1, - 8n) =nlf(s1) - f(sn) = ?_n'

Exercise 2.11.3 Find the following means
(a) E[U].

N
®) B[ Sk
k=1
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A3
Exercise 2.11.4 Show that Var(U;) = -5
Exercise 2.11.5 Can you apply a similar proof as in Proposition 2.3.2 to show that
the integrated Poisson process Uy is also a Poisson process?

Exercise 2.11.6 LetY : Q — N be a discrete random variable. Then for any random
variable X we have
E[X] =) EIX|Y =y|P(Y =y).

y=>0
Exercise 2.11.7 Use Ezercise 2.11.6 to solve Exercise 2.11.3 (b).

Exercise 2.11.8 (a) Let T}, be the kth interarrival time. Show that

A
Ato

Ele™oTr] = , o> 0.
(b) Let n = Ny. Show that
Ut =nt — [nT1 +(7’L— 1)T2 + - +2Tn71 +Tn].

(¢) Find the conditional expectation

FE [e*"Ut

Nt:n].

(Hint: If know that there are exactly n jumps in the interval [0,T], it makes sense
to consider the arrival time of the jumps T; independent and uniformly distributed on
[0,77).
(d) Find the expectation

E [e_”Ut}.

2.12 Submartingales

A stochastic process X; on the probability space (2, F, P) is called submartingale with
respect to the filtration F; if:

(a) Jo|Xi|dP < oo (X, integrable);
(b) X is known if F; is given (X; is adaptable to F);

(¢) E[Xi+s|Fi] > X4, Vt, s > 0 (future predictions exceed the present value).

Example 2.12.1 We shall prove that the process X; = ut + oWy, with p > 0 is a
submartingale.
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The integrability follows from the inequality | X(w)| < ut + |Wi(w)| and integrability
of W;. The adaptability of X; is obvious, and the last property follows from the
computation:

E[Xt+s|ft] = E[Mt + UWt+s‘Ft] + us > E[ut + UWt+S‘Ft]
= ,U,t + O'E[WtJrs‘th] = ut + O'Wt = Xt,

where we used that W; is a martingale.

Example 2.12.2 We shall show that the square of the Brownian motion, W7, is a
submartingale.

Using that W2 — t is a martingale, we have

E[Wt%rs|}—t] = E[Wt%rs—(t—i—s)‘]‘—t]—l—t—|—3:Wt2_t_|_t+8
= W2+s>W2

The following result supplies examples of submatingales starting from martingales
or submartingales.

Proposition 2.12.3 (a) If Xy is a martingale and ¢ a convex function such that ¢(X;)
is integrable, then the process Yy = ¢(X¢) is a submartingale.

(b) If Xy is a submartingale and ¢ an increasing convex function such that ¢(Xy) is
integrable, then the process Yy = ¢(X¢) is a submartingale.

(¢) If Xt is a martingale and f(t) is an increasing, integrable function, then Y; =
Xi + f(t) is a submartingale.

Proof: (a) Using Jensen’s inequality for conditional probabilities, Exercise 1.12.6, we
have

E[YerslFi) = Blo(Xew)lF) = 6(E[Xers| 7)) = 6(X) = Y.
(b) From the submatingale property and monotonicity of ¢ we have
o (BlXiersl F) = 0(X0).

Then apply a similar computation as in part (a).
(¢) We shall check only the forcast property, since the other are obvious.

ElYiis|F] = EXys+ f(t+ 9)|F] = B[ Xys|Fe] + f(t+s)
= Xe+flt+s)> X+ f(t) =Y, Vs, t>0.
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Corollary 2.12.4 (a) Let X; be a martingale. Then X2, |Xy|, Xt are submartingales.
(b) Let u > 0. Then eVt s a submartingale.

Proof: (a) Results from part (a) of Proposition 2.12.3.
(b) It follows from Example 2.12 and part (b) of Proposition 2.12.3. |
The following result provides important inequalities involving submartingales.
Proposition 2.12.5 (Doob’s Submartingale Inequality) (a) Let X; be a non-negative
submartingale. Then
EBXi]

P(sup X, > z) < , Va > 0.
s<t x

(b) If X; is a right continuous submartingale, then for any x > 0

E[X;"
Plsup X, > o) < X
s<t z

where X;~ = max{X;,0}.

Exercise 2.12.6 Let x > 0. Show the inequalities:
t
(a) P(supW2 > ) < —.
s<t x

T

(b) P(sup|Wi| > z) < V2T

s<t X

su 1%.%
Exercise 2.12.7 Show that st-lim psﬁit‘s‘ _

t—o00

0.

Exercise 2.12.8 Show that for any martingale Xy we have the inequality

E[X}
P(sup X} > z) < [ t], Va > 0.
s<t €

It is worth noting that Doob’s inequality implies Markov’s inequality. Since sup X >
s<t

Xy, then P(X; > z) < P(sup X > z). Then Doob’s inequality
s<t

FE|X
P(sup X, > 2) < 2
s<t x

implies Markov’s inequality (see Theorem 1.12.8)
EXi]

T
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Exercise 2.12.9 Let N; denote the Poisson process and consider the information set
Fi = 0{Ng;s < t}.

(a) Show that Ny is a submartingale;

(b) Is N} a submartingale?

Exercise 2.12.10 It can be shown that for any 0 < o < 7 we have the inequality

APC IR

o<t<rt

N,
Using this inequality prove that ms—lim RIS
t—o0



Chapter 3

Properties of Stochastic
Processes

3.1 Stopping Times
Consider the probability space (£, F, P) and the filtration (F;)¢>0, i.e.
Fi C Fs CF, Vit < s.

Assume that the decision to stop playing a game before or at time ¢ is determined by
the information J; available at time ¢. Then this decision can be modeled by a random
variable 7 : Q — [0, 0co] which satisfies

{w;T(w) <t} € F.

This means that given the information set F;, we know whether the event {w; 7(w) < t}
had occurred or not. We note that the possibility 7 = oo is included, since the decision
to continue the game for ever is also a possible event. However, we ask the condition
P(1 < o0) = 1. A random variable 7 with the previous properties is called a stopping
time.

The next example illustrates a few cases when a decision is or is not a stopping time.
In order to accomplish this, think of the situation that 7 is the time when some random
event related to a given stochastic process occurs first.

Example 3.1.1 Let F; be the information available until time t regarding the evolution
of a stock. Assume the price of the stock at time t = 0 is $50 per share. The following
decisions are stopping times:

(a) Sell the stock when it reaches for the first time the price of $100 per share;
(b) Buy the stock when it reaches for the first time the price of $10 per share;
(c) Sell the stock at the end of the year;

o7
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(d) Sell the stock either when it reaches for the first time $80 or at the end of the
year.

(e) Keep the stock either until the initial investment doubles or until the end of the
year;

The following decisions are not stopping times:

(f) Sell the stock when it reaches the maximum level it will ever be;

(9) Keep the stock until the initial investment at least doubles.

Part (f) is not a stopping time because it requires information about the future that is
not contained in F;. For part (g), since the initial stock price is Sy = $50, the general
theory of stock prices state

P(S; > 250) = P(S; > 100) < 1,

i.e. there is a positive probability that the stock never doubles its value. This contra-
dicts the condition P(7 = o0) = 0. In part (e) there are two conditions; the latter one
has the occurring probability equal to 1.

Exercise 3.1.2 Show that any positive constant, T = ¢, is a stopping time with respect
to any filtration.

Exercise 3.1.3 Let 7(w) = inf{t > 0; [W;(w)| > K}, with K > 0 constant. Show that
T is a stopping time with respect to the filtration Fy = o(Ws; s < t).

The random variable 7 is called the first exit time of the Brownian motion W; from the
interval (—K, K). In a similar way one can define the first exit time of the process X,
from the interval (a,b):

T(w) = inf{t > 0; X} (w) ¢ (a,b)} = inf{t > 0; Xy(w) > bor X;(w) < a)}.
Let Xo < a. The first entry time of X; in the interval (a,b) is defined as
T(w) = inf{t > 0; X;(w) € (a,b)} = inf{t > 0; Xs(w) > a or X;(w) < b)}.
If let b = oo, we obtain the first hitting time of the level a
T(w) = inf{t > 0; X (w) > a)}.
We shall deal with hitting times in more detail in section 3.3.

Exercise 3.1.4 Let X; be a continuous stochastic process. Prove that the first exit
time of X; from the interval (a,b) is a stopping time.

We shall present in the following some properties regarding operations with stopping
times. Consider the notations 71 V 7o = max{r, 7}, 71 A 72 = min{r, o}, 7 =
sup,>1 T, and 7, = inf;>1 7.
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Proposition 3.1.5 Let 71 and 1o be two stopping times with respect to the filtration
Fi. Then

1.V
2. L N1
3. T+ 7o

are stopping times.

Proof: 1. We have
{w;n Vo <t} ={w;n <t} N{w;m <t} e F,
since {w; 1 <t} € F and {w; 2 <t} € F;. From the subadditivity of P we get
P({w;ﬁ Vg = oo}) = P({w;ﬁ = oo} U{w;m = oo})
< P({w;ﬁ = oo}) + P({w;Tg = oo})

Since

P({w;n:oo}):1—P<{w;7'i<oo}):0, 1=1,2,

it follows that P({w;ﬁ VT = oo}) = 0 and hence P({w;ﬁ VT < oo}) = 1. Then
71 V T is a stopping time.

2. The event {w; T A1 <t} € F if and only if {w; T Ao >t} € F.
{wimi A >t} ={w;m >t} N{w;m >t} € F,

since {w; 11 >t} € F and {w; o > t} € F; (the o-algebra F; is closed to complements).
The fact that 71 A 79 < 0o almost surely has a similar proof.

3. We note that 71 + 7o < t if there is a ¢ € (0,¢) such that
71 < ¢ T <t—c

Using that the rational numbers are dense in R, we can write

{win + 1 <t} = U ({w;nﬁc}ﬂ{w;mﬁt—c})6.7:,5,
0<c<t,ceQ
since
{w;n1 < ¢} € F. C F, {w;me <t —c} € Fi_c C Fi.
Writing
{w;T1 + 1 =00} ={w; 1 = 0} U{w; 1o = o0}
yields

P({w;ﬁ + 7= oo}) < P({w;ﬁ = oo}) + P({w;Tg = oo}) =0,
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Hence P({w; T+ 1 < oo}) = 1. It follows that 7 + 75 is a stopping time. |

[e.e]
A filtration F; is called right-continuous if F; = m Fip1, for t > 0. This means

n=1
that the information available at time ¢ is a good approximation for any future in-

finitesimal information F;.; or, equivalently, nothing more can be learned by peeking
infinitesimally far into the future.

Exercise 3.1.6 (a) Let F; = o{Ws;s < t}, where Wy is a Brownian motion. Show
that F; is right-continuous.

(b) Let Ny = 0{Ng;s < t}, where Ny is a Poisson motion. Is Ny right-continuous?

Proposition 3.1.7 Let F; be right-continuous and (1,)p>1 be a sequence of bounded
stopping times.
(a) Then sup,, T and inf 7,, are stopping times.

(b) If the sequence (Ty)n>1 converges to T, T # 0, then T is a stopping time.

Proof: (a) The fact that 7, is a stopping time follows from

{w; 7 <t} C m{w;Tn <t} eF,

n>1

and from the boundedness, which implies P(7, < c0) = 1.

In order to show that 7, is a stopping time we shall proceed as in the following.
Using that F; is right-continuous and closed to complements, it suffices to show that
{w;T,, >t} € F;. This follows from

{wiz, >t} = ﬂ{w;Tn >t} e F.
n>1
(b) Let li_}m Tn, = 7. Then there is an increasing (or decreasing) subsequence 7,, of
n—oo
stopping times that tends to 7, so sup7,, = 7 (or inf 7,,, = 7). Since 7, are stopping
times, by part (a), it follows that 7 is a stopping time. [ |

The condition that 7, is bounded is significant, since if take 7,, = n as stopping
times, then sup,, 7, = oo with probability 1, which does not satisfy the stopping time
definition.

Exercise 3.1.8 Let 7 be a stopping time.
(a) Let ¢ > 1 be a constant. Show that ct is a stopping time.

(b) Let f : [0,00) — R be a continuous, increasing function satisfying f(t) > t.
Prove that f(1) is a stopping time.

(¢) Show that €™ is a stopping time.
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Exercise 3.1.9 Let 7 be a stopping time and ¢ > 0 a constant. Prove that T+ c is a
stopping time.

Exercise 3.1.10 Let a be a constant and define 7 = inf{t > 0;W; = a}. Is T a
stopping time?

Exercise 3.1.11 Let 7 be a stopping time. Consider the following sequence 1, =
(m+1)27" 4f m2™" < 7 < (m+ 1)27" (stop at the first time of the form k2=™ after
7). Prove that 1, is a stopping time.

3.2 Stopping Theorem for Martingales

The next result states that in a fair game, the expected final fortune of a gambler, who
is using a stopping time to quit the game, is the same as the expected initial fortune.
From the financially point of view, the theorem says that if you buy an asset at some
initial time and adopt a strategy of deciding when to sell it, then the expected price at
the selling time is the initial price; so one cannot make money by buying and selling an
asset whose price is a martingale. Fortunately, the price of a stock is not a martingale,
and people can still expect to make money buying and selling stocks.

If (M;)¢>0 is an Fi-martingale, then taking the expectation in
E[M|Fs] = Mg, Vs <t
and using Example 1.11.2 yields
E[M,] = E[M;], Vs < t.

In particular, E[M;] = E[My], for any ¢ > 0. The next result states necessary conditions
under which this identity holds if ¢ is replaced by any stopping time 7.

Theorem 3.2.1 (Optional Stopping Theorem) Let (M;);>o be a right continuous
Fi-martingale and T be a stopping time with respect to F;. If either one of the following
conditions holds:

1. 7 s bounded, i.e. AN < oo such that 7 < N;

2. 3¢ > 0 such that E[|M]] < ¢, Vt >0,
then E[M.| = E[My]. If My is an Fi-submartingale, then E[M;] > E[Mjy)].

Proof: ~We shall sketch the proof for the first case only. Taking the expectation in
relation
MT = MT/\t + (MT - Mt)1{7—>t}7

see Exercise 3.2.3, yields

E[M;] = E[Mrpd] + E[M: 15| — E[Mi1gr ]
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Since M x; is a martingale, see Exercise 3.2.4 (b), then E[M 5] = E[Mp]. The previous
relation becomes

E[MT] = E[MO] + E[MT]'{T>t}] - E[Mt1{7>t}]a Vi > 0.
Taking the limit yields

E[MT] = E[Mo] + tl;rgl() E[M71{7_>t}] — tlilgo E[Mt1{7_>t}]. (3.2.1)
We shall show that both limits are equal to zero.

Since |M;1(;5n| < [M7|, Vt > 0, and M, is integrable, see Exercise 3.2.4 (a), by
the dominated convergence theorem we have

Jim P o] = i [ Mooy dP = [ lim Mo1g,..dP =0

For the second limit

t—o00 t—o00

lim E[Mtl{r>t}] = lim / Mt1{7—>t} dP = 0,
Q

since for ¢ > N the integrand vanishes. Hence relation (3.2.1) yields E[M;| = E[M,].
|

It is worth noting that the previous theorem is a special case of the more general
Optional Stopping Theorem of Doob:

Theorem 3.2.2 Let M; be a right continuous martingale and o,7 be two bounded
stopping times, with o < 1. Then M,, M, are integrable and

EM:|\F;] =M, a.s.
In particular, taking expectations, we have

E[M;] = E[M,] a.s.
In the case when My is a submartingale then E[M;| > E[M,| a.s.
Exercise 3.2.3 Show that

M = Mrae + (Mr — M) 1y,
where
Loy (W) = { 0 T <t

is the indicator function of the set {T > t}.

Exercise 3.2.4 Let M; be a right continuous martingale and T be a stopping time.
Show that
(a) M, is integrable;

(b) Mt is a martingale.

Exercise 3.2.5 Show that if let o = 0 in Theorem 3.2.2 yields Theorem 3.2.1.
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Figure 3.1: The first hitting time Ty, given by Wr, = a.

3.3 The First Passage of Time

The first passage of time is a particular type of hitting time, which is useful in finance
when studying barrier options and lookback options. For instance, knock-in options
enter into existence when the stock price hits for the first time a certain barrier before
option maturity. A lookback option is priced using the maximum value of the stock
until the present time. The stock price is not a Brownian motion, but it depends on
one. Hence the need for studying the hitting time for the Brownian motion.

The first result deals with the first hitting time for a Brownian motion to reach the

barrier a € R, see Fig.3.1.

Lemma 3.3.1 Let T, be the first time the Brownian motion Wy hits a. Then the
distribution function of T, is given by

2 [ 2
P(T, <t)= — V2 gy,
Tzt v27r/|a/ﬁe ’

Proof: 1If A and B are two events, then

P(A) = P(ANB)+ P(ANB)
— P(A|B)P(B) + P(A|B)P(B). (3.3.2)

Let a > 0. Using formula (3.3.2) for A = {w;Wi(w) > a} and B = {w;Ty(w) < t}
yields

PWy>a) = PW;>a|lT, <t)P(T, <t)
+P(Wy > a|Ty > t)P(T, > t) (3.3.3)

If T, > t, the Brownian motion did not reach the barrier a yet, so we must have W; < a.
Therefore
PWy > a|Ty, >t) =0.
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It T, < t, then Wr, = a. Since the Brownian motion is a Markov process, it starts
fresh at T,. Due to symmetry of the density function of a normal variable, W; has
equal chances to go up or go down after the time interval ¢t — T,. It follows that
1
PWy >a|lT, <t)= 3
Substituting into (3.3.3) yields
P(T,<t) = 2P(Wt > a)

0 2
= 1R dg = eV /2 dy.

V2t \ 27 /a/\/Z
If @ < 0, symmetry implies that the distribution of T, is the same as that of T_,, so

we get
o0

2 2
_Z e~y /2 dy.
V2T J—a/Vi

P(T,<t)=P(T_,<t)=
|
Remark 3.3.2 The previous proof is based on a more general principle called the Re-

flection Principle: If T is a stopping time for the Brownian motion Wy, then the Brow-
nian motion reflected at T is also a Brownian motion.

Theorem 3.3.3 Let a € R be fired. Then the Brownian motion hits a (in a finite
amount of time) with probability 1.

Proof: The probability that W; hits a (in a finite amount of time) is

— i <t)= — v'/2 4
P(T, < o0) tlggloP(Ta t) tlgglo\/ﬁ/m/\/_e

s e =1,
V21 Jo 4
where we used the well known integral
> 2 2 1 o0 a2 2 1
/ ey/dy:—/ ey/dy:—\/Qﬂ'.
0 2 ) 2
|

The previous result stated that the Brownian motion hits the barrier a almost
surely. The next result shows that the expected time to hit the barrier is infinite.

Proposition 3.3.4 The random variable T, has a Pearson 5 distribution given by

|CL‘ a? 3

“%tTz,  t>0.
V2T

p(t) =

2
It has the mean E[T,] = oo and the mode %.
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0.4r
0.3r

0.2r

Figure 3.2: The distribution of the first hitting time T,.

Proof: Differentiating in the formula of distribution function®

Fr,(t)=P(T, <t e V2 ay

—):%27/;;

yields the following probability density function

dFr, (t a2
p(t) = Ta( ) = a eiﬁtig, t > 0

dt V2

This is a Pearson 5 distribution with parameters a = 1/2 and 8 = a?/2. The expecta-
tion is

BT, - /OOO p(t) dt = \/ﬁ/ e 5 dt.

2

Using the inequality efg >1-— %, t > 0, we have the estimation
oo
E[T,] > \/% O \1[ v /0 t?% dt = oo, (3.3.4)
since [;° ﬁ dt is divergent and [;° 5 5 dt is convergent.
The mode of T, is given by
B @
a+1 2(% +1) 3
|
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Remark 3.3.5 The distribution has a peak at a®/3. Then if we need to pick a small
time interval [t — dt,t + dt] in which the probability that the Brownian motion hits the
barrier a is maximum, we need to choose t = a®/3.

Remark 3.3.6 Formula (3.3.4) states that the expected waiting time for Wy to reach
the barrier a is infinite. However, the expected waiting time for the Brownian motion
W to hit either a or —a is finite, see Fxercise 3.3.9.

Corollary 3.3.7 A Brownian motion process returns to the origin in a finite amount
time with probability 1.

Proof: Choose a = 0 and apply Theorem 3.3.3. [ |

Exercise 3.3.8 Try to apply the proof of Lemma 3.3.1 for the following stochastic
processes

(a) Xy = ut + oWy, with p,o > 0 constants;
t
(b) X, = / W, ds.

Where is t(i)Le difficulty?
Exercise 3.3.9 Let a > 0 and consider the hitting time
T, = nf{t > 0; Wy = a or Wy = —a} = inf{t > 0; |W;| = a}.
Prove that E[t,] = a®.
Exercise 3.3.10 (a) Show that the distribution function of the process

X; = max Wi
s€[0,t]

s given by

2 [Vt
P(Xt S a) = \/—2_7-(/0' e_y2/2 dy

(b) Show that E[X;] = /2t/x and Var(X;) = t(1 . 3).

s

Exercise 3.3.11 (a) Find the distribution of Y; = |Wy|, t > 0;

'l
E =4\ —.
(b) Show that [02?%|Wt‘] \/ 5

The fact that a Brownian motion returns to the origin or hits a barrier almost surely
is a property characteristic to the first dimension only. The next result states that in
larger dimensions this is no longer possible.
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Theorem 3.3.12 Let (a,b) € R2.  The 2-dimensional Brownian motion W (t) =
(Wi (t), Wa(t)) (with Wi(t) and Wa(t) independent) hits the point (a,b) with proba-
bility zero. The same result is valid for any n-dimensional Brownian motion, with
n > 2.

However, if the point (a,b) is replaced by the disk D.(xg) = {z € R?; |x —x¢| < €},
there is a difference in the behavior of the Brownian motion from n = 2 to n > 2.

Theorem 3.3.13 The 2-dimensional Brownian motion W (t) = (Wy(t), Wa(t)) hits
the disk D.(xq) with probability one.

Theorem 3.3.14 Letn > 2. The n-dimensional Brownian motion W (t) = (Wi (t), - Wy(t))
hits the ball D.(xo) with probability

9
P:(@) "o
€

The previous results can be stated by saying that that Brownian motion is transient
in R”, for n > 2. If n = 2 the previous probability equals 1. We shall come back with
proofs to the aforementioned results in a later chapter.

Remark 3.3.15 If life spreads according to a Brownian motion, the aforementioned
results explain why life is more extensive on earth rather than in space. The probability
for a form of life to reach a planet of radius R situated at distance d is %. Since d is

large the probability is very small, unlike in the plane, where the probability is always
1.

Exercise 3.3.16 Is the one-dimensional Brownian motion transient or recurrent in
R?

3.4 The Arc-sine Laws

In this section we present a few results which provide certain probabilities related with
the behavior of a Brownian motion in terms the arc-sine of a quotient of two time
instances. These results are generally known under the name of law of arc-sines.

The following result will be used in the proof of the first law of Arc-sine.

Proposition 3.4.1 (a) If X : Q@ — N is a discrete random variable, then for any
subset A C Q, we have

P(A) =) P(AX =2)P(X = ).
zeN

(b) If X : Q@ — R is a continuous random variable, then

P(A) = /P(A|X =z)dP = /P(A|X =z)fx(x)dx.
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I

%\f wn U
': WWW

Figure 3.3: The event A(a;ty,t2) in the Law of Arc-sine.

tl t2

Proof: (a) The sets X !(2) = {X = 2} = {w; X(w) = 2} form a partition of the
sample space (), i.e.:

(i) @=U, X~ !(z);
(1) X Hz)N X L(y) = O for x # y.

Then A = U (A N X_l(m)) = U (A N{X = :L‘}), and hence

P(A) = ZP(Am (X = x})

PH{X ==z})
= Y P(AIX =2)P(X = ).

_ ZP(AH{X:x})P({X:J:})

(b) In the case when X is continuous, the sum is replaced by an integral and the
probability P({X = z}) by fx(z)dz, where fx is the density function of X. |
The zero set of a Brownian motion W is defined by {t > 0; W; = 0}. Since W} is

continuous, the zero set is closed with no isolated points almost surely. The next result
deals with the probability that the zero set does not intersect the interval (¢1,t2).

Theorem 3.4.2 (The law of Arc-sine) The probability that a Brownian motion W,
does not have any zeros in the interval (t1,t2) is equal to

2 t
PWy #0,t1 <t <tg)= —arcsinwlt—l.
2

™

Proof: Let A(a;ty,ts) denote the event that the Brownian motion W; takes on the
value a between ¢; and ty. In particular, A(0;t;,t2) denotes the event that Wy has (at
least) a zero between t; and te. Substituting A = A(0;¢1,t2) and X = W, into the
formula provided by Proposition 3.4.1
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P(A) = /P(A\X =) fy(z)dx
yields
P(A(0;t1,t2)) = /P(A(O;tl,tg)\th :x)fwtl (7)dx (3.4.5)

1 & _z2
- PA(0: b1, 12)|Wy, = z)e 2 d
Vot Lo A0 W = e e

Using the properties of W; with respect to time translation and symmetry we have

P(A(0;t1,t2)|Wy, =2) = P(A(0;0,t0 — t1)|Wp = z)
P(A(=;0,t — t1)|Wy = 0)

P(A(]z];0,t2 — t1)|Wo = 0)

P(A(|2];0,t2 — 1))

= P(Tjy <t2—t1),

the last identity stating that W; hits |z| before t — ¢;. Using Lemma 3.3.1 yields

P(A(Ost1, )Wy, = ) = T dy.

\/ 2 - tl /a:
Substituting into (3.4.5) we obtain

22

P(A(0; 11, 12)) SCEn dy)e 2

\/ﬁ/ m/m
\/ﬂ/ /|x|

The above integral can be evaluated to get (see Exercise 3.4.3 )

2 [t
P(A(0st1,t2)) =1~ p arcsin é

Using P(Wy # 0,t1 <t <tg) = 1—P(A(O; t1, tg)) we obtain the desired result. [ |

2
e 2“2 fl) o dydz.

Exercise 3.4.3 Use polar coordinates to show

z? 2 . t1
e 2(t2 tl) 21 dydr =1 — — arcsin 4/ —.
T/ 11 tg - tl || 7T t2

Exercise 3.4.4 Find the probability that a 2-dimensional Brownian motion W (t) =
(Wi(t), Wa(t)) stays in the same quadrant for the time interval t € (t1,t3).
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Exercise 3.4.5 Find the probability that a Brownian motion W; does not take the
value a in the interval (tq,t2).

Exercise 3.4.6 Let a # b. Find the probability that a Brownian motion Wy does not
take any of the values {a,b} in the interval (t1,t2). Formulate and prove a generaliza-
tion.

We provide below without proof a few similar results dealing with arc-sine probabilities.
The first result deals with the amount of time spent by a Brownian motion on the
positive half-axis.

Theorem 3.4.7 (Arc-sine Law of Lévy) Let L} = fg sgnt W ds be the amount of
time a Brownian motion Wy is positive during the time interval [0,t]. Then

2
P(L} < 7)== arcsin .
t s t

The next result deals with the Arc-sine law for the last exit time of a Brownian
motion from 0.

Theorem 3.4.8 (Arc-sine Law of exit from 0) Let v, = sup{0 < s < t; W = 0}.
Then

2
Ply<71)= ;arcsin\/g, 0<r<t.

The Arc-sine law for the time the Brownian motion attains its maximum on the
interval [0, ] is given by the next result.

Theorem 3.4.9 (Arc-sine Law of maximum) Let M; = [nax W and define
<s<
0y = sup{0 < s < t; Wy = M, }.
Then

- s

2
P(0t<s):—arcsin\/§, 0<s<tt>0.

3.5 More on Hitting Times

In this section we shall deal with results regarding hitting times of Brownian motion
with drift. They will be useful in the sequel when pricing barrier options.

Theorem 3.5.1 Let X; = ut + W; denote a Brownian motion with nonzero drift rate
w, and consider o, 5 > 0. Then

e2mB 1
P(X; goes up to « before down to — ) =

e2uB — e—2pa’
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Proof: Let T = inf{t > 0; X; = o or X; = —} be the first exit time of X; from the
interval (—f, ), which is a stopping time, see Exercise 3.1.4. The exponential process

2

Mt — ethth’ t > 0

is a martingale, see Exercise 2.2.4(c¢). Then E[M;] = E[My] = 1. By the Optional
Stopping Theorem (see Theorem 3.2.1), we get E[Mr]| = 1. This can be written as

1 = E[eWr—3¢T] = plecXr—(ent3e)T], (3.5.6)

Choosing ¢ = —2u yields E[e~2#%T] = 1. Since the random variable X7 takes only the
values a and —g, if let p, = P(X7p = «), the previous relation becomes

eimmpa + eQuﬁ(l —Dpa) = 1.

Solving for p, yields

e2mB
Pa = 55— —oa (3.5.7)
Noting that
Pa = P(X} goes up to a before down to — 3)
leads to the desired answer. [ |

It is worth noting how the previous formula changes in the case when the drift rate
is zero, i.e. when p = 0, and X; = W;. The previous probability is computed by taking
the limit  — 0 and using L.’Hospital’s rule

i e2mB _ 1 i 23218 B
im ———— = lim = .
p—0 e218 — e=2pa 50 2Be248 4 2020 o 4 B
Hence
p
P(W to a before d to — ) = .
(Wy goes up to a before down to — f3) o

Taking the limit 5 — oo we recover the following result

| P(W; hits ) = 1. |

If o = 8 we obtain

1
P(W; goes up to a before down to — ) = 3’

which shows that the Brownian motion is equally likely to go up or down an amount
a in a given time interval.

If T,, and Tz denote the times when the process X; reaches o and 3, respectively,
then the aforementioned probabilities can be written using inequalities. For instance
the first identity becomes

e2mB

P(Ta <T-p) = Zup—
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Exercise 3.5.2 Let Xy = ut + W; denote a Brownian motion with nonzero drift rate
wu, and consider oo > 0.

(a) If p > 0 show that
P(X; goes up to o) = 1.

(b) If p < 0 show that
P(X; goes up to o) = e** < 1.

Formula (a) can be written equivalently as

P(sup(Wy + put) > a) =1, p >0,
t>0

while formula (b) becomes

P(sup(W; + pt) > a) = **, <0,
t>0
or
P(sup(Wy —4t) > a) =e 2%, 4 >0,
t>0

which is known as one of the Doob’s inequalities. This can be also described in terms
of stopping times as follows. Define the stopping time 7, = inf{t > 0; W, — vt > a}.
Using

P(14 < 00) = P(sup(W; —t) > «)

>0
yields the identities
P(r, <0) = e 29, v >0,
Pty <o0) = 1, v <0.

Exercise 3.5.3 Let Xy = ut + W; denote a Brownian motion with nonzero drift rate
u, and consider 8 > 0. Show that the probability that Xy never hits —f is given by

1—e 248 ifu>0
0, if p < 0.

Recall that T is the first time when the process X; hits o or —f.
Exercise 3.5.4 (a) Show that

ae?tB 4 Be=2e _ o — 3
62“5 — e 2pa

E[Xr] =

(b) Find E[X2];
(¢c) Compute Var(Xr).
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The next result deals with the time one has to wait (in expectation) for the process
X¢ = ut + Wy to reach either a or —f.

Proposition 3.5.5 The expected value of T is

e 4 Be= e _ o — 3

E[T] = (€218 — ¢=2pa)

Proof: Using that W; is a martingale, with E[W;] = E[W,] = 0, applying the Optional
Stopping Theorem, Theorem 3.2.1, yields

0 = E[Wr] = E[X7 — uT] = E[X7] — pB[T).
Then by Exercise 3.5.4(a) we get

BT — E[X7] B ae?tB 4 pe=2ma _ o — 3
)= S =

Exercise 3.5.6 Take the limit u — 0 in the formula provided by Proposition 3.5.5 to
find the expected time for a Brownian motion to hit either a or —f.

Exercise 3.5.7 Find E[T?] and Var(T).

Exercise 3.5.8 (Wald’s identities) Let T be a finite stopping time for the Brownian
motion Wy. Show that

(a) E[WT] =0;
(b) E[WZF] = E[T).

The previous techniques can be also applied to right continuous martingales. Let
a > 0 and consider the hitting time of the Poisson process of the barrier a

T = inf{t > 0; Ny > a}.

Proposition 3.5.9 The expected waiting time for Ny to reach the barrier a is E[T] = §.
Proof: Since My = N; — At is a right continuous martingale, by the Optional Stopping
Theorem E[M;] = E[Mp] = 0. Then E[N; — A7] = 0 and hence E[r] = $E[N;] = 4.

|
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3.6 The Inverse Laplace Transform Method

In this section we shall use the Optional Stopping Theorem in conjunction with the
inverse Laplace transform to obtain the probability density for hitting times.

A. The case of standard Brownian motion Let x > 0. The first hitting time
T =T, = inf{t > 0;W; = x} is a stopping time. Since M; = ecwﬁ_%&, t>0,is a
martingale, with F[M;] = E[My] = 1, by the Optional Stopping Theorem, see Theorem
3.2.1, we have

E[M;] = 1.

W,y —Lic2r

This can be written equivalently as E[e®" e 2“7] = 1. Using W, = z, we get

It is worth noting that ¢ > 0. This is implied from the fact that e 2T < 1 and
7,2 > 0.
Substituting s = %02, the previous relation becomes

E[e 7] = ¢ V25, (3.6.8)
This relation has a couple of useful applications.

Proposition 3.6.1 The moments of the first hitting time are all infinite E[T"] = oo,
n>1.

Proof: The nth moment of 7 can be obtained by differentiating and taking s =0

T ples]

o = B[(-7)"e], = (-1)"E[").

s=0

s=0

Using (3.6.8) yields
d“ s
ElF" = (—1)™ ST
) = (e

Since by induction we have

-1 —
dn ef\/%x — (_1)71,6* QS;UTLZ Mk xn k

dsm £ 9ri/2 s(nHk)/2°

with My, r positive integers, it easily follows that E[r"] = cc.
For instance, in the case n = 1 we have

4 e o Ese T
Elrl = —7;e = e e T T

Another application involves the inverse Laplace transform to get the probability
density. This way we can retrieve the result of Proposition 3.3.4.
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Proposition 3.6.2 The probability density of the hitting time T is given by

p(t) = e 2t t>0. (3.6.9)

Proof: Let x > 0. The expectation

Bl = [ Tatr) dr = Llor)He)
is the Laplace transform of p(7). Applying the inverse Laplace transform yields

p(r) = LYE[ 1) = L e V) (r)

x «?

= e 2r, 7> 0.

V23

In the case x < 0 we obtain

—x 22
p(T) = e 27 T >0,
0= Vo
which leads to (3.6.9). |

The computation on the inverse Laplace transform £-1{e~V25}(7) is beyound the
goal of this book. The reader can obtain the value of this inverse Laplace transform
using the Mathematica software. However, the more mathematical interested reader
is reffered to consult the method of complex integration in a book on inverse Laplace
transforms.

Another application of formula (3.6.8) is the following inequality.

Proposition 3.6.3 (Chernoff bound) Let 7 denote the first hitting time when the
Brownian motion Wy hits the barrier x, x > 0. Then

¥

T

P(r < \) <e 2x, VA > 0.
Proof: Let s = —t in the part 2 of Theorem 1.12.10 and use (3.6.8) to get

E tX E —sX
P(T < )\) < [it ] — [6 N ] — e)\sfx\/Zs’ Vs > 0.
e e "

Then P(1 < \) < e™>0/(5) where f(s) = As — xv/2s. Since f'(s) = A — \/%—S, then

f(s) reaches its minimum at the critical point so = 55z. The minimum value is

)\2
1,2
min f(s) = f(s0) = 5.

Substituting in the previous inequality leads to the required result. [ |
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B. The case of Brownian motion with drift
Consider the Brownian motion with drift X; = ut + cW,, with u,o > 0. Let

7 =inf{t > 0; X; = x}

denote the first hitting time of the barrier x, with x > 0. We shall compute the
distribution of the random variable 7 and its first two moments.

Applying the Optional Stopping Theorem (Theorem 3.2.1) to the martingale M; =
eWi—5c’t yields
E[M;] = E[My] = 1.
Using that W, = %(XT — p7) and X, = x, the previous relation becomes
Ele™ (3297 = e 5. (3.6.10)

1
Substituting s = & + 502 and completing to a square yields
o

2 2
23—1—“—2:(04—&) .
o o

Solving for ¢ we get the solutions

2 2
c:—ﬁ—i-\/Qs—i—u—, c:—ﬁ—\/Qs—i-u—.
o o2 o o2

Assume ¢ < 0. Then substituting the second solution into (3.6.10) yields

E[efsﬂ'] _ eg%(qu\/ZSUQJr,uQ)x'

1
This relation is contradictory since e=*" < 1 while es2 #FV 2s0F# )% 5 1, where we used
that s,z,7 > 0. Hence it follows that ¢ > 0. Substituting the first solution into (3.6.10)

leads to
Ele™T] = ex? V20 tid)z,

We arrived at the following result:

Proposition 3.6.4 Assume p,x > 0. Let 7 be the time the process Xy = ut + oWy
hits x for the first time. Then we have

EleT] = eV 0a o (3.6.11)

Proposition 3.6.5 Let 7 be the time the process Xy = put + oWy hits x, with x > 0
and p > 0.

(a) Then the density function of T is given by

T (z—pr)?
T)= ————e 202, 7> 0. 3.6.12
) = = (3.6.12)




7

(b) The mean and variance of T are

x .’EO’2

Elr] = o Var(t) = e

Proof: (a) Let p(7) be the density function of 7. Since

Bler) = [ e Tplr) dr = Llp(r)Ho)
is the Laplace transform of p(7), applying the inverse Laplace transform yields

p(r) = LTYE[e )} = £ {err VY
z _(z—p)?

—F——€

o/ 2mr3/2

It is worth noting that the computation of the previous inverse Laplace transform is
non-elementary; however, it can be easily computed using the Mathematica software.

, 7> 0.

(b) The moments are obtained by differentiating the moment generating function
and taking the value at s =0

Bl = —dpe = Loyt
dS =0 dg a0
_ T A2 )
12+ 2sp s=0
_
m
d? 42 5T 3
E 2 — -1 2% —ST — G—2(Mf 2s02+4-pu?)x
[7] (=15 Ele ]5:0 T2 v _

.1‘(02 + x\/ 2 + 2802)6(%2@, /2502 +12)x

(U2 + 2s02)3/2

s=0
et
pdo
Hence )
Var(r) = E[r?] - E[7]? = %

It is worth noting that we can arrive at the formula E[7] = % in the following heuristic
way. Taking the expectation in the equation pur + oW, = z yields pE[r] = z, where
we used that E[W;]| = 0 for any finite stopping time 7 (see Exercise 3.5.8 (a)). Solving
for E[r] yields the aforementioned formula. [ |

Even if the computations are more or less similar with the previous result, we shall
treat next the case of the negative barrier in its full length. This is because of its
particular importance in being useful in pricing perpetual American puts.
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Proposition 3.6.6 Assume pu,x > 0. Let T be the time the process Xy = ut + oW,
hits —x for the first time.

(a) We have
Ble=] = oot (V22 t)z (3.6.13)

(b) Then the density function of T is given by

x _ (@tur)?

T) = ————e€ , 7> 0. 3.6.14
W) = —= (3:0.14)
(¢) The mean of T is
T _2px
E[r] = —e <.
1
Proof:  (a) Consider the stopping time 7 = inf{t > 0; X; = —z}. By the Optional
C2
Stopping Theorem (Theorem 3.2.1) applied to the martingale M; = eVt~ 7t yields
C2 [ C2
1 = My=E[M,]= E[60WT*7T] = E[eg(XTfm)*?T]
= EBle s 5] = o5 E[e ($ 9T
Therefore )
Ele o t9)] = eom. (3.6.15)

If let s = & + %, then solving for ¢ yields ¢ = —£ £ 1/2s + g—z, but only the negative
solution works out; this comes from the fact that both terms of the equation (3.6.15)
have to be less than 1. Hence (3.6.15) becomes

Ele™T] = e;_’é}(”ﬂ/mh’ -
(b) Relation (3.6.13) can be written equivalently as
L(p(r)) = ex? V270,

Taking the inverse Laplace transform, and using Mathematica software to compute it,
we obtain

p(T) = 5_1(6?21(%' QSUQWQ)I) () = ——— S o

€ )
o/ 2n3/2
(c) Differentiating and evaluating at s = 0 we obtain

d 2w, T O T _2ue

E[T] = E[eisT] o 72 \/F L

ds
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Exercise 3.6.7 Assume the hypothesis of Proposition 3.6.6 satisfied. Find Var(T).

Exercise 3.6.8 Find the modes of distributions (3.6.12) and (3.6.14). What do you
notice?

Exercise 3.6.9 Let X; = 2t + 3W; and Y; = 6t + W;.

(a) Show that the expected times for X; and Y; to reach any barrier x > 0 are the
same.

(b) If X and Yz model the prices of two stocks, which one would you like to own?
Exercise 3.6.10 Does 4t + 2W; hit 9 faster (in expectation) than 5t + 3W; hits 147
Exercise 3.6.11 Let 7 be the first time the Brownian motion with drift X; = ut + W,
hits x, where p,x > 0. Prove the inequality

224222

P(r<))<e = ™ yx>0(.

C. The double barrier case
In the following we shall consider the case of double barrier. Consider the Brownian
motion with drift X; = pt + Wi, p > 0. Let «, 8 > 0 and define the stopping time

T =inf{t > 0; X; = aor Xy = —}.
Relation (3.5.6) states
E[ecXTe—(c;H—%cQ)T] -1
Since the random variables 7" and X7 are independent (why?), we have

E[ecXT]E[e—(c;H—%c?)T] — 1

Using E[e“X7] = e““p, + e~P(1 — p,), with p, given by (3.5.7), then

Ele~(ent3e)T] = 1 :

e“pa + (1 — pa)

If substitute s = cu + %02, then

1
Ele=*T) = : 3.6.16
| ] e(—pty/ 25+u2)apa + e~ (mptv 28+u2)ﬂ(1 — Do) ( )

The probability density of the stopping time 7T is obtained by taking the inverse Laplace
transform of the right side expression

1
T)=L,"1 ,
p(T) {e(qu\/ 2stp)ap 4 e (-t 28+M2)B(1 — Da) }(T)

an expression which is not feasible for having closed form solution. However, expression
(3.6.16) would be useful for computing the price for double barrier derivatives.
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Exercise 3.6.12 Use formula (3.6.16) to find the expectation E[T].

Exercise 3.6.13 Denote by M; = Ny — At the compensated Poisson process and let
c > 0 be a constant.

(a) Show that
X, = ethf)\t(eCfcfl)

is an Fi-martingale, with Fy = o(Ny;u < t).

(b) Let a > 0 and T = inf{t > 0; M; > a} be the first hitting time of the level a. Use
the Optional Stopping Theorem to show that

E[e_’\ST] = e_w(s)a, s> 0,

where ¢ : [0,00) — [0,00) is the inverse function of f(x) =e* —x — 1.
(¢) Show that E[T] = co.

(d) Can you use the inverse Laplace transform to find the probability density function
of T?

3.7 Limits of Stochastic Processes

Let (Xi):>0 be a stochastic process. We can make sense of the limit expression X =

tlim X¢, in a similar way as we did in section 1.13 for sequences of random variables.
— 00

We shall rewrite the definitions for the continuous case.

Almost Certain Limit

The process X; converges almost certainly to X, if for all states of the world w, except
a set of probability zero, we have

lim X;(w) = X (w).

t—00

We shall write acglim Xy = X. It is also sometimes called strong convergence.
—00

Mean Square Limit

We say that the process X; converges to X in the mean square if

lim E[(X; — X)?] = 0.

t—o00

In this case we write mslim X; = X.
t—00
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Limit in Probability or Stochastic Limit

The stochastic process X; converges in stochastic limit to X if
tlgglo P(w;|X¢(w) — X(w)| >€) =0.

This limit is abbreviated by stzlim X =X.
— 00
It is worth noting that, like in the case of sequences of random variables, both almost

certain convergence and convergence in mean square imply the stochastic convergence,
which implies the limit in distribution.

Limit in Distribution

We say that X; converges in distribution to X if for any continuous bounded function
©(z) we have

Jim (X)) = o(X).

It is worth noting that the stochastic convergence implies the convergence in distribu-
tion.

3.8 Convergence Theorems
The following property is a reformulation of Exercise 1.13.1 in the continuous setup.

Proposition 3.8.1 Consider a stochastic process X; such that E[X] — k, a constant,
and Var(X¢) — 0 as t — oo. Then ms—tlim X =k.
— 00

It is worthy to note that the previous statement holds true if the limit to infinity is
replaced by a limit to any other number.

Next we shall provide a few applications.
Application 3.8.2 If o > 1/2, then

. t
ms-lim — = 0.
t—oo t%

E 1 t
W] =0, and Var[X;] = tQ—aVar[Wt] = =

W,
Proof: Let X; = t—at Then E[X;] =

for any ¢ > 0. Since — 0 as t — oo, applying Proposition 3.8.1 yields

t2a71 ’ t2a71
. t
ms-lim — = 0. [ |
t—oo ¢

Corollary 3.8.3 ms-lim Wi =0.
t—oo t
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Application 3.8.4 Let Z, = [} Wyds. If B > 3/2, then

ms-lim 2t 0.

t—o0 t5
3 2% EHZQ] 1 t3
Proof: Let X; = B Then F[X;] = —F = 0, and Var[Xy] = tQ—ﬁVar[Zt] =38 =

for any ¢ > 0. Since — 0 as t — o0, applying Proposition 3.8.1 leads to

1
3t2573 ’ 3t2573
the desired result. [ ]

Application 3.8.5 For any p >0, c > 1 we have

eWt—Ct
ms-lim =0.
t—oo  tP
€Wtfct €Wt
Proof: Consider the process X; = = ——. Since
tP trect
E[eW: 4/2 11
E[X;] = l ]:e = —— —0, ast— o0
trect trect  (e—3)t tP
Varle™t] €% — ¢t 1 1 1
VarlXi] = 12pp2ct | {2pg2et tTp(th(cfl) - et(2cfl)) -0,
as t — oo, Proposition 3.8.1 leads to the desired result. [ |
Application 3.8.6 Show that
max Wy
. 0<s<t
ms-lim =0
t—o0 t
max Wy

0<s<t

Proof: Let X; = . Since by Exercise 3.3.10

Elmax Ws] = 0
0<s<t
Var(max W) = 2V,
0<s<t
then
2v/1
Var(X,] = t—\Q/_—>O, t — o0.

Apply Proposition 3.8.1 to get the desired result. [ |
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Remark 3.8.7 One of the strongest result regarding limits of Brownian motions is
called the law of iterated logarithms and was first proved by Lamperti:

Wi

lim sup ——t— = 1,

thoe T V/2tIn(Int)

almost certainly.

Exercise 3.8.8 Use the law of iterated logarithms to show
Wi

lim ——
t=0t /2t InIn(1/t)

Application 3.8.9 We shall show that acdim Wi =0.
t—oo T

%%
From the law of iterated logarithms — ! < 1fort large. Then
2tIn(Int)
Wy Wi Vv2In(Int) - v2In(Int)
t V/2tIn(Int) Vit N/
2In(Int 1%
Let ¢, = % Then Tt < € for t large. As an application of the I’'Hospital
rule, it is not hard to see that ¢; satisfies the following limits
e — 0, t — 00
Et\/l_f — 00, t — oo.

%%
In order to show that ac-lim Tt = 0, it suffices to prove

—00
P(w; (th(w)( <a) =1, too (3.8.17)
We have
. Wt(w) B . B ter 1 W2
P(w, n ‘ < 6,5) = P(w, —te < Wi(w) < tet> = /. \/%e 2 du

vt o1 ©1 2
= ez dv—>/ —e 2 dv=1, t — o0,
\/Gt\/z V 27'(' —oo V 27‘[’
where we used e;v/t — 00, as t — oo, which proves (3.8.17).

Proposition 3.8.10 Let Xy be a stochastic process. Then

ms-lim X; = 0 <= ms-lim Xf =0.
t—o00 t—00
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Proof: Left as an exercise. [ |

Exercise 3.8.11 Let Xy be a stochastic process. Show that
msdim X; = 0 <= msdim |X;| = 0.
t—00 t—o0

Another convergence result can be obtained if we consider the continuous analog of
Example 1.13.6:

Proposition 3.8.12 Let X; be a stochastic process such that there is a p > 0 such that
E[|XP] = 0 as t — co. Then st;lim X, =0.
—00

Application 3.8.13 We shall show that for any o > 1/2

st-lim % =0.
167

%%
Proof:  Consider the process X; = —t By Proposition 3.8.10 it suffices to show

ta

ms-tlim Xt2 = (. Since the mean square convergence implies the stochastic convergence,
—00

we get st-lim X7 = 0. Since
t—o00

Kf} _ E[W? t 1

BIX?) = EIX?] = B| %

200 T 200 201

then Proposition 3.8.12 yields stlim X; = 0.
t—o0

The following result can be regarded as the L’Hospital’s rule for sequences:

Lemma 3.8.14 (Cesar6-Stoltz) Let x, and y, be two sequences of real numbers,

n

n > 1. If the limit lim Intl — n
N0 Yn+l — Yn

exists and is equal to L, then the following limit

exists
. Tn
lim — = L.

n—0o0 yn
Proof: (Sketch) Assume there are differentiable functions f and g such that f(n) =z,
and g(n) = y,. (How do you construct these functions?) From Cauchy’s theorem?
there is a ¢, € (n,n + 1) such that
lim In+1 — Tn — lim f(n + 1) - f(n) — lim f,(cn)

L = .
n—00 Yui1 —Yn  n—ooo gn+1) —g(n) n—oo g'(cp)

2This says that if f and g are differentiable on (a,b) and continuous on [a, b], then thereis a ¢ € (a, b)

et that L@ =IO _ F(e)

gla)—g(b)  g'(c)’
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Since ¢,, — 00 as n — 00, we can also write the aforementioned limit as

lim ')
t=o0 g'(t)

(Here one may argue against this, but we recall the freedom of choice for the functions
f and g such that ¢, can be any number between n and n+ 1). By 'Hospital’s rule we

get
lim 1) L.

t—oo g(t)

Making ¢ = n yields lim n _ . n

— 00 yn

The next application states that if a sequence is convergent, then the arithmetic
average of its terms is also convergent, and the sequences have the same limit.

Example 3.8.1 Let a,, be a convergent sequence with li_}m an = L. Let
n—oo

a1+(12+"'+(1n
n

A, =
be the arithmetic average of the first n terms. Then A, is convergent and

lim A, = L.
n— o0
Proof: This is an application of Cesar6-Stoltz lemma. Consider the sequences x,, =
a1+ as + -+ 4+ ay, and y, = n. Since
Tp+1l — Tp . (a1+--~+an+1)—(a1+---+an) . an+1

Yn+1 — Yn (n+1)_n 1

9

then
. Tpp1— T .
lim " — lim a,4; = L.

Applying the Cesaré-Stoltz lemma yields

lim A, = lim -* = L.

n—oo n—oo yn

Exercise 3.8.15 Let b, be a convergent sequence with lim b, = L. Let
n—oo

Gpn=(by-by----- bn)l/”
be the geometric average of the first n terms. Show that G, is convergent and

lim G,, = L.

n—oo
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The following result extends the Cesaré-Stoltz lemma to sequences of random vari-
ables.

Proposition 3.8.16 Let X, be a sequence of random variables on the probability space
(Q, F, P), such that
Xni1— X,
ac-lim —ott—on

= L.
n—o0 Y41 — Y,

Then

. n
ac-lim — = L.
n—oo n

Proof: Consider the sets

A

1
——

&

m
=
=

=

1
h
——

0 Ypi1(w) — Yo(w)
. Xn W) .

Since for any given state of the world w, the sequences =, = X, (w) and y, = Y, (w)
are numerical sequences, Lemma 3.8.14 yields the inclusion A C B. This implies
P(A) < P(B). Since P(A) = 1, it follows that P(B) = 1, which leads to the desired

conclusion. [}

Example 3.8.17 Let S,, denote the price of a stock on day n, and assume that

ac-lim S, = L.
n— o0
Then
Si4+---+ 8
ac-lim PLt it on =L and aclim (Sy----- Sn)l/” - I.
n—00 n n—00

This says that if almost all future simulations of the stock price approach the steady
state limit L, the arithmetic and geometric averages converge to the same limit. The
statement is a consequence of Proposition 3.8.16 and follows a similar proof as Example
3.8.1. Asian options have payoffs depending on these type of averages, as we shall see
in Part II.

3.9 The Martingale Convergence Theorem

We state now, without proof, a result which is a powerful way of proving the almost
certain convergence. We start with the discrete version:
Theorem 3.9.1 Let X,, be a martingale with bounded means

IM >0 such that E[|X,|] <M,  V¥Yn>1. (3.9.18)

Then there is L < oo such that ac-lim X, = L, i.e.
n—oo

P(w; lim X,(w)=L)=1.

n—oo
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Since E[|X,|]? < E[X2], the condition (3.9.18) can be replaced by its stronger version
3M > 0 such that E[X?] <M, Vn>1.

The following result deals with the continuous version of the Martingale Conver-
gence Theorem. Denote the infinite knowledge by Fo = 0( Ut ft)

Theorem 3.9.2 Let X; be an Fy-martingale such that
dM >0 such that E[|X:|]] < M, vt > 0.

Then there is an Fso-measurable random wvariable X such that Xy — X a.c. as
t — o0.

The next exrcise deals with a process that is a.c-convergent but is not ms-convergent.

Exercise 3.9.3 It is known that X; = eWi—t/2 4¢ ¢ martingale. Since
E[|X,|] = E[eV /2] = e t/2E[eWt] = e 1/26t/2 = 1,

by the Martingale Convergence Theorem there is a number L such that X; — L a.c. as
t — 00.

(a) What is the limit L? How did you make your guess?
(b) Show that

BIX, ~ 1P) = Var(X) + (B(X) 1)

(¢) Show that Xy does not converge in the mean square to 1.

(d) Prove that the sequence Xy is a.c-convergent but it is not ms-convergent.

3.10 The Squeeze Theorem

The following result is the analog of the Squeeze Theorem from usual Calculus.

Theorem 3.10.1 Let X,,,Y,, Z, be sequences of random wvariables on the probability
space (0, F, P) such that

X, <Y, <Z, as.Vn > 1.

If X, and Z,, converge to L asn — oo almost certainly (or in mean square, or stochastic
or in distribution), then'Y, converges to L in a similar mode.

Proof: For any state of the world w € Q consider the sequences x, = X, (w), yn =
Y, (w) and z, = Z,(w) and apply the usual Squeeze Theorem to them. |
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Remark 3.10.2 The previous theorem remains valid if n is replaced by a continuous
positive parameter t.

Example 3.10.1 Show that ac-lim M =0.
t—00 t
W sin(W, %%
Proof: ~ Consider the sequences X; = 0, ¥; = %(t) and Z; = Tt From
Application 3.8.9 we have ac—tlim Zy = 0. Applying the Squeeze Theorem we obtain
—00
the desired result. [ |

Exercise 3.10.3 Use the Squeeze Theorem to find the following limits:
in(W;
(a) ac-lim sin(Wt) t);
t—o0 t
(b) ac-lim t cos Wy;
t—0

. ty - 2
(¢) actllr_nooe (sin Wy)“.

3.11 Quadratic Variations

For some stochastic processes the sum of squares of consecutive increments tends in
mean square to a finite number, as the norm of the partition decreases to zero. We
shall encounter in the following a few important examples that will be useful when
dealing with stochastic integrals.

3.11.1 The Quadratic Variation of W,

The next result states that the quadratic variation of the Brownian motion Wy on the
interval [0,7] is T. More precisely, we have:

Proposition 3.11.1 Let T > 0 and consider the equidistant partition 0 = tg < t1 <
coitpn1 <tp=T. Then

ms-lim Y (Wy,,, — Wy,)? =T. (3.11.19)

Proof: Consider the random variable

n—1

Xp = Z(WtiJrl - Wti)Q'
=0



89

Since the increments of a Brownian motion are independent, Proposition 4.2.1 yields

n—1 n—1
ElX,] = Z E[(Wy,,, — Wy,)?] = Z(ti+1 —t;)
i= i=0
= tn — to = T;
n—1 n—1
Var(X,) = Z Var[(We,,, — Wy,)? Z 2(tir1 — t;)
=0 =0
T\2 272
n n

where we used that the partition is equidistant. Since X,, satisfies the conditions

EX,] = T, Vn>1;
Var(X,] — 0, n— oo,

by Proposition 3.8.1 we obtain ms-lim X, =T, or

n—0o0

n—1
ms-lim. Z;(Wti“ —Wy,)?=T. (3.11.20)

Exercise 3.11.2 Prove that the quadratic variation of the Brownian motion Wy on
[a,b] is equal to b — a.

The Fundamental Relation dW}? = dt

The relation discussed in this section can be regarded as the fundamental relation of
Stochastic Calculus. We shall start by recalling relation (3.11.20)

n—1

ms- lim_ > (Wi, —Wi,)? =T. (3.11.21)
=0

The right side can be regarded as a regular Riemann integral

T
T [ a
0

while the left side can be regarded as a stochastic integral with respect to dW?

n—1

T
/0 (dW;)? = ms Jgrolo z:(I/VtiJr1 —W,)%
1=0
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Substituting into (3.11.21) yields

T T
/(th)Qz/ dt, YT >0.
0 0

The differential form of this integral equation is

dW? = dt.

In fact, this expression also holds in the mean square sense, as it can be inferred from
the next exercise.

Exercise 3.11.3 Show that
(a) E[dW? — dt] = 0;
(b) Var(dW? — dt) = o(dt);
-lim (dW? — dt) = 0.
() ms-lim (dW; )

Roughly speaking, the process dW?, which is the square of infinitesimal increments
of a Brownian motion, is totally predictable. This relation plays a central role in
Stochastic Calculus and will be useful when dealing with Ito’s lemma.

The following exercise states that dtdW; = 0, which is another important stochastic
relation useful in Ito’s lemma.

Exercise 3.11.4 Consider the equidistant partition 0 = tg < t1 < ---tp_1 <t, =1T.
Then

n—1
ms-lim_ > Wiy = W) (tizn —t;) = 0. (3.11.22)
=0

3.11.2 The Quadratic Variation of N, — At

The following result deals with the quadratic variation of the compensated Poisson
process My = Ny — At.

Proposition 3.11.5 Let a < b and consider the partition a =tg < t1 < -+ < tp_1 <
t, =b. Then

n—1

msﬂAlilhn ; > (My,,, — My,)® = Ny — N, (3.11.23)
nl|l—
k=0

where ||Ayl| == sup  (tg41 — tk).
0<k<n—1
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Proof: For the sake of simplicity we shall use the following notations:

Atk} = tk+1 - tku AM]C = Mtk+1 - Mtku AN}C = Ntk+1 - Nt

.
The relation we need to prove can also be written as
n—1
ms-lim ) " [(AM;)? — AN,] = 0.

n—+00
k=0

Let
Y = (AM)? — AN, = (AM)? — AM;, — Aty

It suffices to show that

E[ZYk] — 0, (3.11.24)

n—1

lim Var[ZYk] _— (3.11.25)

n—00
k=0

The first identity follows from the properties of Poisson processes (see Exercise 2.8.9)

n—1 n—1 n—1

B> V] = Y EN]=Y El(AM)Y] - EIAN]
k=0 k=0 k=0
n—1
= (AAt, — AAty) = 0.
k=0

For the proof of the identity (3.11.25) we need to find first the variance of Y.

VarlYy] = Var[(AM)? — (AMy, + A\Aty)] = Var[(AM)* — AM]
Var[(AMy)?] + Var[AM,] — 2Cov[AME, AMy)
= Ml + 202A8 + A\At
—2| E[(AMy)*] — E[(AM})? E[AM;]
= 2)‘2(Atk)2>

where we used Exercise 2.8.9 and the fact that E[AM}] = 0. Since M, is a process
with independent increments, then Cov[Yy, Y] =0 for i # j. Then

n—1 n—1 n—1
Var[z Yk} = Z Var[Yi] + 2 Z CovlYy, Y] = Z Var(Yy]
k=0 k=0 k+#j k=0
n—1 n—1
= 2X7) (A)? <227 An] D Aty =2X(b — a)|| A,
k=0 k=0
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n—1
and hence Var [ Z Yn} — 0 as ||A,|| = 0. According to the Example 1.13.1, we obtain

k=0
the desired limit in mean square. [ |

The previous result states that the quadratic variation of the martingale M; between
a and b is equal to the jump of the Poisson process between a and b.

The Fundamental Relation dM? = dN;
Recall relation (3.11.23)

n—1

ms- lim_ > (M, — My)* = N, — N, (3.11.26)
k=0
The right side can be regarded as a Riemann-Stieltjes integral
b
Ny~ N, = [
a

while the left side can be regarded as a stochastic integral with respect to (dM;)?

n—0o0

b n—1
/ (dMy)? :=ms-lim > (M, ,, — My,)*.
a k=0

Substituting in (3.11.26) yields

b b
/ (dM;)? = / dN;,

for any a < b. The equivalent differential form is

(dM;)* = dNy. (3.11.27)

The Relations dt dM; = 0, dW; dM; =0
In order to show that dt dM; = 0 in the mean square sense, we need to prove the limit

n—1

ms-lm Y (ber — t) (M, — My,) = 0. (3.11.28)
k=0

This can be thought as a vanishing integral of the increment process dM; with respect
to dt

b
/ dM,dt =0,  Va,beR.
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Denote
n—1 n—1
Xn = Z(tk+1 - tk)(Mtk+1 - Mtk) = Z AtkAMk
k=0 k=0

In order to show (3.11.28) it suffices to prove that
1. E[X,] = 0;

2. lim Var[X,]=0.

n—oo

Using the additivity of the expectation and Exercise 2.8.9, (i)

n—1 n—1
E[X,] = E[Z AtkAMk} =3 ABE[AM;] = 0.
k=0 k=0

Since the Poisson process V; has independent increments, the same property holds for
the compensated Poisson process M;. Then Aty AM; and At;AM; are independent
for k # j, and using the properties of variance we have

|
—

n—1 n—1 n

Var[X,] = var[z AtkAMk} =3 (At Var[AM] = A3 (An),
where we used
Var[AMy] = E[(AMy)?] — (E[AM])? = AAt,
see Exercise 2.8.9 (i7). If we let ||A, || = max Aty, then
n—1 n—1
Var[X,] =AY (At)? < A2 Z At = Ab—a)||An]> =0
k=0 k=0

as n — oo. Hence we proved the stochastic differential relation
dtdM; = 0. (3.11.29)

For showing the relation dW; dM; = 0, we need to prove

ms-lim Y, = 0, (3.11.30)

n—0o0

where we have denoted

n—1 n—1

Y, = Z(Wk-i—l — W) (M, — My,) = Z AWLAM,,.
k=0 k=0
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Since the Brownian motion W; and the process M; have independent increments and
AW, is independent of AMj,, we have

E[Y,] = ”zf E[AW,AM;] = ”Zl E[AW]|E[AM;] =0,
k=0 k=0

where we used E[AW}] = E[AM}] = 0. Using also E[(AW})?] = Aty, E[(AM)?] =
AAt, and invoking the independence of AW} and AMy, we get

Var[AWpAM] = E[(AWx)*(AM,)?] — (E[AWRAM])?
E[(AW)?|E[(AMy)?] — E[AW,]? E[AM,]?
= \At)2

Then using the independence of the terms in the sum, we get

n—1 n—1
Var[Y,] = > Var[AWRAM] = XY (At)?
k=0 k=0
n—1
SAALD D At = Ab — a)[|An]| = 0,
k=0

as n — oo. Since Y, is a random variable with mean zero and variance decreasing to
zero, it follows that Y;, — 0 in the mean square sense. Hence we proved that

AW, dM, = 0. (3.11.31)

Exercise 3.11.6 Show the following stochastic differential relations:
(a) dt dNy = 0 (b) dWpdNy = 0; (¢) dt dWy = 0;
(d) (dNy)? = dNy; (e) (dM;)* = dNy; (f) (dMp)* = dNN;.

The relations proved in this section will be useful in the Part II when developing
the stochastic model of a stock price that exhibits jumps modeled by a Poisson process.



Chapter 4

Stochastic Integration

This chapter deals with one of the most useful stochastic integrals, called the Ito inte-
gral. This type of integral was introduced in 1944 by the Japanese mathematician K.
Ito, and was originally motivated by a construction of diffusion processes.

4.1 Nonanticipating Processes

Consider the Brownian motion W;. A process F; is called a nonanticipating process
if Fy is independent of any future increment Wy — W; for any ¢ and ' with ¢t < ¢'.
Consequently, the process F; is independent of the behavior of the Brownian motion
in the future, i.e. it cannot anticipate the future. For instance, Wy, eV, W2 — W, +t
are examples of nonanticipating processes, while Wy, or %(Wt+1 — W;)? are not.

Nonanticipating processes are important because the Ito integral concept applies
only to them.

If F; denotes the information known until time ¢, where this information is generated
by the Brownian motion {Wj;s < t}, then any F;-adapted process F; is nonanticipat-
ing.

4.2 Increments of Brownian Motions

In this section we shall discuss a few basic properties of the increments of a Brownian
motion, which will be useful when computing stochastic integrals.

Proposition 4.2.1 Let W, be a Brownian motion. If s <t, we have
1. E[((W; — W) =t —s.
2. Var[(W, — Ws)?] = 2(t — s)%.

Proof: 1. Using that Wy — W5 ~ N(0,t — s), we have
E[(W; — W,)?] = E[(W; — W,)?] — (E[W; — W,])? = Var(W, — W,) =t — s.

95
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2. Dividing by the standard deviation yields the standard normal random variable

Wy — W, Wy — W)?
MASSAL N N(0,1). Tts square, u
Vi—s t—s

dom.! Its mean is 1 and its variance is 2. This implies

E (Wt_Ws)2
[ t—s ]
VVt_VVs)2
t—s ]

is x2-distributed with 1 degree of free-

= 1= E[(W; = W,)?| =t —s;

= 2= Var[(W; — W,)?] = 2(t — s)*.
|

Remark 4.2.2 The infinitesimal version of the previous result is obtained by replacing
t — s with dt

1. E[dW}?] = dt;

2. Var[dW?] = 2dt.
We shall see in an upcoming section that in fact AW? and dt are equal in a mean square
sense.

Exercise 4.2.3 Show that
(a) E[(Wy =W =3(t—s)%
(b)  E[(W; — W) = 15(t — s)°.

4.3 The Ito Integral

The Ito integral is defined in a way that is similar to the Riemann integral. The
Ito integral is taken with respect to infinitesimal increments of a Brownian motion,
dWy, which are random variables, while the Riemann integral considers integration
with respect to the predictable infinitesimal changes dt. It is worth noting that the Ito
integral is a random variable, while the Riemann integral is just a real number. Despite
this fact, there are several common properties and relations between these two types
of integrals.

Consider 0 < a < b and let F; = f(W;,t) be a nonanticipating process with

E[/thQ dt} < . (4.3.1)

The role of the previous condition will be made more clear when we shall discuss
about the martingale property of a the Ito integral. Divide the interval [a,b] into n
subintervals using the partition points

a=ty<t1 < - <tph_1<t,=0,

LA y2-distributed random variable with n degrees of freedom has mean n and variance 2n.
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and consider the partial sums

n—1

Sp = Z Fti(WtiJ,-l - Wti)‘
=0

We emphasize that the intermediate points are the left endpoints of each interval, and
this is the way they should be always chosen. Since the process F; is nonanticipative,
the random variables Fy, and Wy, , — W, are independent; this is an important feature
in the definition of the Ito integral.

The Ito integral is the limit of the partial sums S,

n—oo

b
ms-lim Sn :/ Ft th,

provided the limit exists. It can be shown that the choice of partition does not influence
the value of the Ito integral. This is the reason why, for practical purposes, it suffices
to assume the intervals equidistant, i.e.

(b—a)

tig—ti=——, =01 -1

The previous convergence is in the mean square sense, i.e.

b 2
lim E[(sn—/ Ftth) ] —0.
n— oo a
Existence of the Ito integral

b
It is known that the Ito stochastic integral / F; dW; exists if the process F; = f(Wy,t)
a

satisfies the following properties:

1. The paths ¢ — Fj(w) are continuous on [a,b] for any state of the world w € €;
2. The process F; is nonanticipating for t € [a, b];

3. E[/bFEdt} < .
o

For instance, the following stochastic integrals exist:

T T b
W,
/ W2 dw, / sin(W;) dW, / det.
0 0 a

4.4 Examples of Ito integrals

As in the case of the Riemann integral, using the definition is not an efficient way of
computing integrals. The same philosophy applies to Ito integrals. We shall compute
in the following two simple Ito integrals. In later sections we shall introduce more
efficient methods for computing Ito integrals.
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4.4.1 The case F; = ¢, constant

In this case the partial sums can be computed explicitly

n—1
Sp = ZFti(Wti+l - Z tiv1 Wi,)
i=0
= (W —W,),
and since the answer does not depend on n, we have
b
/ cdWy = c(Wy — W,).
a

In particular, taking ¢ =1, a = 0, and b = T, since the Brownian motion starts at 0,
we have the following formula:

T
/ AWy = Wr.
0

4.4.2 The case F, =W,

We shall integrate the process Wy between 0 and 7T'. Considering an equidistant parti-

tion, we take ty = —, k=0,1,--- ,n — 1. The partial sums are given by
n
n—1
Sp = Z Wti(WtiJrl - Wti)’
i=0
Since

1
Ty = 5[(93+y)2 —z® -y,

letting z = W3, and y = Wy, | — Wy, yields

1 1
Wt) = Wt - Wt%-_§(

Wti(Wti+l - i i1 2 Wti+1 - Wti)Q'

Then after pair cancelations the sum becomes

1 n—1 n—1
Sn = 2 Wi, ZWt - _Z b — W)’
=0 =0
1 1 n—1
WE =5 2 (Wi, = Wi)?
i=0
Using t, =T, we get
n—1
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Since the first term on the right side is independent of n, using Proposition 3.11.1, we
have

-1
. | 1 2
wslim S, = gWE sl 530 (Wi — W2 (442)
1=
1. 1
= = —=T. 4.4.
W2 -2 (443)
We have now obtained the following explicit formula of a stochastic integral:
T 1., 1
/ Wi dWy = -Wp — T
0 2 2

In a similar way one can obtain

2

b 1 1
/ Wy dW,; = 5(Wb2 —W2) - =(b—a).

It is worth noting that the right side contains random variables depending on the limits
of integration a and b.

Exercise 4.4.1 Show the following identities:
(a) BLJy dWi) =0;

(b) E[foT WidW;] = 0;
T 2
(©) Var| /0 Wtdwt]:%.

4.5 Properties of the Ito Integral

We shall start with some properties which are similar with those of the Riemannian
integral.

Proposition 4.5.1 Let f(Wi,t), g(Wy,t) be nonanticipating processes and ¢ € R.
Then we have

1. Additivity:

T T T
/ F(Wat) + g(Wi, £)] dW; = / (W, t) dW, + / o(Wi, 1) dWW,.
0 0 0

2. Homogeneity:
T T
| erwinawi=c [ rowio dw.
0 0

3. Partition property:

T u T
/ f(Wt,t) dW; = / f(Wt,t) dW; —l-/ f(Wt,t) dWr, VO<u<T.
0 0 u
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Proof: 1. Consider the partial sum sequences

Xn = Zthm Wt1+1 Wtz)

Y, = Zg(Wti7ti)(Wti+1_Wti)'

T T
Since ms-lim X, = / f(Wy, t) dWy; and ms-lim Y, = / g(Wy, t) dWy, using Propo-
0

n—o0 0 n—0o0

sition 1.14.2 yields

[ (w4 07,0)) aw

= mS;ll_}I&Z( th, +Q(Wt1> ))(Wti+l_Wti)

n—1 n—1
= ms;}ggo [Z (f(th )(Wtz+1 Wti) + Z g(Wtivti)(Wti+1 - th)]
=0 1=0
= mslim (X, +Y,) = ms-lim X,, + ms-lim Y,
n—o00 n—o0 n—00

T T
= [ sovnawi+ [ gWit aw,
0 0
The proofs of parts 2 and 3 are left as an exercise for the reader. [ |

Some other properties, such as monotonicity, do not hold in general. It is possible
to have a nonnegative random variable F} for which the random variable f(;f F; dW; has

negative values. More precisely, let F; = 1. Then F; > 0 but fo 1dW; = Wrp it is not
always positive. The probability to be negative is P(Wp < 0) = 1/2.

Some of the random variable properties of the Ito integral are given by the following
result:

Proposition 4.5.2 We have
1. Zero mean:

E[/abf(wt,t) th} ~0

B( [ sovnaw)’) = B[ [ som.02al.

2. Isometry:

3. Covariance:

E[(/abf(Wt,t)th></ab9(Wt, )th = / FWy, t)g(Wy, )dt}
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We shall discuss the previous properties giving rough reasons why they hold true.
The detailed proofs are beyond the goal of this book.

1. The Ito integral I = f; f(Wi, t) dWy is the mean square limit of the partial sums
S, = Z?;ol Jt;(Wipy — Wy,), where we denoted f;, = f(W;,,t;). Since f(W;,t) is a
nonanticipative process, then f;, is independent of the increments Wy, , — Wy, and
hence we have

n-1 n—1
E[Sn] - E[Z fti(WtiJrl - Wtz)i| = Z El:ftz (Wti+l - th)]
=0 i=0
n—1
= Z E[ftz]E[(Wtz+1 - Wtz)] =0,
=0

because the increments have mean zero. Applying the Squeeze Theorem in the double
inequality

0< (BS, 1) < B[S~ 1] =0, n—oo

yields E[S,] — E[I] — 0. Since E[S,] = 0 it follows that E[I] = 0, i.e. the Ito integral
has zero mean.

2. Since the square of the sum of partial sums can be written as
n—1 9
S?z = (Z fti(Wti+l - Wtz))
i=0
n—1
= Z ftQi(Wti+1 - Wti)Z +2 Z fti(Wti+1 - Wti)ftj (Wt]-+1 - Wt]-)a
i=0

i#]

using the independence yields

n—1
E[Sg] = ZE[ftQZ]E[(Wtz+1 - Wti)Q]
1=0
+QZE[ftz]E[(Wtz+1 - Wti)]E[ftj]E[(Wtj+1 - Wtj )]
i#]

n—1
= ) E[f2 )t — i),
i=0

b b
which are the Riemann sums of the integral / E[f}]dt = E [ / f? dt] , where the last
a a

identity follows from Fubini’s theorem. Hence E[S>

2] converges to the aforementioned
integral.
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3. Consider the partial sums

n—1 n—1
Z fti(WtiJrl - W), Vi = thj (Wtj+1 - Wtj)'
i=0 =0
Their product is
n—1 n—1
SpVn = (Z fti(Wti+l - Wtz)) (Z gtj(Wtj-H - Wtj))
i=0 =0
n—1 n—1
= Z ftigti(WtiJrl - Wti)2 + Z ftigtj (Wti+1 - Wti)(Wth - Wtj)
i=0 itj
Using that f; and g; are nonanticipative and that
E[(Wti+1 - Wti)(Wthrl - Wtj )] = E[Wti+1 - Wti]E[Wt]‘+1 - Wtj] =0,1 7é J
E[(Wti+1 - Wti)Z] = tiy1 — 1,

it follows that
E[Snvn] - ZE[ftigti]E[(Wti+1 - Wti)Q]
n—1
= Y Elfugn)(tisr — ta),
i=0

which is the Riemann sum for the integral f; E[fig] dt

From 1 and 2 it follows that the random variable fab f(Wy, t) dW; has mean zero
and variance

Var / th, th = /th, dt

From 1 and 3 it follows that
b b b
Cool [ 1WityaWi, [ oWty dWi] = [ O )g(Wr,0)]
a a a

Corollary 4.5.3 (Cauchy’s integral inequality) Let f; = f(Wy,t) and g = g(W,t).

Then
(/abE[ftgt] dt)2 < (/abE[fE] dt)(/abE[gf] dt).
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Proof: 1t follows from the previous theorem and from the correlation formula |Corr(X,Y)| =

|Cov(X,Y)|
<1. |
[Var(X)Var(Y)]}/2
Let F; be the information set at time ¢. This implies that f;, and Wy, , — Wy, are

7

known at time ¢, for any ¢, < t. It follows that the partial sum S,, = Z St Wiy —

W4, ) is Fi-predictable. The following result, whose proof is omited for technical reasons,
states that this is also valid after taking the limit in the mean square:

Proposition 4.5.4 The Ito integral fg’ fs AWy is Fy-predictable.

The following two results state that if the upper limit of an Ito integral is replaced
by the parameter ¢ we obtain a continuous martingale.

Proposition 4.5.5 For any s <t we have
t s
E[/ F Wy, w) dW, | F,| = / F (W) dW,.
0 0
Proof: Using part 3 of Proposition 4.5.2 we get
oot
E / F(Wa, w) AW, |,
LJo

= B[ [t [ s aw]

- E:/Osf(Wu,u) qum} +E[/:f(wu,u) qu\]-'S]. (4.5.4)

Since fos f(Wy,u) dW, is Fs-predictable (see Proposition 4.5.4), by part 2 of Proposition
1.11.4

S S
E[/ F(Wo,w) qu\]-'s] = / F(Wo,w) dW,.
0 0
Since fst f(Wy,u) dW, contains only information between s and ¢, it is independent of

the information set Fs, so we can drop the condition in the expectation; using that Ito
integrals have zero mean we obtain

/fWu,u)dW IF, /fWu,u dW]
Substituting into (4.5.4) yields the desired result. [ |

Proposition 4.5.6 Consider the process X; = fo (Ws, s)dWs. Then X is continu-
ous, i.e. for almost any state of the world w € Q, the path t — X(w) is continuous.
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Proof: A rigorous proof is beyond the purpose of this book. We shall provide a rough
sketch. Assume the process f(W;,t) satisfies E[f(Wy,t)?] < M, for some M > 0. Let
to be fixed and consider h > 0. Consider the increment Y}, = X; 15 — Xy,. Using the
aforementioned properties of the Ito integral we have

to+h
ElY] = E[Xyin— Xi] = E[/t F(Wi 1) th] —0
E[Y?] = EK/:OJrhf(Wt,t)th)Z] :/tt0+hE[f(Wt,t)2] dt
< M t0+hdt:Mh.
to

The process Y}, has zero mean for any h > 0 and its variance tends to 0 as h — 0.
Using a convergence theorem yields that Y}, tends to 0 in mean square, as h — 0. This
is equivalent with the continuity of X; at ;. [ |

Proposition 4.5.7 Let X; = fo (W, s) dW,, with E[ [~ f*(s,W;)ds] < co. Then

Xy is a continuous Fi-martingale.

Proof: We shall check in the following the properties of a martingale.
Integrability: Using properties of Ito integrals

E[X?) = / F(Ws, ) dW) E[/Oth(Ws,s)ds] < E[/Ooof2(Ws,s)d5] < 00,

and then from the inequality E[|X;|]> < F[X?] we obtain E[|X;|] < oo, for all ¢ > 0.
Predictability: X, is Fi-predictable from Proposition 4.5.4.

Forecast: E[X:|Fs] = X, for s < t by Proposition 4.5.5.

Continuity: See Proposition 4.5.6. [ |

4.6 The Wiener Integral

The Wiener integral is a particular case of the Ito stochastic integral. It is obtained by
replacing the nonanticipating stochastic process f(W,t) by the deterministic function

f(t). The Wiener integral fab f(t) dWy is the mean square limit of the partial sums

n—Zf 1+1 - ti)~

All properties of Ito integrals also hold for Wiener integrals. The Wiener integral is a
random variable with zero mean

E[/abf(t)th] —0
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and variance

EK/abf(t)th)Z] :/abf(t)th.

However, in the case of Wiener integrals we can say something about their distribution.

Proposition 4.6.1 The Wiener integral 1(f) = fab f(t) dW, is a normal random vari-
able with mean 0 and variance

b
VarlI(f)] = / @) dt = [ f]2.

Proof: Since increments W;
tit+1 — t;, then

+1 — Wi, are normally distributed with mean 0 and variance

Ft) Wiy = Wi) ~ N(O, f(t:)* (tir1 — ti)-

Since these random variables are independent, by the Central Limit Theorem (see
Theorem 2.3.1), their sum is also normally distributed, with

n—1

n—1
S =D Ft) Wiy = Wa) ~ N (0,3 f(t)* (i1 — 1))
=0

1=

Taking n — oo and max ||t;+1 — t;|| — 0, the normal distribution tends to
(2

b
N(o,/ f(t)2dt).
a
The previous convergence holds in distribution, and it still needs to be shown in the
mean square. However, we shall omit this essential proof detail. [ |

Exercise 4.6.2 Show that the random variable X = flT ﬁ dWy is normally distributed
with mean 0 and variance InT'.

Exercise 4.6.3 Let Y = flT VtdWs. Show that Y is normally distributed with mean
0 and variance (T? —1)/2.

Exercise 4.6.4 Find the distribution of the integral fg’ el=s dW.

Exercise 4.6.5 Show that X; = fOt(Qt—u) AW, andY; = fg(3t—4u) dW,, are Gaussian
processes with mean 0 and variance %t?’.

1 t
Exercise 4.6.6 Show that ms-lim —/ udW, = 0.
t—0 t 0

Exercise 4.6.7 Find all constants a,b such that X; = fg (a + bTu) dW,, is normally

distributed with variance t.
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Exercise 4.6.8 Let n be a positive integer. Prove that

Cov (Wt, /t u” qu) = ;nill.
0

Formulate and prove a more general result.

4.7 Poisson Integration

In this section we deal with the integration with respect to the compensated Poisson
process M; = Ny — At, which is a martingale. Consider 0 < a < b and let F} = F(t, M)

be a nonanticipating process with

E[/bFfdt} < .

Consider the partition
a=ty<t1 < - <th1<t,=0b

of the interval [a, b], and associate the partial sums

7
L

Sp = Fti— (Mti+1 - Mti)v

%

I
o

where Fy, is the left-hand limit at ¢;_. For predictability reasons, the intermediate
points are the left-handed limit to the endpoints of each interval. Since the process F;

is nonanticipative, the random variables Fy,_ and M, , — M;, are independent.

The integral of F;_ with respect to M; is the mean square limit of the partial sum
Sn
T
ms-lim S, :/ Fy_ dM;,
0

n—oo

provided the limit exists. More precisely, this convergence means that
b 2
lim E| (S, —/ FdM;) | =o.
n— o0 a

b
Exercise 4.7.1 Let ¢ be a constant. Show that / cdMy = c(My — M,,).
a
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4.8 An Work Out Example: the case F;, = M,

We shall integrate the process M;_ between 0 and T" with respect to M;. Consider the

kT
equidistant partition points ¢tz = —, k = 0,1,--- ,n — 1. Then the partial sums are
n
given by
n—1
= Z Mti— (Mti+1 - Mti)'
i=0
1
Using zy = 5[(&5 +y)? — 2% — %], by letting x = M;,_ and y = My, — My, we get
1 2 149 1 2
Mti— (Mti+1 - Mti) = §(Mti+1 - Mti + Mti—) - §Mti_ - §(Mti+1 - Mti) .

Let J be the set of jump instances between 0 and 7. Using that M;, = M;, fort; ¢ J,
and My, =1+ M,, fort; € J yields

M, ift; ¢ J

Mti+1_Mti+Mti— :{ M, _17 1ftZE<]

i+1
Splitting the sum, canceling in pairs, and applying the difference of squares formula we
have

1 n—1 1 — 1 n—1
Sn = 3D (Mo, = M+ My )" = Z 3 2 (M = My)*
i=0 -0 i=0
1 1 , 1 , 18 )
- 9 Z(Mtwl Z Mtz+1 D) Z My - 2 Z My - 2 Z(Mt“rl - My;)
ticed tlgéJ tigJ tied i=0
1 1 12
_ 2 2 2 2
- 5 t;] ((Mti+1 - 1) - Mti,) + §Mn - 5 ;(Mti-u - Mti)
1 1, 14 )
= 5 (Mti+1 -1- Mtif)(Mti+l -1+ Mtif) + §Mtn - 5 Z(Mti+1 - Mti)
tieJ -0 =0
1 1 n—1
= 5 t2n - 5 Z(Mtz+1 Mtz)Q
=0

Hence we have arrived at the following formula

2

r 1, 1
My dM; = 5 Mf = o Nr.
0

Similarly, one can obtain

/Mt dM; = ( MQ)—%(NI, N,).
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b
Exercise 4.8.1 (a) Show that E{/ M, th] =0,
b
(b) Find Var[ / M, th]

Remark 4.8.2 (a) Let w be a fized state of the world and assume the sample path
t — N¢(w) has a jump in the interval (a,b). Even if beyound the scope of this book,
one can be shown that the integral
b
/ Nt(w) dNt
a

does not exist in the Riemann-Stieltjes sense.

(b) Let Ny_ denote the left-hand limit of Ny. It can be shown that Ny_ is predictable,
while Ny 1s not.
The previous remarks provide the reason why in the following we shall work with

b
M;_ instead of M;: the integral / M dNy might not exist, while / M;_ dN; does
a a

exist.

Exercise 4.8.3 Show that

T 1 t
/ Nt_th:§(Nf—Nt)—A/ N, dt.
0 0

Exercise 4.8.4 Find the variance of

T
/ N,_ dM;.
0

The following integrals with respect to a Poisson process N; are considered in the
Riemann-Stieltjes sense.

Proposition 4.8.5 For any continuous function f we have

E /tﬂs)dzvs zA/tf(S)ds;
E[/f dN _/\/f ds+)\2/f ds;

E[e ng} — A1)

Proof:  (a) Consider the equidistant partition 0 = sp < s1 < -+ < 8, = t, with
Sg+1 — Sk = As. Then



B [ 16s)an]

109

|
—

n

Jim B[S S0 (Mo, = N ~]—,}1¢2to (5B [Ny = s
n—1
A S et =5 = [ 76

1=0

(b) Using that IV, is stationary and has independent increments, we have respectively

E[(Nsp, — No)?) = E[NZ, sl = Asiv1 — 5i) + A (si01 — 80)°
= MAs+ A\ (As)?,
E[(N8i+1 - Nsi)(N5j+l - st)] = E[(N8i+1 - Nsi)]E[(NSjJrl - st)]
= )\(Si+1 - Si))\(sj-i—l — Sj) = )\Q(AS)Z.
Applying the expectation to the formula
n—1 9
(D Fs(Naes = Vo)) = Z F(0)*(Nopsy = Ny, )
i=0
+22f 57,+1 _Nsi)(N5j+l _ng')
(e
yields
n—1 9 n—1
E[(Zf(s-)(NSM Nsi)) ] = 3 F5)?As + A (A9)%) + 23 fsi)f(s7)A2(As)?
1=0 =0 i#£j
n—1 -
— A f(si)QAer)\Q[Zf 28> +23 f(s1) )]
=0 =0 i#£j
n—1 n—1 9
= )\Z f(si)*As + )\2< f(si) As)

(c) Using that Ny is

i=0 =0
/f ds+)\2 /f ds ,asn—>oo

stationary with independent increments and has the moment
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generating function E[efVt] = A" =D we have
n—1
n—00 n—o00 i
1=
n—1 n—1
— 3 f(sl)(N91 _NSi) — f(sl)(N91 —Si)
=t T[] = i TT B[]
i=0 =0
n—1
= lim H eA(ef(Si)—l)(SiH—Si) = lim 6>\Z?:_Ol(ef(si)—l)(si+1—si)

_ €>‘ fot(ef(s)—l) ds

t
Since f is continuous, the Poisson integral / f(s)dNg can be computed in terms
0

of the waiting times Sy

t N
/ F(s)dNg =" f(Sk).
0 k=1

This formula can be used to give a proof for the previous result. For instance, taking
the expectation and using conditions over Ny = n, yields

E[/Otﬂs)cuvs} - E[if(sw}=ZE[fjf<sk>\Nt=n]P<Nt=n>
k=1 k=1

n>0

7; t t "
= Z?/O f(z)dw ()\?:') €—>\t:€—>\t/0 #(x) dm%z ()\t)l

—_1)!
n>0 n>0 (n )

n

t t
— —At A
= e /0 f(x)dx Xe —)\/0 f(x)dx.

Exercise 4.8.6 Solve parts (b) and (c) of Proposition 4.8.5 using a similar idea with
the one presented above.

Exercise 4.8.7 Show that

E[(/Otf(s) dMS)Q} :)\/Otf(s)2ds,

where My = Ny — At is the compensated Poisson process.

Exercise 4.8.8 Prove that

Var(/otf(s) dNS) - /\/Otf(s)Zst.
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Exercise 4.8.9 Find
E [efg £(s) dMs} _

Proposition 4.8.10 Let F; = 0(Ng;0 < s <t). Then for any constant c, the process
M, — ecNetA1=e)t £>0
is an Fi-martingale.

Proof: Let s <t. Since Ny — N, is independent of Fg and IV, is stationary, we have

BleWiNI|E] = BleeNN] = pletio]
e)\(ecfl)(tfs)‘
On the other side, taking out the predictable part yields
E[e? NN | = =N pleNt | Fy].

Equating the last two relations we arrive at

E[ecNt-l—(l—ec)tLFs] _ 6ch-|—>\(1—eC)s

)

which is equivalent with the martingale condition E[M;|F;] = M;. |

We shall present an application of the previous result. Consider the waiting time
until the nth jump, S,, = inf{t > 0; N; = n}, which is a stopping time, and the filtration
Fi =0(Ng;0 < s <t). Since

M, = Ve +A(1—ef)t

is an Fi-martingale, by the Optional Stopping Theorem (Theorem 3.2.1) we have
E[Ms,] = E[Mp] = 1, which is equivalent with E[e*1¢)%] = ¢~ Substituting
5= —A(1—e¢°), then ¢ = In(1+ ¥). Since s, A > 0, then ¢ > 0. The previous expression
becomes

Bl = i) = (L2

Since the expectation on the left side is the Laplace transform of the probability density
of S, then

p(Sn) = 51{E[€55n]}:£1{<A:\rs)x}
e—t)\tn—l)\n
ST

which shows that S, has a gamma distribution.
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4.9 The distribution function of X; = fOTg(t) dN;

In this section we consider the function ¢(t) continuous. Let S; < Sp < .-+ < Sy,
denote the waiting times until time ¢. Since the increments dN; are equal to 1 at S
and 0 otherwise, the integral can be written as

T
Xr = /0 g(t) AN, = g(S1) + - + 9(S,).

The distribution function of the random variable Xp = f(;f g(t) dN; can be obtained
conditioning over the Ny

P(Xp<u) = Y P(Xp <u|Np=k)P(Np=k)

k>0
= Y P(g(S1) + - +g(Sn) < ulNt = k) P(Nr = k)
k>0
= > P(g(S1) + -+ 9(Sk) <u) P(Np = k). (4.9.5)
k>0
Considering 51,59, , S independent and uniformly distributed over the interval
[0, 7], we have
1 vol(Dy,)
Po(8) + -5 <) = | e =

where
Dy ={g(z1) + g(x2) + - +g(ap) <u}n{0 <z, 2, <T}
Substituting back in (4.9.5) yields
P(Xr<u) = > P(g(S1)+--+g(Sk) < u) P(Np = k)
k>0
Dy) AkT* Fvol(D
Z vol(Dy) A T _ 6_/\TZ Nvol(Dy) (4.9.6)

Tk k! k! '
k>0 k>0

In general, the volume of the k-dimensional solid Dy, is not obvious easy to obtain.
However, there are simple cases when this can be computed explicitly.

A Particular Case. We shall do an explicit computation of the partition function of
Xr = fOT 52 dNj. In this case the solid Dy, is the intersection between the k-dimensional
ball of radius y/u centered at the origin and the k-dimensional cube [0, T]*. There are
three possible shapes for Dy, which depend on the size of \/u:

(a) if 0 < /u<T,then Dy is a %-part of a k-dimensional sphere;

(b) if T < \/u < TVk, then D}, has a complicated shape;
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(c) if TVk < \/u, then Dy, is the entire k-dimensional cube, and then vol(Dy) = T*.

Since the volume of the k-dimensional ball of radius R is given by % then
the volume of Dy in case (a) becomes
Tk /2 k)2
vol(Dy) = m
Substituting in (4.9.6) yields
P(Xr <u)=e T ];) lj;” ) 0<Vau<T.

It is worth noting that for u — oo, the inequality Tvk < \/u is satisfied for all
k > 0; hence relation (4.9.6) yields

lim P(X7 < u) **TZ e FT ekl — 1.

U— 00
k>0
The computation in case (b) is more complicated and will be omitted.

Exercise 4.9.1 Calculate the expectation E [ f(;[ ks dNS] and the variance Var(fOT ks st>.

Exercise 4.9.2 Compute the distribution function of X; = fOT sdNyg.
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Chapter 5

Stochastic Differentiation

5.1 Differentiation Rules

Most stochastic processes are not differentiable. For instance, the Brownian motion
process W, is a continuous process which is nowhere differentiable. Hence, derivatives
AWy

like <7t do not make sense in stochastic calculus. The only quantities allowed to be

used are the infinitesimal changes of the process, in our case, dWj.

The infinitesimal change of a process

The change in the process X; between instances t and t + At is given by AX; =
Xi+ar — X When At is infinitesimally small, we obtain the infinitesimal change of a
process X,

dXy = Xpyar — Xy

Sometimes it is useful to use the equivalent formula X, 4 = X; + dX;.

5.2 Basic Rules

The following rules are the analog of some familiar differentiation rules from elementary
Calculus.

The constant multiple rule
If X, is a stochastic process and c is a constant, then

‘ d(CXt) = CdXt. ‘

The verification follows from a straightforward application of the infinitesimal change
formula

d(C Xt) = CXt+dt - CXt = C(Xt+dt - Xt) = CdXt.
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The sum rule
If X; and Y; are two stochastic processes, then

(X, +Y7) = dX, + dY;.|

The verification is as in the following:

dXi+Y:) = (Xeyar +Yigar) — (Xe + V)
= (Xeyar — Xo) + YVigar — V)

The difference rule
If X; and Y; are two stochastic processes, then

(X, - Y}) = dX, — dYi.

The proof is similar to the one for the sum rule.

The product rule
If X; and Y; are two stochastic processes, then

[ d(X,Y)) = X, dY; + Vi dX, + dX, dY;.

The proof is as follows:

dX:Y:) = XeraYira — XiYe
= Xi(Yiear — Vo) + Vi Xigar — Xo) + (Xpwar — Xo) Yigar — Y2)
— X, dY; + Y, dX; + dX; dY;,

where the second identity is verified by direct computation.

If the process X; is replaced by the deterministic function f(t), then the aforemen-
tioned formula becomes

[d(f()Y2) = f(1) dY: + Ve df (8) + df (1) Y.

Since in most practical cases the process Y; is an Ito diffusion
aY; = a(t, Wy)dt + b(t, W;)dWr,
using the relations dt dW; = dt?> = 0, the last term vanishes
df(t) Y, = f(t)dtdY; = 0,

and hence

(AU OY) = f(£)dY; + Vi df (1)
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This relation looks like the usual product rule.

The quotient rule
If X; and Y; are two stochastic processes, then

X Y:dX; — X;dY; — dX;dY; X 9
d(—) - 2tay,)2.
7 7 oyl

The proof follows from Ito’s formula and will be addressed in section 5.3.3.
When the process Y; is replaced by the deterministic function f(¢), and X; is an
Ito diffusion, then the previous formula becomes

X\ (DA, — Xdi (1)
W(75) = far

Example 5.2.1 We shall show that

d(W2) = 2W; dW; + dt.

Applying the product rule and the fundamental relation (dW;)? = dt, yields
A(W2) = W, dW, + Wy dW, + dW, AW, = 2W; dW, + dt.

Example 5.2.2 Show that

d(W2) = 3W2 dW; + 3W,dt.

Applying the product rule and the previous exercise yields

dW2) = d(W;-W?) = Wid(W?) + W2 dW; + d(W2) dW;
= Wi (2W, dW; + dt) + W2 dW; + dW(2W; dW; + dt)
= 2W2AW; 4+ Wy dt + W2 dW; + 2W;(dW)? + dt dW;
= 3W2dW; + 3W, dt,

where we used (dW;)? = dt and dt dW; = 0.
Example 5.2.3 Show that d(tWy) = Wi dt + t dW.

Using the product rule and dt dW; = 0, we get

d(tW,) = Widt + tdW, + dt dW,
= W,dt+tdW,.

Example 5.2.4 Let Z; = fg Wy du be the integrated Brownian motion. Show that

dZ; = Wydt.
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The infinitesimal change of Z; is
t+dt
dZt = Zt+dt - Zt = Ws ds = Wt dt,
t

since Wy is a continuous function in s.

Example 5.2.5 Let A; = %Zt = %fg W, du be the average of the Brownian motion on
the time interval [0,t]. Show that

dA, = %(Wt _ %Zt) dt.

We have

1 1 1
dA, — d<¥> Zt+det+d(¥) 47
-1 1 ~1 )
= t—2tht+ZWtdt+t—2Wt dt
=0

- %(Wt — %Zt) dt.

Exercise 5.2.1 Let Gy = % fg eV du be the average of the geometric Brownian motion
on [0,t]. Find dGy.
5.3 Ito’s Formula

Ito’s formula is the analog of the chain rule from elementary Calculus. We shall start
by reviewing a few concepts regarding function approximations.

Let f be a differentiable function of a real variable x. Let xy be fixed and consider
the changes Az =z — xg and Af(x) = f(x) — f(zo). It is known from Calculus that
the following second order Taylor approximation holds

1
Af(z) = fl(x)Az + §f”(1‘)(Aa:)2 + O(Ax)3.
When z is infinitesimally close to xg, we replace Ax by the differential dz and obtain
1
df (z) = f'(z)dx + 3 f"(z)(dz)* + O(dx)3. (5.3.1)

In the elementary Calculus, all terms involving terms of equal or higher order to da?
are neglected; then the aforementioned formula becomes
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Now, if we consider x = z(t) to be a differentiable function of ¢, substituting into the
previous formula we obtain the differential form of the well known chain rule

A (#(0)) = ' (2(0) de(t) = ' (2(0))a' (1) dt.

We shall present a similar formula for the stochastic environment. In this case the
deterministic function x(t) is replaced by a stochastic process X;. The composition
between the differentiable function f and the process X; is denoted by F; = f(X3).

Neglecting the increment powers higher than or equal to (dX;)?, the expression
(5.3.1) becomes

dFy = f'(Xy)dX¢ + %f”(Xt) (dx,)%. (5.3.2)

In the computation of dX; we may take into the account stochastic relations such as
dW2 = dt, or dt dW; = 0.

5.3.1 Ito’s formula for diffusions

The previous formula is a general case of Ito’s formula. However, in most cases the
increments dX; are given by some particular relations. An important case is when the
increment is given by

dXt = (I(Wt, t)dt + b(Wt, t)th

A process X; satisfying this relation is called an [to diffusion.

Theorem 5.3.1 (Ito’s formula for diffusions) If X; is an [to diffusion, and F, =
f(Xt)7 then

dF, = [a(Wt, t)f (X)) + Wf”(&)} dt + b(Wy, t) f(Xe) AW (5.3.3)

Proof: We shall provide a formal proof. Using relations dW7? = dt and dt? = dW, dt =
0, we have
) 2
dX,)? = (a(Wt,t)de(Wt,t)th)
= a(Wy, t)%dt? + 2a(Wy, t)b(Wy, t)dW,dt + b(Wy, t)2dW 2
= bW, t)%dt.

Substituting into (5.3.2) yields
1
dF; = f'(X0)dXe + 5 f"(X0) (dX0)°

= f(Xy) (a(Wt,t)dt + b(Wt,t)th> + %f”(Xt)b(Wt,t)th

- [a(Wt, HF(X,) + I’(Lﬁ f”(Xt)] dt + b(Wy, ) f'(X;) dW.
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In the case X; = W; we obtain the following consequence:

Corollary 5.3.2 Let F; = f(W,). Then

Particular cases

dF; = %f”(Wt)dt + (W) dWy. (5.3.4)

1. If f(x) = 2%, with a constant, then f'(z) = ax® ! and f"(x) = a(a—1)2* 2. Then
(5.3.4) becomes the following useful formula

1
dW) = Sala - DW™2dt + oW dW.

A couple of useful cases easily follow:

dW?) = 2W,dW; + dt
dW?) = 3W7EdW; + 3W,dt.

2. If f(z) = ¥®, with k constant, f/(z) = ke®, f”(z) = k%ek*. Therefore

1
d(e™) = ket dW, + Skt dt.

In particular, for £k = 1, we obtain the increments of a geometric Brownian motion

1
d(e") = eVraw, + §eWt dt.

3. If f(x) =sinz, then

1
d(sin Wy) = cos Wy dW; — 3 sin W, dt.

Exercise 5.3.3 Use the previous rules to find the following increments

~
Q
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In the case when the function f = f(¢,x) is also time dependent, the analog of
(5.3.1) is given by

df (t, ) = 0 f (t, x)dt + O, f (¢, x)dx + %@%f(t, z)(dz)? + O(dz)® + O(dt)*.  (5.3.5)
Substituting z = X, yields
(1, X0) = OLf (1, Xt + 00 (1, X)dXo + 502 (1, X)X, (5.3.6)

If X; is an Ito diffusion we obtain an extra-term in formula (5.3.3)

2
ah = (o x0) +a Wit re X0+ X 52 x| ai

+b(Wy, )0, f(t, X¢) dW;. (5.3.7)

Exercise 5.3.4 Show that

d(tWE) = (t + W2)dt + 2tW; dW;.
Exercise 5.3.5 Find the following increments

(a) d(tWy) (c) d(t?cos W)
(b) d(e!Wy) (d) d(sint W2).

5.3.2 Ito’s formula for Poisson processes

Consider the process F; = F(M;), where M; = N; — At is the compensated Poisson
process. Ito’s formula for the process F; takes the following integral form. For a proof
the reader can consult Kuo [9].

Proposition 5.3.6 Let F' be a twice differentiable function. Then for any a < t we
have

Fy=F, + /t F/(M_)dM, + S (AF(MS) - F’(MS_)AMS),

a<s<t

where AMg = My — My_ and AF(M,) = F(M;) — F(M,-).

We shall apply the aforementioned result for the case F; = F(M;) = M2. We have

t
M2 = M2+ 2/ M, dM,+ Y (M§ — M2? —2M,_ (M, — MS,)>. (5.3.8)

a<s<t
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Since the jumps in N; are of size 1, we have (AN,)? = ANj. Since the difference of the
processes M, and Ny is continuous, then AM; = AN,. Using these formulas we have

(Mf ~ M2 oM, (M, — Ms,)) — (M, — M,_) (MS M, — 2Ms,>
(M, — MS—)2 = (AMS)2 = (ANS)Q
— AN,=N, - N,_.

Since the sum of the jumps between s and t is >, o; ANs; = Ny — N, formula (5.3.8)
becomes

t
M}? = M2 + 2/ M,_ dM, + Ny — N,. (5.3.9)
a

The differential form is
d(M?) = 2M;_ dM; + dNy,

which is equivalent with
d(M?) = (14 2M;_) dM; + \dt,
since dINy = dM; + Adt.

Exercise 5.3.7 Show that
T 1,
M;_ dM; = §(MT — Np).
0

Exercise 5.3.8 Use Ito’s formula for the Poison process to find the conditional expec-
tation E[M?|Fs] for s < t.

5.3.3 Ito’s multidimensional formula

If the process F; depends on several Ito diffusions, say F; = f(t, X¢, Y;), then a similar
formula to (5.3.7) leads to

B d o
dF, = a—{(t,xt,yt)dwra—i(t,Xt,Yt)dXtJra—i(t,Xt,Yt)dYt

10%f
10022
82
+ax—gy(t,xt,n)dxt dy;.

10%f

(t, Xi, Y2)(dXy)? + 3 8—y2(t’ X1, Y)(dY)?

Particular cases
In the case when F; = f(X;,Y;), with X; = W}, ¥; = W7 independent Brownian
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motions, we have

_of of 13%f o ave 1O o
dF, = 83:th + 8_th + §W(dW ) +§8—y2(th)
1 52f 1 2
_ of of P f
= oMWt g, Ve 2(0 T 9y oy )
The expression
0?f  0°f
A
f= (0 - 0y? )
is called the Laplacian of f. We can rewrite the previous formula as
dF, = gth +8_fth + Afdt

A function f with Af = 0 is called harmonic. The aforementioned formula in the case
of harmonic functions takes the simple form

of
Ox

of

dF; =
Oy

ZLaw} + ZLaw?. (5.3.10)

Exercise 5.3.9 Let W', W? be two independent Brownian motions. If the function f
is harmonic, show that F, = f(W},W2) is a martingale. Is the converse true?

Exercise 5.3.10 Use the previous formulas to find dF; in the following cases
(a) F,= (W) + (W7)
(b) Fp=n[(W})? + (W7)?].

Exercise 5.3.11 Consider the Bessel process Ry = /(W12 + (W2)2, where W} and
W2 are two independent Brownian motions. Prove that

Wi W2
dR; = —dt ¢ ¢
PSR, TR, R,

Example 5.3.1 (The product rule) Let X; and Y; be two processes. Show that

—Law}! + —Law?.
d(X:Y;) = Yid Xy + XidY; + dXdYs.

Consider the function f(z,y) = zy. Since 0, f =y, 9, f =z, O2f = ng =0, 0,0, =1
then Ito’s multidimensional formula yields

Ad(X:Yy) = d(f(X Y1) = 0pfdX; + 0, f dY,
1 1
+§a§ f(dX,)* + 585 f(dYy)? + 9,0, f dX,dY;
= YidX,; + X,dY; + dX,dY;.
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Example 5.3.2 (The quotient rule) Let X; and Y; be two processes. Show that

d(Xt)  YidX; — X;dY; — dX,dY;

— —(dY:)”.
Y} Yt2 + }/;2( t)

Consider the function f(x,y) = % Since 0, f = i, Oyf = —y%, 02f =0, 8§f = —y—%,

0,0y = y—lg, then applying Ito’s multidimensional formula yields

X
A(37) = d(XYD) = 0fdX, +0,7 dY;

1 1
+§8§f(dXt)2 + 5agf(dyt)2 + 0,0, f dXdY;

1 Xy 1

= —dX;— —dYs — —dXdY;
}/2 t }/;2 t }/;2 twit
YidXy — X dY; —dXdY, Xy

- + = (dY;)?.
Y7 V2



Chapter 6

Stochastic Integration Techniques

Computing a stochastic integral starting from the definition of the Ito integral is a
quite inefficient method. Like in the elementary Calculus, several methods can be
developed to compute stochastic integrals. In order to keep the analogy with the
elementary Calculus, we have called them Fundamental Theorem of Stochastic Calculus
and Integration by Parts. The integration by substitution is more complicated in the
stochastic environment and we have considered only a particular case of it, which we
called The method of heat equation.

6.1 Fundamental Theorem of Stochastic Calculus

Consider a process X; whose increments satisfy the equation dX; = f(t, Wy)dW;. In-
tegrating formally between @ and ¢ yields

t t
/ dXs = / f(s, Wg)dWs. (6.1.1)
a a
The integral on the left side can be computed as in the following. If we consider the
partition 0 =tg < t; < --- < tp_1 <t, =t, then

n—1

t
/a dXs = ms;liﬁrrolo ZO(thH - Xy;) = Xy — X,
j=

since we canceled the terms in pairs. Substituting into formula (6.1.1) yields X; =

t t
X, —I—/ f(s,Wg)dWs, and hence dX; = d(/ f(s, WS)dWS), since X, is a constant.

Theorem 6.1.1 (The Fundamental Theorem of Stochastic Calculus)

(i) For any a < t, we have

d(/atf(s,Ws)dWS) — F(t, W,)dW,.
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(ii) If Yy is a stochastic process, such that Y;dW; = dF}, then

b
/ Y, dW, = F, — Fj.

We shall provide a few applications of the aforementioned theorem.

Example 6.1.1 Verify the stochastic formula

t 2
/ Wodw, = Y _ L
A 2 2
t Wt2 t ’
Let Xy = [, WsdW, and Y; = 5 "5 From Ito’s formula
2 t 1 1
dY; = d(%) . d(g) = S@WidW, + dt) — Sdt = Wy dW,,

and from the Fundamental Theorem of Stochastic Calculus
t

dX, = d(/ W, dWS> — W, dW;.
0

Hence dX; = dYy, or d(X; — Y;) = 0. Since the process X; — Y; has zero increments,
then X; — Y; = ¢, constant. Taking ¢t = 0, yields

c:Xo—m:/OOWSdWs—(WTg—g)zo,

and hence ¢ = 0. It follows that X; = Y}, which verifies the desired relation.

Example 6.1.2 Verify the formula

t t
oty ty 1 )
/OSSds_Q(t 2> 2/0 + ds.

Consider the stochastic processes X; = fg sWsdWs, Y = (I/Vt2 - 1), and Z; =

: fg W2 ds. The Fundamental Theorem yields

N | o+

dXy = tWydW;
1
dZ; = 5Wfdt.
Applying Ito’s formula, we get
t t 1 t2
o= a0 ) oot o)
! AN R dEWy) 4

1 1
= 2 [(t +WR)dL + 2tW, th} — Stdt

1
- §Wt2dt + tWt th
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We can easily see that
dX, =dY; — dZ;.

This implies d(X;—Y;+Z;) = 0, i.e. X;—Y;+Z; = ¢, constant. Since Xy =Yy = Zy =0,
it follows that ¢ = 0. This proves the desired relation.

Example 6.1.3 Show that
t 1
/0 (W2 —5)dW, = ng — tW.

Consider the function f(t,z) = %:L‘B — tx, and let Fy = f(¢t,W;). Since O f = —u,
Opf = 2% —t, and 92 f = 2z, then Ito’s formula provides

dF; Ouf dt + Oy f dW; + %Eﬁf(th)Q

1
= —Widt+ (W2 —t)dW; + 5 2Widt
= (W2 —t)dW,.

From the Fundamental Theorem we get

t t
1
/(WE—S)CZWSZ/ dFs:Ft_FOZthgwtg—tWt.
0 0

6.2 Stochastic Integration by Parts

Consider the process F; = f(t)g(Wy), with f and g differentiable. Using the product
rule yields

dFy = df(t)g(Wy) + f(t) dg(Wy)
= F(O9(Wi)dt + £(2) (5 (W)W + 5 (W)t

= F(O9(Wi)dt + 5 (1) (Wi)dt + £ (1) (Wi)dIWs.

Writing the relation in the integral form, we obtain the first integration by parts for-

mula:
/f g(Wy) dt——/f (W) dt.

This formula is to be used when integrating a product between a function of ¢ and
a function of the Brownian motion Wj, for which an antiderivative is known. The
following two particular cases are important and useful in applications.

/ Ft) g (Wy) dW, =
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1. If g(W) = W4, the aforementioned formula takes the simple form

b t=b b
/ Py, = fewi| - / P W, dt. (6.2.2)

It is worth noting that the left side is a Wiener integral.
2. If f(t) =1, then the formula becomes

t=b 1

b b
/a g (W) dW; = g(W)| _ =3 / g" (W) dt. (6.2.3)

T
Application 1 Consider the Wiener integral I = / t dWy. From the general theory,

see Proposition 4.6.1, it is known that I is a random variable normally distributed with

mean 0 and variance
T T3
Var([lr] = / t2dt = —.
0 3

Recall the definition of integrated Brownian motion

t
0

Formula (6.2.2) yields a relationship between I and the integrated Brownian motion
T T
IT:/ tth:TWT—/ Wydt =TWrp — Zp,
0 0

and hence It + Zr = TWy. This relation can be used to compute the covariance
between I and Zp.

Cov(Ip + Zp, It + Zp) = Var[TWyp] <
Var[lr] + Var[Zr) + 2Cov(Ir, Zr) = T*Var[Wr] <=
T3/3+T3/3 +2Cov(I7, Zr) = T°
Cov(Ir,Zy) = T3/6,

where we used that Var[Zr] = T3/3. The processes I; and Z; are not independent.
Their correlation coefficient is 0.5 as the following calculation shows

Cov(Ir, Zr) _T?%/6
)1/2 B T3/3

Corr(Ip, Zr) =
(Var[IT]VaT[ZT]

= 1/2.
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22

Application 2 If we let g(x) = % in formula (6.2.3), we get
W2 1
/ Wt th 5(() — a)

It is worth noting that letting @ = 0 and b = T', we retrieve a formula that was proved
by direct methods in chapter 2

T 2
W2 T
/O WedW, = =L = 2.

Similarly, if we let g(x) = %3 in (6.2.3) yields

W}
/ W2 dW; = t

/ W dt.
Application 3

Choosing f(t) = e and g(x) = cosw, we shall compute the stochastic integral
fOT et cos Wy dW; using the formula of integration by parts

T T
/ e cos W, dW; = / e (sin W) dW;
0 0
T T 1 T
= esin Wt‘o - / (e®") sin W; dt — 5/ e (cos W) dt
0 0

T T
1
= T sin Wy — a/ e sin W, dt + 3 / e sin W, dt
0 0

1 T
= TsinWyp — (a — 5) / e sin W, dt.
0

The particular case @ = % leads to the following exact formula of a stochastic integral

T
/ e cos W, dW, = e2 sin Wr. (6.2.4)
0

In a similar way, we can obtain an exact formula for the stochastic integral fOT Pt sin W, dW;
as follows

T T
/ Pt sin WydW, = — / eﬂt(COS Wt)/ AWy
0 0

T T 1 T
= —eﬁtcosWt‘O +B/ eﬁtcosWtdt—i/ e’BtcosWtdt.
0 0
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Taking 8 = % yields the closed form formula

T
/ es sin Wy dWy = 1 — e2 cos W, (6.2.5)
0

A consequence of the last two formulas and of Euler’s formula
et = cos Wy + isin Wh,

is

T
t . . Z .
/ e2 W g, = i(1 — e2 TWT),
0

The proof details are left to the reader.

A general form of the integration by parts formula
In general, if X; and Y; are two Ito diffusions, from the product formula

d(X,Y:) = X;dY; + YidX, + dX,; dY;.

Integrating between the limits a and b

b b b b
/ d(X:Yy) :/ XtdYt—i—/ Ytht—l—/ dX; dY;.
a a a a
From the Fundamental Theorem

b
/ d(XY:) = XYy — XoYa,
a

so the previous formula takes the following form of integration by parts

b b b
/ X, dY, = XYy — XY —/ Y;dX, —/ dX, dY;.
a a a

This formula is of theoretical value. In practice, the term d.X; dY; needs to be computed
using the rules W72 = dt, and dt dW; = 0.

Exercise 6.2.1 (a) Use integration by parts to get
T T ow
————dW; = tan"} (W +/ s dt, T >0.
/0 Trwpde T W)+ ] (14 W2)?
(b) Show that

E[tanl(WT)]:—/OTE[( W }dt.

1+ W3)?
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(¢) Prove the double inequality

3B w _3V3

R.
6 SAt22 = 16 U
(d) Use part (c) to obtain
T
—%T < L2 dt < %T.
16 o (14+Wg)? 16
(e) Use part (d) to get
——SfT < Eltan" (Wp)] < —31\?1’.

(f) Does part (e) contradict the inequality

™ ] s
—— <t Wr) < =7
5 an ( T) 5

Exercise 6.2.2 (a) Show the relation
T 1 (T
/ eWtth:eWT—l——/ et dt.
0 2.Jo

(b) Use part (a) to find E[e"?].

Exercise 6.2.3 (a) Use integration by parts to show
T 1 (T
/ WieVt dW, = 1+ Wype'™ — e'7 — 5/ eV (1+ W) dt;
0 0

(b) Use part (a) to find E[W;e"t];
(¢) Show that Cov(Wy,eVt) = te'/?;

t
(d) Prove that Corr(Wy,eVt) = FEET and compute the limits ast — 0 and t — oo.
ot —

Exercise 6.2.4 (a) Let T > 0. Show the following relation using integration by parts

T %% T Wr?
AW, =In(1+ Wgr) — ————— dt.
/0 TR n(l+Wr) o (1+W2)e

(b) Show that for any real number x the following double inequality holds
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(¢) Use part (b) to show that

1 T 1— 2
VYGRS S
8 o (1+W2)?

(d) Use parts (a) and (c) to get
T 2
3 < E[n(1+Wgp)] <T.
(e) Use Jensen’s inequality to get
Elln(l+ W3)] <In(1+1).

Does this contradict the upper bound provided in (d)?

6.3 The Heat Equation Method

In elementary Calculus, integration by substitution is the inverse application of the
chain rule. In the stochastic environment, this will be the inverse application of Ito’s
formula. This is difficult to apply in general, but there is a particular case of great
importance.

Let ¢(t,x) be a solution of the equation
[Py
Orp + 5833@ =0. (6.3.6)
This is called the heat equation without sources. The non-homogeneous equation
[Py

Orp + §8$g0 = G(t,x) (6.3.7)
is called heat equation with sources. The function G(t,x) represents the density of heat
sources, while the function ¢(t,x) is the temperature at point = at time ¢ in a one-
dimensional wire. If the heat source is time independent, then G = G(z), i.e. G is a
function of x only.
Example 6.3.1 Find all solutions of the equation (6.3.6) of type p(t,x) = a(t)+b(x).
Substituting into equation (6.3.6) yields

1., . /
§b () = —d'(t).

Since the left side is a function of x only, while the right side is a function of variable
t, the only where the previous equation is satisfied is when both sides are equal to the
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same constant C. This is called a separation constant. Therefore a(t) and b(z) satisfy
the equations

d(t) = —C, %b”(m) el
Integrating yields a(t) = —Ct + Cy and b(z) = Cz? + C1z + Cs. Tt follows that
p(t,x) = C(a® —t) + Cra + Cs,
with Cy, C1, Cs, C3 arbitrary constants.
Example 6.3.2 Find all solutions of the equation (6.3.6) of the type p(t,z) = a(t)b(x).
Substituting into the equation and dividing by a(t)b(x) yields

J1) 1Y)
a(t) 2 b(x)

/ t b//
There is a separation constant C' such that () = —(C and (z)

o) W = 2C. There are

three distinct cases to discuss:

1. C' = 0. In this case a(t) = ag and b(z) = byx+by, with ag, a1, by, by real constants.
Then
o(t,z) = a(t)b(x) = c1z + ¢, cp,c1 €R

is just a linear function in x.

2. C > 0. Let A > 0 such that 2C = A\?. Then d/(t) = —)‘;a(t) and b (z) = \?b(x),
with solutions

2
o At/2

S
—~

~
~—

ao
bx) = c1e™ + coe ™,

The general solution of (6.3.6) is
o(t,x) = e_’\2t/2(cle’\‘” + e ™), ¢, €R.
3. C < 0. Let A > 0 such that 2C = —)2. Then d'(t) = ’\72a(t) and b’ (z) =
—\2b(z). Solving yields
a(t) = aoe)‘zt/2
b(x) = cysin(Ax) + g cos(Ax).
The general solution of (6.3.6) in this case is

o(t,x) = N2 (c1sin(Az) + cacos(Az)), c1,c0 € R.

z—t/2 —x—t/2 _t/2
b b

In particular, the functions z, 2% — t, e e et/2sinz and e'/2 cosx, or any
linear combination of them are solutions of the heat equation (6.3.6). However, there
are other solutions which are not of the previous type.
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Exercise 6.3.1 Prove that ¢(t,z) = 32°—tx is a solution of the heat equation (6.3.6).

Exercise 6.3.2 Show that p(t,z) = t~/2¢=%*/(2) s a solution of the heat equation
(6.3.6) fort > 0.

Exercise 6.3.3 Let ¢ = u(\), with A = QL\/E; t > 0. Show that ¢ satisfies the heat
equation (6.3.6) if and only if u” + 2 \u’ = 0.

2 o

Exercise 6.3.4 Let erfc(x) = 7/ e dr. Show that ¢ = erfe(x/(2V1)) is a
™ x

solution of the equation (6.3.6).

Exercise 6.3.5 (the fundamental solution) Show that o(t,z) = —=e 5, t > 0
satisfies the equation (6.3.6).

Sometimes it is useful to generate new solutions for the heat equation from other
solutions. Below we present a few ways to accomplish this:

(1) by linear combination: if ¢ and 9 are solutions, then a; 1+ a2 is a solution,
where a1, as constants.

(74) by translation: if ¢(¢,x) is a solution, then p(t — 7,x — £) is a solution, where
(1,€) is a translation vector.

(iii) by affine transforms: if ¢(¢,) is a solution, then p(Ar, \2z) is a solution, for
any constant .

n—+m

oz’
(v) by convolution: if (¢, x) is a solution, then so are

(iv) by differentiation: if (¢, ) is a solution, then (t,z) is a solution.

b
[ etta s de
a
b
/ ot —1,2)g(T) dt.
a
For more detail on the subject the reader can consult Widder [17] and Cannon [4].

Theorem 6.3.6 Let ¢(t,x) be a solution of the heat equation (6.3.6) and denote
ft,x) = 0r(t,z). Then

b
/ ft, W) dWy = (b, Wy) — p(a, Wy).
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Proof: Let Fy, = p(t,W;). Applying Ito’s formula we get
1
AF; = 0,p(t, We) AW + (i + 5020 ) dt.

Since 9y + 3020 = 0 and dpp(t, Wi) = f(t, W), we have
dF; = f(t, W) dW,;.

Applying the Fundamental Theorem yields

b b
/ f(t, Wt) th = / dFt = Fb - Fa = gO(b, Wb) - QO(CL, Wa).

Application 6.3.7 Show that
T 1 1
/ Wy dW; = —Wi2 — ~T.
0 2 2

Choose the solution of the heat equation (6.3.6) given by ¢(t,r) = 22 —t. Then
f(t,x) = Opp(t,x) = 2x. Theorem 6.3.6 yields

T T T
/ oW, dW,; = / ft, W) dWy = o(t, ) .= W2 —T.
0 0

Dividing by 2 leads to the desired result.

Application 6.3.8 Show that
T
2 13
| v = aw = swi — 1w,

Consider the function ¢(t,z) = 323 — tz, which is a solution of the heat equation
(6.3.6), see Exercise 6.3.1. Then f(t,z) = 0,p(t,x) = x> — t. Applying Theorem 6.3.6
yields

T T T 1
/ (W2 — t)dW, = / e Wy aw, = ot Wo)|! = Swh— 1wy,
0 0

Application 6.3.9 Let A > 0. Prove the identities

T 22w 1 22T 4w
- tdW :—(7 A T—l).
/0 © T\
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2t 42

Consider the function (¢, x) = e ¥ which is a solution of the homogeneous heat

2
equation (6.3.6), see Example 6.3.2. Then f(t,x) = O,p(t,x) = e TN, Apply
Theorem 6.3.6 to get

T

T A2t T A2
/ +Xe” 2 TAT W, = / f(t, W) dWy = o(t, W) = e~z TAWT _q,
0 0

Dividing by the constant +X ends the proof.

In particular, for A = 1 the aforementioned formula becomes

T t T
/ e 2w, = e 2T 1, (6.3.8)
0

Application 6.3.10 Let A > 0. Prove the identity

T 2, 1 227
/ e 2 cos(AWy) dWy = 3e sin(AWr).
0

2
From the Example 6.3.2 we know that ¢(t,z) = T sin(Az) is a solution of the heat

24
equation. Applying Theorem 6.3.6 to the function f(t,z) = 0,p(t,z) = Ae'z' cos(A\x),
yields

T /\2t T T
/ Ae 2z cos(AWy)dW, = / flt, W) dWy = o(t, We) .
0 0
A2¢ T AT
= e2 sin(/\Wt)‘ =e 2 sin(AWrp).

0
Divide by A to end the proof.

If we choose A = 1 we recover a result already familiar to the reader from section
6.2

T t T
/ e2 cos(Wy) dW; = eZ sin Wrp. (6.3.9)
0

Application 6.3.11 Let A\ > 0. Show that

T 2 2
/ 3 Sin(AW;) dW; = (1 —eT cos(AWT)).
0

>

2
Choose ¢(t,z) = s cos(Ax) to be a solution of the heat equation. Apply Theorem
2
6.3.6 for the function f(t,z) = 0,¢(t,z) = e’ sin(Az) to get

T A2¢ T
/(—)\)e2sin()\Wt)th - @(t,Wt)‘O
0

T A2T
=e 2 cos(A\Wp) —1,

A2 ‘
0

= e 2 cos(AWy)
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and then divide by —A.

Application 6.3.12 Let 0 < a < b. Show that

2
443

b 3 WtQ 1 w2 1
/ tT2We 2 dW, = a”Ze” 2o — b 2”2, (6.3.10)

From Exercise 6.3.2 we have that ¢(t,z) = t=1/2¢=2/(20) i5 a solution of the homoge-
neous heat equation. Since f(t,x) = 0,¢(t,z) = —t3/2pe=?/(20) applying Theorem
6.3.6 yields to the desired result. The reader can easily fill in the details.

Integration techniques will be used when solving stochastic differential equations in
the next chapter.

Exercise 6.3.13 Find the value of the following stochastic integrals
1
(a) / ¢! cos(V2Wy) dW;
0

3
(b) / e cos(2W,) dW,
0

4
(C) / 6—t+\/§Wt dW,.
0

Exercise 6.3.14 Let ¢(t,x) be a solution of the following non-homogeneous heat equa-
tion with time-dependent and uniform heat source G(t)

1
Orp + 582(,0 = G(t).

Denote f(t,z) = 0p¢(t,z). Show that

b b
/ F(t, W) dW, = (b, W) — o(a, W,) — / G(t) dt.

How does the formula change if the heat source G is constant?

6.4 Table of Usual Stochastic Integrals

Now we present a user-friendly table, which enlists identities that are among the most
important of our standard techniques. This table is far too complicated to be memo-
rized in full. However, the first couple of identities in this table are the most memorable,
and should be remembered.

Let a < band 0 < T. Then we have:
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|_n

b
/th—Wb Wa;

2. / Wtth ———'
W2
3./ (W2 —t)dW; = TT—TWT;
0
T
5. / W2 dW,; = T—/ W, dt;
3 0

6./ e?cosWtth—w sin Wrp;
0

T
t o, T
ezsinW;dW; =1 —e2 cos Wr;

S—

T
—£+Wt _ 6—5+WT . 1’

\
S

1 2
9. / 27 cos(AW;) dIV, — T 25 sin(AWr);
)\ T
10. / 7" sin(AW;) dW, = (1—e : ()\WT)>
X\
1 /\T
——:I:)th _ 2 =HANWr .
11./0 AWy = — ( 1),

w2 1 Wl)2

b 3 Wt2 1 a
12. / t 2Wie 2t dW; =a 2e 22 —b 2e 2v;
t
13, d( [ fs. W dIW,) = £ W) Wi
b
14. / Y:dW, = F, — F,, if Y;dW, = dE;

b b
5. [ sy aws = sl - [ fewia

b 1 b 1
a a

b
16. / g (We) dWy = g(Wy)



Chapter 7

Stochastic Differential Equations

7.1 Definitions and Examples

Let X; be a continuous stochastic process. If small changes in the process X; can
be written as a linear combination of small changes in ¢ and small increments of the
Brownian motion W;, we may write

| dX, = a(t,W,, X;)dt + b(t, W, X;) dW, | (7.1.1)

and call it a stochastic differential equation. In fact, this differential relation has the
following integral meaning:

t t
X =Xo+ / a(s, Ws, Xs) ds —I—/ b(s, W, Xs) dWs, (7.1.2)
0 0

where the last integral is taken in the Ito sense. Relation (7.1.2) is taken as the definition
for the stochastic differential equation (7.1.1). However, since it is convenient to use
stochastic differentials informally, we shall approach stochastic differential equations by
analogy with the ordinary differential equations, and try to present the same methods
of solving equations in the new stochastic environment.

The functions a(t, Wy, Xy) and b(t, Wy, X;) are called drift rate and volatility, re-
spectively. A process X, is called a (strong) solution for the stochastic equation (7.1.1)
if it satisfies the equation. We shall start with an example.

Example 7.1.1 (The Brownian bridge) Let a,b € R. Show that the process

t
1
Xt:a(l—t)+bt+(1—t)/1 dWs, 0<t<1
0

—s
s a solution of the stochastic differential equation

b X

dXi
1-1¢

dt + dWy, 0<t<1,Xg=a.

139
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We shall perform a routine verification to show that X, is a solution. First we compute
b— X

1—-1¢

the quotient

t
1
b X, = b—a(l—t)—bt—(l—t)/l AW,
0

- <b—a><1—t>—<1—t>/0 —aw,

and dividing by 1 — ¢ yields

t
1
—b—a-— / dw. (7.1.3)
o 1

[ )

Using

the product rule yields
1

— S

t 1 t
dX, = ad(l—t)+bdt+d(1—t)/ —dWS—ir(l—t)d(/ dWS)
0o 1—s 0

_ (b_a—/ot%dWs>dt+th

b— X,
= dt 4+ dW;
1—¢ + ty

where the last identity comes from (7.1.3). We just verified that the process X; is
a solution of the given stochastic equation. The question of how this solution was
obtained in the first place, is the subject of study for the next few sections.

7.2 Finding Mean and Variance from the Equation

For most practical purposes, the most important information one needs to know about
a process is its mean and variance. These can be found directly from the stochastic
equation in some particular cases without solving explicitly the equation. We shall deal
in the present section with this problem.

Taking the expectation in (7.1.2) and using the property of the Ito integral as a
zero mean random variable yields

E[X)] = Xo+ /0 tE[a(s,Ws,Xs)] ds. (7.2.4)

Applying the Fundamental Theorem of Calculus we obtain

d
EE[Xt] = Ela(t, Wy, X3)].
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We note that X; is not differentiable, but its expectation E[X;] is. This equation can
be solved exactly in a few particular cases.

1 If a(t Wy, X;) = a(t), then £E[X;] = a(t) with the exact solution E[X,] =
Xo+ fo s)ds.

2. If a(t,Wt,Xt) = a(t)X; + B(t), with a(t) and S(t) continuous deterministic
function, then

d
EE[Xt] = a(t)E[X] + B(t),

which is a linear differential equation in E[X;]. Its solution is given by

E[X;] = A® (Xo + /Ot e A B(s) ds), (7.2.5)

where A(t fo s)ds. It is worth noting that the expectation F[X;]| does not depend
on the volatlhty term b(t, Wy, Xy).

Exercise 7.2.1 If dX; = (2X; + €2')dt + b(t, W, X;)dW;, then
E[X;] = e* (X + ).

Proposition 7.2.2 Let X; be a process satisfying the stochastic equation

Then the mean and variance of Xy are given by
ElX,) = X,

¢
Var(Xy] = eQA(t)/ e~ A2 (s) ds,
0

where A(t) = fg a(s)ds.

Proof:  The expression of E[X;] follows directly from formula (7.2.5) with § = 0. In
order to compute the second moment we first compute
(dXy)? = (1) dt;
d(X?) = 2X;dX;+ (dX;)*
= 2X;(a(t) Xedt + b(t)dWy) + b (t)dt
= (2a(t) X7 + b2(t))dt + 2b(t) X, dW,

where we used Ito’s formula. If we let Y; = X2, the previous equation becomes

dY; = (2a(t)Y; + b2(t))dt + 2b(t)\/Y; AW
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Applying formula (7.2.5) with a(t) replaced by 2a(t) and §(t) by b2(t), yields

t
ElY;] = *4® (Yo —I—/ e~ 24602 (s) ds),
0

which is equivalent with

t
E[X?] = 240 (Xg + /0 e 2A6)p2 (s) ds).

It follows that the variance is

Var[X,] = E[X?] — (E[X,])? = 24®) / t e 24P (s) ds.
0

Remark 7.2.3 We note that the previous equation is of linear type. This shall be
solved explicitly in a future section.

The mean and variance for a given stochastic process can be computed by working
out the associated stochastic equation. We shall provide next a few examples.

Example 7.2.1 Find the mean and variance of e*W*, with k constant.

From Ito’s formula 1
d(e™) = ket dW, + S ke,

and integrating yields
t 1 t
e =1+ k/ s dW + —k2/ s ds.
0 2 Jo
Taking the expectations we have
1 t
E[ef] =1+ 51{:2/ E[efW+] ds.
0

If we let f(t) = E[ek"?], then differentiating the previous relations yields the differential
equation

7(t) = SR (1)

with the initial condition f(0) = E[e¥"0] = 1. The solution is f(t) = ¢***/2, and hence

E[ekWt] — €k2t/2,

The variance is

VaT(ekWt) _ E[e%Wi] _ (E[ekWt])2 _ e4k2t/2 _ ek2t

= eth(eth —1).
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Example 7.2.2 Find the mean of the process Wye't.

We shall set up a stochastic differential equation for W;e"t. Using the product formula
and Ito’s formula yields

dWe") = eVtdw, + Wid(e™t) + dW d(e™?)
1
= W, + (W, + dwy) (e aw; + 5eWtdt)

1
= (theWt +e")dt + (et + W eV )dw,.
Integrating and using that Wyeo = 0 yields
t 1 t
Wiet = / (GWae™™ + ") ds + / (e + Wee's) aw.
0 0
Since the expectation of an Ito integral is zero, we have

t
E[W;e™] :/O (%E[WSGWS]—i-E[eWS])dS.

Let f(t) = E[W;e"t]. Using E[e"s] = ¢/, the previous integral equation becomes

t
1) = [ Gre)+ ey as

Differentiating yields the following linear differential equation
1
70 = SF(8) +

with the initial condition f(0) = 0. Multiplying by e */? yields the following exact
equation

(2 f) =1
The solution is f(t) = te/?. Hence we obtained that

E[WeW] = tet/?.
Exercise 7.2.4 Find a E[W2eVt]; (b) E[W. W],

Example 7.2.3 Show that for any integer k > 0 we have

(2k)!
E[WtZk] — SRl tk, E[WtZkJrl] —0.

In particular, E[W{] = 32, E[Wf] = 153,
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From Ito’s formula we have
-1
AW = nWtdw, + %W[“th.
Integrate and get

t -1 t
wr :n/ ngdWﬁ%/ W2 s,
0 0

Since the expectation of the first integral on the right side is zero, taking the expectation
yields the following recursive relation

E[W) = @ /0 E[Wr2) ds.

Using the initial values E[W;] = 0 and E[W}?] = t, the method of mathematical induc-

tion implies that E[W251) = 0 and B[W2*] = 28k,

Exercise 7.2.5 (a) Is W} — 3t an F;-martingale?
(b) What about W2 ?

Example 7.2.4 Find E[sin W;].

From Ito’s formula

1
d(sin W) = cos Wy dW, — 3 sin Wy dt,

then integrating yields
t 1 t
sinW; = / cos Wy dWy — = / sin W ds.
0 2 Jo

Taking expectations we arrive at the integral equation

1 t
El[sin Wy] = —5/ El[sin W] ds.

0

Let f(t) = E[sin W;]. Differentiating yields the equation f'(t) = —3f(t) with f(0) =
E[sin Wp] = 0. The unique solution is f(¢) = 0. Hence

E[sin W] = 0.

Exercise 7.2.6 Let o be a constant. Show that
(a) Elsin(cWy)] = 0;

(b) Elcos(oWy)] = e~ /2,

(¢) E[sin(t +oW,)] = e 7 /2 sint;

(d) Elcos(t+ oWy)] = e~ t/2 cost;
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Exercise 7.2.7 Use the previous exercise and the definition of expectation to show that

00 1/2
(a) / 67IQCOSJJdl‘::1W;

—0o0

o 2
(b) / e*x2/2c0sxda::\/—7r,
oo e

Exercise 7.2.8 Using expectations show that

o
(a) / L . z<i>eb2/(4a);

oo a \2a

2
(b) /oo x26—aa:2+ba: dr — \/Ei (1 I b_>€b2/(4a);
00 a2a 2a

(¢) Can you apply a similar method to find a close form expression for the integral
[e.e]
/ xne—a$2+ba: dx?
—0o0
Exercise 7.2.9 Using the result given by Example 7.2.3 show that
(a) Elcos(tWy)] = /%
(b) E[sin(tWy)] = 0;
() E[M™]=0.
For general drift rates we cannot find the mean, but in the case of concave drift

rates we can find an upper bound for the expectation E[X;]. The following result will
be useful.

Lemma 7.2.10 (Gronwall’s inequality) Let f(t) be a non-negative function satis-
fying the inequality

) < C+M/Otf(s)ds
for 0 <t < T, with C, M constants. Then
f(t) < ceMt, 0<t<T.
Proposition 7.2.11 Let X; be a continuous stochastic process such that
dX; = a(Xy)dt + b(t, Wy, Xy) dWy,

with the function a(-) satisfying the following conditions
1. a(z) >0, for 0 <z <T;
2. d"(x) <0, for 0 <a <T;
3. d(0)=M.

Then E[X;] < XoeMt, for0 < X; < T.
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Proof: From the mean value theorem there is £ € (0,x) such that
a(z) = a(z) — a(0) = (z — 0)d’(§) < zd'(0) = Mz, (7.2.6)

where we used that o/(z) is a decreasing function. Applying Jensen’s inequality for
concave functions yields

Ela(X3)] < a(E[X{])-

Combining with (7.2.6) we obtain E[a(X;)] < ME[X;]. Substituting in the identity
(7.2.4) implies

t
E[Xy] <X0+M/ E[X,)ds.
0

Applying Gronwall’s inequality we obtain F[X;] < XoeM*t. [ |

Exercise 7.2.12 State the previous result in the particular case when a(xr) = sinzx,
with 0 < x <.

Not in all cases can the mean and the variance be obtained directly from the stochas-
tic equation. In these cases we need more powerful methods that produce closed form
solutions. In the next sections we shall discuss several methods of solving stochastic
differential equation.

7.3 The Integration Technique

We shall start with the simple case when both the drift and the volatility are just
functions of time t.

Proposition 7.3.1 The solution X; of the stochastic differential equation
dXt = a(t)dt + b(t)th
is Gaussian distributed with mean Xy + fg a(s)ds and variance fg b2 (s)ds.

Proof: Integrating in the equation yields

t t t
Xt—XO:/ dXS:/ a(s)ds—i—/ b(s) dWV,.
0 0 0

Using the property of Wiener integrals, fg’ b(s) dWy is Gaussian distributed with mean 0
and variance fot b?(s) ds. Then X, is Gaussian (as a sum between a predictable function
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and a Gaussian), with
t t
E[Xy] = E[Xj +/ a(s)ds +/ b(s) dWj]
0 0

= X+ /Ota(s) ds +E[/Ot b(s) dW,]

t
= Xo—i-/ a(s)ds,
0
t t
Var(X;] = Var[Xo—i-/ a(s)ds—l—/ b(s) dWy]
0 0
t
- Var[ / b(s)dWS}
0
t
= / b2 (s) ds,
0
which ends the proof. [ |

Exercise 7.3.2 Solve the following stochastic differential equations for t > 0 and de-
termine the mean and the variance of the solution

(a) dX; = costdt —sintdW;, Xg=1.
(b) dXi=eldt+\tdW;, Xo=0.
(c) dX;= iz dt+t3/2dW,;, Xo=1.

If the drift and the volatility depend on both variables ¢ and W;, the stochastic
differential equation
dXt = a(t, Wt)dt + b(t, Wt)th, t> 0

defines an Ito diffusion. Integrating yields the solution
t t
Xt = Xo —i—/ a(s,Ws)ds —l—/ b(s, Ws) dWs.
0 0

There are several cases when both integrals can be computed explicitly.

Example 7.3.1 Find the solution of the stochastic differential equation
dX; = dt + Wy dWy, Xo=1.

Integrate between 0 and ¢ and get

t t 2
Xy = 1+/d8+/WdeS:t+%—£
0 0 2 2

1
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Example 7.3.2 Solve the stochastic differential equation

dX; = (W; — 1)dt + W2 dW, X, =0.

Let Z; = fg Wsds denote the integrated Brownian motion process.

equation between 0 and ¢ yields

s t t
X, = /dXs:/(Ws—l)ds+/ W2 dw,
0 0 0

1 1 t
= Zy—t4+ W2 — WP -2
totE g m Wi Ty

1 1 t

- 7 v s R 2__.

t+3Wt 2Wt 2

Example 7.3.3 Solve the stochastic differential equation
dX, = t2dt + €*/? cos Wy AW, X, =0,
and find E[X:] and Var(Xy).

Integrating yields
t t
Xy = / 82d8+/ %/ cos Wy dW
0 0

43
= 3 + et/? sin W,

Integrating the

(7.3.7)

where we used (6.3.9). Even if the process X; is not Gaussian, we can still compute its

mean and variance. By Ito’s formula we have
1
d(sin W) = cos Wy dW; — 3 sin Wy dt

Integrating between 0 and ¢ yields

t 1 t
sinW; = / cos Wy dW, — 3 / sin W ds,
0 0

where we used that sin Wy = sin0 = 0. Taking the expectation in the previous relation

yields
t 1 t
Elsin W] :E[/ cos W, dWs} - 5/ Elsin W,] ds.
0 0

From the properties of the Ito integral, the first expectation on the right side is zero.

Denoting p(t) = Elsin W], we obtain the integral equation



149

Differentiating yields the differential equation

4 (t) =~ u(t)

with the solution p(t) = ke %/2. Since k = u(0) = E[sinWp] = 0, it follows that
p(t) = 0. Hence
E[sin W] = 0.
Taking expectation in (7.3.7) leads to
¢ ¢
E[X)] = E[g] + 2 Elsin W] = -

Since the variance of predictable functions is zero,

43
Var(Xy] = Var [§ + €'/ sin Wt} = (e"?)2V ar[sin W]
t
= el B[sin? W] = %(1 — Elcos 2W}]). (7.3.8)

In order to compute the last expectation we use Ito’s formula
d(cos2Wy) = —2sin 2W, dW,; — 2 cos 2W, dt

and integrate to get
t ¢
cos 2W; = cos 2Wy — 2/ sin 2Wy dW, — 2/ cos 2W ds
0 0
Taking the expectation and using that Ito integrals have zero expectation, yields
t
Elcos2Wy] =1 — 2/ E[cos 2W;] ds.
0

If we denote m(t) = E|cos 2W], the previous relation becomes an integral equation

t
m(t) =1-— 2/ m(s)ds.
0
Differentiate and get
m/(t) = —2m(t),
with the solution m(t) = ke~ 2!. Since k = m(0) = E[cos2Wy] = 1, we have m(t) =
e~2t. Substituting into (7.3.8) yields

t t o —t
Var[X,) = %(1 ey = E 26 — sinh .

In conclusion, the solution X; has the mean and the variance given by

t3
E[Xy] = 3 Var[X;] = sinht.
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Example 7.3.4 Solve the following stochastic differential equation
et?dx, = dt + " dwy, X, =0,
and find the distribution of the solution Xy and its mean and variance.

Dividing by e/2, integrating between 0 and ¢, and using formula (6.3.8) yields

t t
Xy = / e ds —l—/ e~/ 2HWs qw,
0 0

= 21 —e ) 42 1
14+ 6—t/2(eWt o 2)

Since e is a geometric Brownian motion, using Proposition 2.2.2 yields
E[X)] = E[l+e 2" —2)]=1-2e2 4 2E[e]"]
= 22712
Var(X,) = Var[l4+e /2" —2)] = Varle™#2e"t] = e 'Var[e™?]

= e (e —ef) =et 1.

The process X; has the following distribution:

Fly) = P(X;<y)=P(l+e (" -2)<y)
= P(W; Sln(2+et/2(y—1))> :P(% < itln(2+et/2(y 1)))

1 u
where N(u) = \/? / e~5°/2 ds is the distribution function of a standard normal
T J—c0

distributed random variable.
Example 7.3.5 Solve the stochastic differential equation
dX, = dt + t32W,e W) g, X, =1.

Integrating between 1 and ¢ and applying formula (6.3.10) yields

t t
X, = X;+ / ds + / sT3/2 W, =W/ (29) gy,
1 1
_ o mwze L e
1+t—1—¢ "1 t1/2€ t

= t— €_W12/2 - ﬂ%e_WtQ/(2t)7 Vt 2 1
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7.4 Exact Stochastic Equations

The stochastic differential equation

dXt = a(t, Wt)dt + b(t, Wt)th (749)
is called ezact if there is a differentiable function f(¢,x) such that
1
a(t,z) = 0O f(t,x)+ §8£f(t, x) (7.4.10)
b(t,x) = 0xf(t, z). (7.4.11)

Assume the equation is exact. Then substituting in (7.4.9) yields
aX, = (9L1(6,W) + %ag F(8, W) )t + 8, (1, W) AW,
Applying Ito’s formula, the previous equations becomes
dX; = d(f(t,Wy)),

which implies X; = f(¢t, W;) + ¢, with ¢ constant.

Solving the partial differential equations system (7.4.10)—(7.4.10) requires the fol-
lowing steps:

1. Integrating partially with respect to x in the second equation to obtain f(t,x)
up to an additive function 7'(t);

2. Substitute into the first equation and determine the function 7'(t);

3. The solution is Xy = f(t, W;) 4 ¢, with ¢ determined from the initial condition
on Xt.

Example 7.4.1 Solve the stochastic differential equation
dX; = et (1 4+ W2)dt + (1 + 2'W,)dW,,  Xo = 0.
In this case a(t,r) = /(1 + 2?) and b(t,z) = 1 + 2e'z. The associated system is
1
d(L+a%) = af(tx)+ 5001 (t)
1+2fz = 0,f(tx).
Integrate partially in x in the second equation yields
flt,z) = /(1 +2etz) dr = x + etz + T(t).
Then 0, f = ela? + T'(t) and 92 f = 2¢'. Substituting in the first equation yields
et(1+2?) =ela? + T'(t) + €.

This implies 77(t) = 0, or T = ¢ constant. Hence f(t,z) = x + etz + ¢, and X; =
ft, W) = Wy + W2 + c. Since Xo = 0, it follows that ¢ = 0. The solution is
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Example 7.4.2 Find the solution of
dXy = (2W} + 362(1 + Wy))dt + (32WE + 1)dW;, X = 0.

The coefficient functions are a(t,z) = 2tz + 3t2(1 + x) and b(t,z) = 3t?2%2 + 1. The
associated system is given by

otx® +3t2(1+2) = Of(t,x) + %aﬁf(t, )
322 +1 = 0.f(t,x).

Integrating partially in the second equation yields
fltz) = / (3222 + 1) dz = £22° + 2 + T(2).

Then 0, f = 2tx® + T'(t) and 02f = 6t%z, and substituting into the first equation we
get

1
2tz + 3t2(1 + ) = 2ta® + T'(t) + 56152:5.
After cancellations we get T'(t) = 3t2, so T'(t) = t3 + c¢. Then
ft,z) =22+ + 32 =22 + 1) + x4 c

The solution process is given by X; = f(t, W;) = t>(W2? + 1) + W; + ¢. Using Xg = 0
we get ¢ = 0. Hence the solution is X; = t2(W + 1) + W;.

The next result deals with a condition regarding the closeness of the stochastic
differential equation.

Theorem 7.4.1 If the stochastic differential equation (7.4.9) is exact, then the coeffi-
cient functions a(t,x) and b(t,z) satisfy the condition

1
Dpa = Opb + 589236. (7.4.12)

Proof: If the stochastic equation is exact, there is a function f(¢,z) satisfying the
system (7.4.10)—(7.4.10). Differentiating the first equation of the system with respect
to x yields

Opa = 0o f + %agax f.

Substituting b = 0, f yields the desired relation. [ |

Remark 7.4.2 The equation (7.4.12) has the meaning of a heat equation. The func-
tion b(t,x) represents the temperature measured at x at the instance t, while Oya is the
density of heat sources. The function a(t,x) can be regarded as the potential from which
the density of heat sources is derived by taking the gradient in x.
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It is worth noting that equation (7.4.12) is a just necessary condition for exactness.
This means that if this condition is not satisfied, then the equation is not exact. In
that case we need to try a different method to solve the equation.

Example 7.4.3 Is the stochastic differential equation
dX; = (14 W2)dt + (t* + W2)dW;
exact?

Collecting the coefficients, we have a(t,z) = 1 + 22, b(t,z) = t* + 2%. Since d,a = 2z,
Oyb = 43, and 92b = 2, the condition (7.4.12) is not satisfied, and hence the equation
is not exact.

7.5 Integration by Inspection

When solving a stochastic differential equation by inspection we look for opportunities
to apply the product or the quotient formulas:

[ (DY) = f(8) dYi + Y, df (1),

Xo N\ f()dX, — Xdf (t)
\55) =

For instance, if a stochastic differential equation can be written as

dX, = f'(t)Widt + f(t)dW,,

the product rule brings the equation into the exact form

ax; = d(f(t)W:),
which after integration leads to the solution

Xe=Xo+ f(H)W,.
Example 7.5.1 Solve

dX; = (t + W2)dt + 2tW,dW5, Xo=a.
We can write the equation as
dX; = Widt + t(2W;dW; + dt),
which can be contracted to
dX; = WEdt + td(W2).
Using the product rule we can bring it to the exact form
dX; = d(tW}),

with the solution X; = tW? + a.
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Example 7.5.2 Solve the stochastic differential equation
dXy = (Wy + 3t)dt + tdW;.
If we rewrite the equation as
dX, = 3t*dt + (Wdt + tdW,),

we note the exact expression formed by the last two terms Widt + tdW, = d(tW).
Then
dX; = d(t*) + d(tWy),

which is equivalent with d(X;) = d(t® + tW;). Hence X; = t3 +tW; + ¢, c € R.
Example 7.5.3 Solve the stochastic differential equation

e 2dX; = (14 2W2)dt 4 2W;dW;.
Multiply by e? to get

dX; = (1 + 2W2)dt + 2e* W dW.
After regrouping, this becomes

dX; = (22 dt)W2 + 2 (2W,dW; + dt).
Since d(e?) = 22t dt and d(W?) = 2W;dW; + dt, the previous relation becomes
dX; = d(e)W? + 2 d(W2).
By the product rule, the right side becomes exact
dXy = d(e*W}2),
and hence the solution is X; = e*W? + ¢, c € R.
Example 7.5.4 Solve the equation
t3dXy = (32X, + t)dt +t%dW,,  X; = 0.
The equation can be written as
X, — 3Xyt*dt = tdt + tdW,.

Divide by t5:

3dX; — Xpd(t3)
(t%)?

= ¢75dt + dW,.
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Applying the quotient rule yields
X, t—4
a(5) = —a(~) +aws.
3 g )T
Integrating between 1 and ¢, yields

X =
SE T T Wi Wit

SO

1
X, =t — 4—t+t3(Wt—Wl), ceR.

Using X7 = 0 yields ¢ = 1/4 and hence the solution is

_]‘ 3 1 3
Xt_z(t —¥>+t (W, — W), ceR.

Exercise 7.5.1 Solve the following stochastic differential equations by the inspection
method

(a) dXy= (1+Wy)dt+ (t +2W)dW;,  Xo = 0;
(b) t2dX; = (2t3 — Wy)dt + tdWy, X1 =0;

(c) e 2dX, = LWidt + dW, Xy = 0;

(d) dX; = 2tWdW; + Widt, Xy = 0;

(e) dX;= <1+2+/5Wt>dt+\/det, X, = 0.

7.6 Linear Stochastic Differential Equations
Consider the stochastic differential equation with drift term linear in X,
dX; = (a(t)Xe + B(t))dt + b(t, W) dWy, t>0.
This also can be written as
dX: — a(t) Xedt = (t)dt + b(t, Wy)dWr.

Let A(t) = fg’ a(s) ds. Multiplying by the integrating factor e=4(®) | the left side of the
previous equation becomes an exact expression

€7A(t) (dXt - Oé(t)Xﬂlt) - eiA(t),B(t)dt + eiA(t)b(tu Wt)th

d(e‘A(t)Xt> = e ADB(t)dt + e Db(t, W) dW.
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Integrating yields
t t
e Ay, = X0+/ e_A(S)ﬁ(s)ds—i-/ e Ab(s, W) dW,
0 0

t t
X, = Xged® -i-eA(t)(/ 6_‘4(5)5(5) d5+/ e_A(S)b(s,Ws)dWs>.
0 0

The first integral within the previous parentheses is a Riemann integral, and the latter
one is an Ito stochastic integral. Sometimes, in practical applications these integrals
can be computed explicitly.

When b(t, W) = b(t), the latter integral becomes a Wiener integral. In this case
the solution X; is Gaussian with mean and variance given by

t
ElX)] = XgeAl) 440 / e A B(s) ds
0
t
Var(X:] = eQA(t)/ e 240)p(5)2 ds.
0

Another important particular case is when «a(t) = a # 0, (t) = 8 are constants
and b(t, W;) = b(t). The equation in this case is

dXy = (aX; + B)dt + b(t)dW,,  t>0,

and the solution takes the form
_ at p at ! a(t—s)
X =Xoe®" +—(e*—=1)+ [ e b(s) dWs.
« 0

Example 7.6.1 Solve the linear stochastic differential equation
dX; = (2X; + 1)dt + e*dw;.

Write the equation as
dX; — 2X,dt = dt + e*'dW,

and multiply by the integrating factor e=% to get
a(e7X:) = e dt + aws.

Integrate between 0 and ¢ and multiply by e, and obtain

t t
Xy = X0€2t—|-€2t/ 6_2Sd5+€2t/ AW
0 0
1

= X + §(€2t —1) + W,



Example 7.6.2 Solve the linear stochastic differential equation
dX; = (2 — X3)dt + e ' Wi dW;.
Multiplying by the integrating factor e’ yields
et (dXy + Xdt) = 2etdt + Wy dW;.

Since e!(dX; + Xydt) = d(e' X;), integrating between 0 and ¢ we get

t t
e X, = X, —l—/ 2¢ dt +/ W dWs.
0 0

Dividing by e! and performing the integration yields
X, = Xpe 421 -+ %e*t(Wf —t).
Example 7.6.3 Solve the linear stochastic differential equation
dX; = (%Xt + 1)dt + ' cos Wy dW.
Write the equation as
dX; — %Xtdt = dt + ¢ cos W, dW,

and multiply by the integrating factor e */2 to get

d(e "2 X,) = e V2dt + €'/? cos W, dW.

Integrating yields
t t
e 2X, = X + / e /2 ds + / %2 cos Wy dW
0 0

Multiply by e'/? and use formula (6.3.9) to obtain the solution
X, = Xoe'/? + 2(et/2 —1) + e’ sin W;.
Exercise 7.6.1 Solve the following linear stochastic differential equations
(b) dX; = (3X; — 2)dt + 3dWy;
(C) dXt = (1 + Xt)dt + €tWtth;
(d) dX; = (4X; +t)dt + e**dWy;
(e) dX; = (t+ %Xt)dt + et sin W, dWy;
(f} dXt = —Xtdt + €_t th

157
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In the following we present an important example of stochastic differential equa-
tions, which can be solved by the method presented in this section.

Proposition 7.6.2 (The mean-reverting Ornstein-Uhlenbeck process) Letm and
a be two constants. Then the solution Xy of the stochastic equation

| dX, = (m — X;)dt + ad W} | (7.6.13)

s given by

t
X;=m+ (Xog—m)e " + a/ st dW. (7.6.14)
0

X is Gaussian with mean and variance given by

EXy] = m+(Xg—m)e"
Var(Xy) = %2(1 —e ),

Proof: Adding X;dt to both sides and multiplying by the integrating factor e! we get
d(e' X;) = me'dt + ael dWy,
which after integration yields
¢
e’ Xy = Xog+m(ef —1) + a/ e® dWs.
0
Hence
t
X, = Xoel4+m—et+ ae_t/ e® dW,
0
t
= m+ (Xg—m)e '+ a/ st dW.
0

Since X; is the sum between a predictable function and a Wiener integral, then we can
use Proposition 4.6.1 and it follows that X; is Gaussian, with

t
EX)] = m+(Xo—m)e "+ E[a/ et dWS] =m+ (Xg—m)e’
0
t t
VCL’I”(Xt) = Var {a/ esit dWsi| = a2€2t/ 628 ds
0 0
o e —1 1

= e T = 50&2(1 — 6_2t).
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The name mean-reverting comes from the fact that
lim E[X;] =m.
t—o0

The variance also tends to zero exponentially, tlim Var[X;] = 0. According to Propo-
— 00

sition 3.8.1, the process X; tends to m in the mean square sense.

Proposition 7.6.3 (The Brownian bridge) For a,b € R fized, the stochastic dif-
ferential equation

b— X
dXy = = ;ﬁ+dwg 0<t<1,Xo=a
has the solution
t
X, =a(l— ) +bt+(1— t)/ AW, 0< < (7.6.15)
0 — S

The solution has the property lim;_,1 Xy = b, almost certainly.

Proof: If we let Y; = b — X the equation becomes linear in Y;

ay; + 1 thdt = —dW;.

Multiplying by the integrating factor p(t) = ﬁ yields
Y, 1

d( )::————mv,

1—t 1—¢ !

Making ¢t = 0 yields ¢ =a — b, so

b— X, bl
—a—b— dWs.
1-¢ A s W

Solving for X; yields

t
1
‘&:aﬂ—ﬂ+$bﬂl—ﬂ/aTfﬂW;0§t<L
A
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Let Uy = (1 —1¢) fot 1= dW,. First we notice that

1

— S

ElUy] = (1—t)E[/01 dW,] =0,

Var(U;) = (1—t)2Var[/0 1i8dWS] :(1—t)2/0 ﬁds
1

= -0 (7= -1) =ta-0.
In order to show ac-lim;_,; X; = b, we need to prove

P(w;%i_r}ri Xi(w) =b) = 1.
Since Xy = a(1 —t) + bt + Uy, it suffices to show that

P(w;yﬂ U(w) =0) = 1. (7.6.16)
We evaluate the probability of the complementary event

P(w;%i_r}ri Up(w) # 0) = P(w; [Us(w)] > €, V1),

for some € > 0. Since by Markov’s inequality

- Var(Uy) _ t(1—1)

P(w; |Ui(w)| > €) > =

holds for any 0 <t < 1, choosing ¢t — 1 implies that
P(ws|U(w)] > €, Vt) = 0,

which implies (7.6.16). ]

The process (7.6.15) is called the Brownian bridge because it joins Xy = a with
X1 = b. Since X; is the sum between a deterministic linear function in ¢ and a Wiener
integral, it follows that it is a Gaussian process, with mean and variance

ElX)] = a(l—t)+0t
Var(Xy) = Var(Uy) =t(1 —1t).

It is worth noting that the variance is maximum at the midpoint ¢t = (b—a)/2 and zero
at the end points a and b.

Example 7.6.4 Find Cov(Xs, Xt), 0 < s <t for the following cases:
(a) X is a mean reverting Orstein- Uhlenbeck process;

(b) X; is a Brownian bridge process.
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Stochastic equations with respect to a Poisson process

Similar techniques can be applied in the case when the Brownian motion process W;
is replaced by a Poisson process N; with constant rate A. For instance, the stochastic
differential equation

dXt = 3Xtdt+€3tht
X, = 1

can be solved multiplying by the integrating factor e=3! to obtain
d(€_3tXt) = dNt

Integrating yields e 2! X; = N; +C. Making t = 0 yields C' = 1, so the solution is given
by Xt = 63t(1 + Nt)

The following equation
dXt = (’I?’L — Xt)dt + OédNt

is similar with the equation defining the mean-reverting Ornstein-Uhlenbeck process.
As we shall see, in this case, the process is no more mean-reverting. It reverts though
to a certain constant. A similar method yields the solution

t
X =m+ (Xg—m)e™t + ae_t/ e® dN;.
0
Since from Proposition 4.8.5 and Exercise 4.8.8 we have
t t
E[/ e*dN,| = )\/ efds = Al — 1)
0 0
t t A
Var(/ e*dN;) = )\/ e* ds = §(€2t - 1),
0 0

it follows that

E[Xy] = m+ Xg—m)e " +ar1l—e?)
Var(Xy) = %“2(1 —e ),

It is worth noting that in this case the process X; is no more Gaussian.

7.7 The Method of Variation of Parameters
Let’s start by considering the following stochastic equation

dXt = aXtth, (7717)
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with « constant. This is the equation which, in physics is known to model the linear
notse. Dividing by X; yields

dX,

— = adW;.

x,
Switch to the integral form

dX,

— = aw;

Xt /a t)

and integrate “blindly” to get In X; = aW; + ¢, with ¢ an integration constant. This
leads to the “pseudo-solution”
Xt = €aWt+c.
The nomination “pseudo” stands for the fact that X; does not satisfy the initial equa-
tion. We shall find a correct solution by letting the parameter ¢ be a function of ¢t. In
other words, we are looking for a solution of the following type:
X, = eWete® (7.7.18)

where the function c(t) is subject to be determined. Using Ito’s formula we get

dX; = d(eWtJrC(t)) = eO‘WtJrc(t)(c/(t) +a?/2)dt + ae®Wite® qw,
= Xy (d(t) + a?/2)dt + aX; dW;.

Substituting the last term from the initial equation (7.7.17) yields
dX; = X;((t) + o?/2)dt + d Xy,

which leads to the equation
d(t)+a?/2=0

with the solution c¢(t) = —%Qt + k. Substituting into (7.7.18) yields
2
Xt — eaWt—%t-i—k'

The value of the constant k is determined by taking ¢t = 0. This leads to Xy = €.
Hence we have obtained the solution of the equation (7.7.17)

2
Xy = Xoe?W Tt

Example 7.7.1 Use the method of variation of parameters to solve the equation

dXy = XeWi dWr.
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Dividing by X; and converting the differential equation into the equivalent integral

form, we get
1
—dXy = | WydW,.
/Xt t / t AWy

The right side is a well-known stochastic integral given by

W2 ot
/WtthZTt—§+c.

The left side will be integrated “blindly” according to the rules of elementary Calculus
1
—dX;=InX; +C.
/ Xt t n Ay +

Equating the last two relations and solving for X; we obtain the “pseudo-solution”
wZ

— o35 —35tc
Xi=e2 s

with ¢ constant. In order to get a correct solution, we let ¢ to depend on ¢t and W;. We
shall assume that c(t, W;) = a(t) + b(W;), so we are looking for a solution of the form

2
X, = eL‘;t *%+a(t)+b(Wt)‘
Applying Ito’s formula, we have

1 1
dXy = Xi[— o a(t) + 5(1 + 0" (Wh))] dt + Xy (W + b (W) dWs.

Subtracting the initial equation dX; = X;W;dW; yields
1
0 = Xt (a/(t) + §b/l(Wt))dt + th/(Wt)th.

This equation is satisfied if we are able to choose the functions a(t) and b(W;) such
that the coeflicients of dt and dW; vanish

1
b/(Wt) = 0, a/(t) + §b”(Wt) =0.

From the first equation b must be a constant. Substituting into the second equation
it follows that a is also a constant. It turns out that the aforementioned “pseudo-
solution” is in fact a solution. The constant ¢ = a + b is obtained letting ¢ = 0. Hence
the solution is given by

wi
2

[SIES

Xt = X0€

Example 7.7.2 Use the method of variation of parameters to solve the stochastic dif-
ferential equation
dXy = puXydt + o Xy dWy,

with @ and o constants.
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After dividing by X; we bring the equation into the equivalent integral form

dx
7: :/udt—l—/oth.

Integrate on the left “blindly” and get
In Xy = pt + Wi +c,
where c is an integration constant. We arrive at the following “pseudo-solution”

Xt — eutJraWt +c

Assume the constant c is replaced by a function ¢(t), so we are looking for a solution

of the form
X, = etttoWite®), (7.7.19)

Apply Ito’s formula and get

2
dX, = Xt(u+c/(t)+%)dt+oXtth.

Subtracting the initial equation yields

which is satisfied for ¢/ (t) = —%2, with the solution ¢(t) = —”—;t—i—k, k € R. Substituting
into (7.7.19) yields the solution

X, = eut—l—UWt—Tt-I—k _ e(u—T)t-I—cht—I—k _ Xoe(”_T)H—UWt.

7.8 Integrating Factors

The method of integrating factors can be applied to a class of stochastic differential
equations of the type
dXy = f(t, X¢)dt + g(t) XedWr, (7.8.20)

where f and g are continuous deterministic functions. The integrating factor is given
by
pr = e~ Jo 9(8) Wst5 [y g% (s) ds,

The equation can be brought into the following exact form

d(peXt) = pef(t, X¢)dt.
Substituting Y; = p; Xy, we obtain that Y; satisfies the deterministic differential equa-
tion

dYy = pif(t,Yi/pe)dt,
which can be solved by either integration or as an exact equation. We shall exemplify
the method of integrating factors with a few examples.
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Example 7.8.1 Solve the stochastic differential equation

dX; = rdt + a X dWs, (7821)
with r and o constants.
The integrating factor is given by p; = 30’ t—aWr, Using Ito’s formula, we can easily

check that
dp; = pi(a’dt — adWy).

Using dt? = dt dW; = 0, (dW;)? = dt we obtain
dXidp, = —a2thtdt.
Multiplying by p¢, the initial equation becomes
prd Xy — ap XedWy = rpdt,
and adding and subtracting o p; X;dt from the left side yields
ped Xy — ap X dWy + a2thtdt — aZthtdt = rpdt.
This can be written as
prd Xy + Xedpy + dprd Xy = rpydt,

which, with the virtue of the product rule, becomes

d(piXy) = rpedt.
Integrating yields .

pe Xt = poXo + 7“/0 ps ds

and hence the solution is

1 ro [t
Xt = —X(] + — / Ps ds
Pt Pt Jo

t
— XoeaWtéaQt_’_T/ 67%0[2(t78)+01(Wt7W5) ds.
0
Exercise 7.8.1 Let a be a constant. Solve the following stochastic differential equa-
tions by the method of integrating factors
(a) dXt = OéXtth;
(b) dXt = Xtdt + CMXtth;

1
(¢c) dX; = ydt + aX dWy, Xo > 0.
t
Exercise 7.8.2 Let X; be the solution of the stochastic equation dX; = o Xy dWy, with

o constant. Let Ay = %fg XsdWs be the stochastic average of X;. Find the stochastic
equation satisfied by Az, the mean and variance of Ag.
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7.9 Existence and Uniqueness

An exploding solution
Consider the non-linear stochastic differential equation

dX; = X}dt + X2 dW;,  Xo=1/a. (7.9.22)
We shall look for a solution of the type X; = f(W,). Ito’s formula yields
AX, = JWAW, + L (Wit
Equating the coefficients of dt and dW; in the last two equations yields
FW) = X7 = f'(Wh) = f(Wh)? (7.9.23)
S = X = W) = 27(W)? (79.24)

We note that equation (7.9.23) implies (7.9.24) by differentiation. So it suffices to solve
only the ordinary differential equation

fll@)=f@)?,  f0)=1/a.

Separating and integrating we have

[ e = [ 5= 110 =

Hence a solution of equation (7.9.22) is

1

a—1x

1
a — Wt '
Let T;, be the first time the Brownian motion W; hits a. Then the process X; is defined

only for 0 <t < T,. T is a random variable with P(T, < co) =1 and E[T,] = o0, see
section 3.3.

Xy =

The following theorem is the analog of Picard’s uniqueness result from ordinary
differential equations:

Theorem 7.9.1 (Existence and Uniqueness) Consider the stochastic differential
equation
dX; = b(t, X¢)dt + o(t, X¢)dWr, Xo=c
where ¢ is a constant and b and o are continuous functions on [0,T] x R satisfying
1. |b(t,2)| + |o(t,z) < C(1+|z]);  z € R,te0,T]
2. |b(t,x) = b(t,y)| + |o(t,x) —o(t,y)| < K|z —y|, x,y € R, t €[0,T)

with C, K positive constants. There there is a unique solution process X; that is con-

tinuous and satisfies
T
E[ / X2 dt} < .
0
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The first condition says that the drift and volatility increase no faster than a linear
function in x. The second conditions states that the functions are Lipschitz in the
second argument.

Example 7.9.1 Consider the stochastic differential equation

1
dX; = (w/1+Xt2+§Xt)dt+\/1+XtZth, Xo = wo.

(a) Solve the equation;

(b) Show that there a unique solution.
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Chapter 8

Applications of Brownian Motion

8.1 The Generator of an Ito Diffusion

Let (X¢)t>0 be a stochastic process with Xy = z. In this section we shall deal with
the operator associated with X;. This is an operator which describes infinitesimally
the rate of change of a function which depends smoothly on X;.

More precisely, the generator of the stochastic process X; is the second order partial
differential operator A defined by

Af (@) = lim E[f(Xt)t] — f(z)

)

for any smooth function (at least of class C?) with compact support f : R” — R. Here
E stands for the expectation operator taken at t = 0, i.e.,

E[f(Xy)] = - f@)pe(z,y) dy,

where py(z,y) is the transition density of X;.

In the following we shall find the generator associated with the Ito diffusion
dX; = b(Xy)dt + o(Xy)dW (), t>0,X9=ux, (8.1.1)

where W (t) = (Wi(t),..., Wn(t)) is an m-dimensional Brownian motion, b : R” — R"
and o : R™ — R™ "™ are measurable functions.

The main tool used in deriving the formula for the generator A is Ito’s formula in
several variables. If let F; = f(X;), then using Ito’s formula we have

)
dF, =) ag{ (X;)dX] + Xt dX}dx}, (8.1.2)

8
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where X; = (X}, -+, XJ) satisfies the Ito diffusion (8.1.1) on components, i.e.,

dX{ = bi(Xy)dt +[o(Xe) dW ()]s
= bi(Xp)dt+ ) oy dWi(t). (8.1.3)
k

Using the stochastic relations dt? = dtdW(t) = 0 and dW(t) dW,(t) = S.dt, a
computation provides

dXidX] = (bidt + Z oidek(t)) (bjdt + Z o—jdek(t))

_ (Zaldek )(Zaﬂdw )

= > oioye dWi(£)dW, (¢ Z oo dt
k,r

= (ooT);;dt.

Therefore ' '
dX}dX] = (oo") dt. (8.1.4)

Substitute (8.1.3) and (8.1.4) into (8.1.2) yields

0f
Z 8% 8% (X;) (oo ”+Zb X;) o (Xt)] dt

+Z

) AW (t).

Integrate and obtain

of
F = F0+/ Zaxﬁx] O-O-T)Z]—i_zbla—qu] (XS) ds

+Z/ Zazk X,) dWi(s).

Since Fy = f(Xo) = f(z) and E(f(x)) = f(x), applying the expectation operator in
the previous relation we obtain

t 2
/0 (% Z(UUT)“% + Z bi gji) (X,) ds] . (8.1.5)

27]

E(F) = f(z) + E
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Using the commutation between the operator E' and the integral fot yields

BUF) = 1) 15~ ry P06 | 5~ 01(@)

lim —————% = — i )
t{% t 2 " O0x;0x; F oxy

1,J

We conclude the previous computations with the following result.

Theorem 8.1.1 The generator of the Ito diffusion (8.1.1) is given by

1 0? 0
A== Ty . 1.
3 2.0 i gz, +zk: ko (8.1.6)

J

The matrix o is called dispersion and the product ool is called diffusion matrix.
These names are related with their physical significance Substituting (8.1.6) in (8.1.5)
we obtain the following formula

Bl = 1)+ B [ Af(x)as). (81.7)

for any f € C3(R™).

Exercise 8.1.2 Find the generator operator associated with the n-dimensional Brow-
nian motion.

Exercise 8.1.3 Find the Ito diffusion corresponding to the generator Af(x) = f"(z)+
f'(@).

Exercise 8.1.4 Let Ag = 1(02, + 2302,) be the Grushin’s operator.
(a) Find the diffusion process associated with the generator Ag.

(b) Find the diffusion and dispersion matrices and show that they are degenerate.

Exercise 8.1.5 Let X; and Y; be two one-dimensional independent Ito diffusions with
infinitesimal generators Ax and Ay . Let Zy = (X¢, Y:) with the infinitesimal generator
Agz. Show that Az = Ax + Ay.

Exercise 8.1.6 Let X; be an Ito diffusions with infinitesimal generator Ax. Consider
the process Yy = (t, X¢). Show that the infinitesimal generator of Yy is given by Ay =
O+ Ax.
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8.2 Dynkin’s Formula

Formula (8.1.7) holds under more general conditions, when ¢ is a stopping time. First
we need the following result, which deals with a continuity-type property in the upper
limit of a Ito integral.

Lemma 8.2.1 Let g be a bounded measurable function and 7 be a stopping time for
X with E[r] < co. Then

klirgoE[/OTAkg(Xs)dWs} - E[/OT g(XS)dWS]; (8.2.8)
kli_}n;oE[/Ong(Xs)ds} - E[/OT g(Xs)ds] (8.2.9)

Proof: Let |g| < K. Using the properties of Ito integrals, we have

T

K/ 2 dW, — / 9(Xy) dW) | = E[(/TAkg(XS)dWS)Q}

= E[/ g(Xs)dS}SKQE[T—T/\]{J]—}O, k — oo.

Nk

Since E[X?] < E[X]?, it follows that

E[/ ) dW, — / g(X,) dW, k = oo,
0

which is equivalent with relation (8.2.8).
The second relation can be proved similar and is left as an exercise for the reader.
|

Exercise 8.2.2 Assume the hypothesis of the previous lemma. Let 1,y be the char-
acteristic function of the interval (—oo, T)

L difu<T
Haary(u) = { 0, otherwise.

Show that
TNk k
(a) /0 9(X.) dW, = /0 1pyery 9(X2) WV,

TNk k
O [ o) = [ 1 a(xds
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Theorem 8.2.3 (Dynkin’s formula) Let f € C3(R"), and X; be an Ito diffusion
starting at x. If T is a stopping time with E[r] < oo, then

Elf(X7)] = f(z) + E[/0 Af(Xs)ds], (8.2.10)
where A is the infinitesimal generator of X;.

Proof: Replace t by k and f by 1,.-1f in (8.1.7) and obtain

k
Pl f (0] = 1o 0) + B[ [ AC1puen X0 ds],

which can be written as

k
B (i) = e f@)+ B[ [ 1pen9)ADX.) as)
kAT
= e @) + E[ A ds]. (8.2.11)
Since by Lemma 8.2.1 (b)
E[f(Xk/\T)] - E[f(XT)]7 k — o0
kAT
E[ A (X) s—>E/A k — oo,
0
using Exercise (8.2.2) relation (8.2.11) yields (8.2.10). |

Exercise 8.2.4 Write Dynkin’s formula for the case of a function f(t,X;). Use Ex-
ercise 8.1.6.

In the following sections we shall present a few important results of stochastic
calculus that can be obtained as direct consequences of Dynkin’s formula.

8.3 Kolmogorov’s Backward Equation

For any function f € CZ(R™) let v(t,z) = E[f(X})], given that Xo = x. As usual,
E denotes the expectation at time ¢t = 0. Then v(0,z) = f(z), and differentiating in

Dynkin’s formula (8.1.7)
t
oltoa) = fa)+ [ BlAT(X]ds

= EIAf(X)) = AE[f(X,)] = Av(t,2).

yields
v
ot

We arrived at the following result.
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Theorem 8.3.1 (Kolmogorov’s backward equation) For any f € C3(R") the func-
tion v(t,z) = E[f(X:)] satisfies the following Cauchy’s problem

ov
— = A t>0
It v, >

U(va) = f(x)a
where A denotes the generator of the Ito’s diffusion (8.1.1).

8.4 Exit Time from an Interval

Let Xy = x¢g + W; e a one-dimensional Brownian motion starting at xy. Consider the
exit time of the process X; from the strip (a,b)

7 =1inf{t > 0; X; & (a,b)}.

Assuming F[r] < 0, applying Dynkin’s formula yields

T1 d2
E[f(XT)} = f(zo) +E[/O S5 () ds). (8.4.12)
Choosing f(z) = x in (8.4.12) we obtain
E[X;] =z (8.4.13)

Exercise 8.4.1 Prove relation (8.4.13) using the Optional Stopping Theorem for the
martingale X;.

Let p, = P(X; = a) and p, = P(X,; = b) be the exit probabilities from the interval
(a,b). Obviously, p, + pp = 1, since the probability that the Brownian motion will stay
for ever inside the bounded interval is zero. Using the expectation definition, relation
(8.4.13) yields

apg + b(1 — pg) = .

Solving for p, and p, we get the following exit probabilities

h—
Pa = 0 (8.4.14)
b—a
Tog—a
= 1—p, = . 8.4.15
Po Pa b—a ( )

It is worth noting that if b — oo then p, — 1 and if ¢ = —oo then pp — 1. This can
be stated by saying that a Brownian motion starting at xg reaches any level (below or
above xg) with probability 1.

Next we shall compute the mean of the exit time, E[r]. Choosing f(z) = z? in
(8.4.12) yields
E[(X;)%] = 22 + E[r].
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Figure 8.1: The Brownian motion X; in the ball B(0, R).

From the definition of the mean and formulas (8.4.14)-(8.4.15) we obtain

b—xo To—a
E[r] = a2pa+62pb—xg:a2b_a —H)Zb—a —
_ 1 2 2 2
= b_a[ba ab” + xo(b a)(b—l—a)] xg
= —ab+xo(b+a) — 23
= (b—2x9)(xo — a). (8.4.16)

Exercise 8.4.2 (a) Show that the equation x> —(b—a)z+E[r] = 0 cannot have complex
T00tS;
(b—a)®

4 )
(¢) Find the point xo € (a,b) such that the expectation of the exit time, E[T], is mazi-
mum.

(b) Prove that E[r] <

8.5 Transience and Recurrence of Brownian Motion

We shall consider first the expectation of the exit time from a ball. Then we shall
extend it to an annulus and compute the transience probabilities.

1. Consider the process X; = a + W(t), where W (t) = (Wy(t),...,Wy(t)) is an n-
dimensional Brownian motion, and a = (a1, ...,a,) € R™ is a fixed vector, see Fig. 8.1.
Let R > 0 such that R > |a|]. Consider the exit time of the process X; from the ball
B(0,R)

T =inf{t > 0;|X:| > R}. (8.5.17)
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Assuming E[r] < oo and letting f(z) = |z|?> = 22 + - -+ + 22 in Dynkin’s formula

BIAC6) = 1@ + B[ [ 5Af(x) ds)

yields
R? = |af? +E[/ nds},
0

and hence
R2 _ ‘a|2

Bl ===

(8.5.18)
In particular, if the Brownian motion starts from the center, i.e. a = 0, the expectation

of the exit time is
R2

n

Elr]

(i) Since R?/2 > R?/3, the previous relation implies that it takes longer for a Brownian
motion to exit a disk of radius R rather than a ball of the same radius.

(74) The probability that a Brownian motion leaves the interval (—R, R) is twice the
probability that a 2-dimensional Brownian motion exits the disk B(0, R).

Exercise 8.5.1 Prove that E[T] < oo, where T is given by (8.5.17).

Exercise 8.5.2 Apply the Optional Stopping Theorem for the martingale Wy = W2 —t
to show that E[r] = R%, where

T =inf{t > 0; |W;| > R}

is the first exit time of the Brownian motion from (—R, R).

2. Let b € R™ such that b ¢ B(0, R), i.e. |b| > R, and consider the annulus
A ={z; R < |z| < kR}
where k£ > 0 such that b € A. Consider the process X; = b+ W(¢) and let
T, = inf{t > 0; Xy ¢ Ax}
be the first exit time of X; from the annulus Ay. Let f: Ay — R be defined by

—Inlz|, ifn=2
-]

x

A straightforward computation shows that A f = 0. Substituting into Dynkin’s formula

BlHC6)] = 10+ B[ [ (3a5) () as]
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yields
E[f(X5)] = f(b). (8.5.19)

This can be stated by saying that the value of f at a point b in the annulus is equal to
the expected value of f at the first exit time of a Brownian motion starting at b.
Since | X7, | is a random variable with two outcomes, we have

E[f(X:)] = puf(R) + ar.f(kR),

where p, = P(|X5,| = R), qx = P(|Xx,,|) = kR and pj + g5 = 1. Substituting in
(8.5.19) yields
pef(R) + quf(KR) = f(b). (8.5.20)

There are the following two distinguished cases:

(i) If n = 2 we obtain
—prInR— gy(Ink +InR) = —Inb.

Using pr = 1 — g, solving for p; yields

ln(%)
Ink -~

pr=1-

Hence
P(1 < o00) = lim pg =1,
k—o0

where 7 = inf{t > 0;|X;| < R} is the first time X; hits the ball B(0,R). Hence in
R? a Brownian motion hits with probability 1 any ball. This is stated equivalently by
saying that the Brownian motion is recurrent in R2.

(79) If n > 2 the equation (8.5.20) becomes

Pk a1
Rn—2 + kn—2Rn—-2 "~ pn-2"
Taking the limit £ — oo yields
R\n—2
lim py, = (+) 1.
e S

Then in R™, n > 2, a Brownian motion starting outside of a ball hits it with a probability
less than 1. This is usually stated by saying that the Brownian motion is transient.

3. We shall recover the previous results using the n-dimensional Bessel process

Ry = dist(0,W(t)) = VWi(t)2+ - + W, ()2

Consider the process Y; = a + R, with 0 < a < R. The generator of Y; is the Bessel

operator of order n
A d? L n-1d
 2da? 2x dx’
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Figure 8.2: The Brownian motion X; in the annulus A, gr.

see section 2.7. Consider the exit time
T={t>0;Y; > R}.

Applying Dynkin’s formula
BLAOR] = 500 + B[ [ (A

for f(x) = 2? yields R* = o* 4+ E[ [ nds]. This leads to

R2 A2
Blr] =1 —%
n
which recovers (8.5.18) with a = |al.

In the following assume n > 3 and consider the annulus
Argp={x e R";r <|z| < R}.

Consider the stopping time 7 = inf{t > 0; X; ¢ A, g} = inf{t > 0;Y; ¢ (r, R)}, where
|Yo| = a € (r, R). Applying Dynkin’s formula for f(z) = 2" yields E[f(YT] = f(a).
This can be written as

prr2—n _|_pRR2—n — a?—n’

where
pT:P(|Xt‘:T)7 pR:P(|Xt|:R)7 pT+pR:1

Solving for p, and p, yields
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, o~ @Tor (@)
G e S CY B

The transience probability is obtained by taking the limit to infinity

) ) Q2 "RP2 7\ n—2

pe = Jim prn= Jim o= ()"

where p, is the probability that a Brownian motion starting outside the ball of radius
r will hit the ball, see Fig. 8.2.

(%

Exercise 8.5.3 Solve the equation %f”(m) + ”Q—jf’(m) = 0 by looking for a solution of
k

monomial type f(x) = x*.

8.6 Application to Parabolic Equations

This section deals with solving first and second order parabolic equations using the
integral of the cost function along a certain characteristic solution. The first order
equations are related to predictable characteristic curves, while the second order equa-
tions depend on stochastic characteristic curves.

1. Predictable characteristics Let ¢(s) be the solution of the following one-dimensional
ODE

d);'is) = a(s,X(s)), t<s<T
X(t) = =,

and define the cumulative cost between ¢ and T' along the solution ¢

T
u(t, x) :/t c(s,¢(s)) ds, (8.6.21)

where ¢ denotes a continuous cost function. Differentiate both sides with respect to ¢

gu(t o(t) = 2/Tc(s ©(s)) ds
ot ot J, ’
Ou+ Ozu'(t) = —c(t, go(t)).
Hence (8.6.21) is a solution of the following final value problem
Ou(t,z) + a(t,x)oyu(t,z) = —c(t,x)
u(T,z) = 0.

It is worth mentioning that this is a variant of the method of characteristics.! The
curve given by the solution ¢(s) is called a characteristic curve.

1This is a well known method of solving linear partial differential equations.
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Exercise 8.6.1 Using the previous method solve the following final boundary problems:
(a)
ou+xdyu = —x
uw(T,z) = 0.

Owu+txd,u = Inzx, x>0
u(T,x) 0.

2. Stochastic characteristics Consider the diffusion

dXs = a(s,Xs)ds+ b(s, Xs)dWs, t<s<T
Xt = =,

and define the stochastic cumulative cost function
T
u(t, Xy) = / c(s, Xs) ds, (8.6.22)
t

with the conditional expectation

ult, ) E[u(t, X)|X; = x]
T
= E[/ c(s, Xs)ds| Xy = l‘]
t
Taking increments in both sides of (8.6.22) yields

T
du(t, X;) = d/ c(s, Xs)ds.
t

Applying Ito’s formula on one side and the Fundamental Theorem of Calculus on the
other, we obtain

1
Opu(t, z)dt + Opu(t, X¢)d Xy + 5agu(t,t,xt)dxf = —c(t, X;)dt.
Taking the expectation E-|X; = x| on both sides yields
1
Opu(t, x)dt + Oyu(t, z)a(t, z)dt + §8§u(t, )b (t,x)dt = —c(t, x)dt.

Hence, the expected cost

u(t,x) = E{/tT c(s, Xs)ds| Xy =z
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is a solution of the following second order parabolic equation

1
Ou + a(t,x)0yu + §b2(t, ) Pu(t,z) = —c(t,z)
u(T,z) = 0.
This represents the probabilistic interpretation of the solution of a parabolic equation.

Exercise 8.6.2 Solve the following final boundary problems:

(a)

1
Oru + Opu + §a§u = —x
u(T,z) = 0.
(0)
1 2 T
owu + Opu + §8xu = €7,
u(T,z) = 0.
(c)
1
Oru + pxdyu + 502:1:28£u = -z,

u(T,z) = 0.
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Chapter 9

Martingales and Girsanov’s
Theorem

9.1 Examples of Martingales

In this section we shall use the knowledge acquired in previous chapters to present a
few important examples of martingales. These will be useful in the proof of Girsanov’s
theorem in the next section.
We start by recalling that a process X;, 0 <t < T is an F-martingale if

1. E[|X|] < oo (X} integrable for each t);

2. X; is Fi-predictable;

3. the forecast of future values is the last observation: E[X;|Fs] = X, Vs < t.

We shall present three important examples of martingales and some of their particular
cases.

Example 9.1.1 If v(s) is a continuous function on [0,T], then

¢
Xt:/ v(s) dWs
0

1s an Fi-martingale.

Taking out the predictable part

E[X\|F) = E[/OSv(T)dWT-i-/:U(T)dWT

7|

t
_ XS+E[/ o(r)dW,|F] = X,,

183
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where we used that fst v(T) dW; is independent of F; and the conditional expectation
equals the usual expectation

E[/StU(T)dWT ]:S] IE[/:U(T)CZWT] —0.

t
Example 9.1.2 Let X; = / v(s) dWy be a process as in Example 9.1.1. Then
0

¢
M; = X? — / v?(s) ds
0

is an Fi-martingale.
The process X; satisfies the stochastic equation dX; = v(t)dW;. By Ito’s formula
d(X}) = 2X:dX; + (dX;)* = 20(t) X dW; + v2(t)dt. (9.1.1)
Integrating between s and t yields
t t
X2 -X2= 2/ X,o(r) dW; —I—/ v (7) dr.
S S
Then separating the predictable from the unpredictable we have
¢
E[M|F)] = E[Xf — / v*(7) dT\fs]
0
t s
= E[Xf - X2 - / v (T)dr + X2 — / v?(T) dT‘fs]
0
s ’ t
- x2- / vX(r)dr + B|X? - X2 - / v(r) dr| F,]
0 s
¢
— M, +2E[/ X, 0(7) dWT|]-'S] — M,
S

t
where we used relation (9.1.1) and that / X v(r)dW; is totally unpredictable given
the information set F5. In the following we shall mention a few particular cases.

1. If v(s) = 1, then Xy = W;. In this case M; = W7? —t is an F;-martingale.
2. If v(s) = s, then X; = fg s dWs, and hence

M, = (/Otsdws)Z—g

is an JFy-martingale.



Example 9.1.3 Let u: [0,7] — R be a continuous function. Then

M, = ef(f u(s) dWs—3 qu(s) ds

is an Fy-martingale for 0 <t < T.

t 1 t
Consider the process U; = / u(s) dWs — B / u*(s) ds. Then
0 0

(dU)? = wu(t)dt.

Then Ito’s formula yields
1
th = d(eUt) = €Utht + §€Ut (dUt)Z

1 1
_ U _ 19 19
= e (u(t)dwt 5U (t)dt + 5 U (t)dt)

Integrating between s and ¢ yields

t
Since / u(T)M, dW, is independent of Fj, then

E[/:u(T)MT dWT|fs} - E[/:u(T)MT dw,] =0,

and hence

t
E[M,|F,] = E[M, + / w(r)M, dW,|Fy] = M,

185

Remark 9.1.4 The condition that u(s) is continuous on [0,T] can be relaxed by asking

only

t
u € L?[0,T]) = {u: [0,T] — R; measurable and / lu(s)|* ds < 0o}
0

It is worth noting that the conclusion still holds if the function u(s) is replaced by a

stochastic process u(t,w) satisfying Novikov’s condition

E[e%fOTuQ(s,w)ds] < 00.
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The previous process has a distinguished importance in the theory of martingales and
it will be useful when proving the Girsanov theorem.

Definition 9.1.5 Let u € L?[0,T] be a deterministic function. Then the stochastic

process
M, = efg u(s) dWS—%fg u?(s)ds

1s called the exponential process induced by u.

Particular cases of exponential processes.

o2
1. Let u(s) = o, constant, then My = ¢Vt~ 2! is an Fi-martingale.
2. Let u(s) = s. Integrating in d(tW;) = tdW; — W,dt yields

t t
/deSZtWt—/ Wy ds.
0 0

Let Z, = fg W ds be the integrated Brownian motion. Then
M, = oo ddWs—3 [5 5% ds

W57

is an Fy-martingale.

Example 9.1.6 Let X; be a solution of dX; = u(t)dt + dWy, with u(s) a bounded
function. Consider the exponential process

M, = ¢ Jo uls) dWs—3 [g u?(s)ds. (9.1.2)
Then Yy = M Xy is an Fi-martingale.
In Example 9.1.3 we obtained dM; = —u(t)MdW;. Then
dM; dXy = —u(t)M,dt.
The product rule yields

dYy = MdX; + XedMy + dM d X,
= M; (u(t)dt + th) — Xtu(t)Mtth — U(t)Mtdt
= Mt (1 - u(t)Xt)th

Integrating between s and t yields

t
Y=Y, + / MT(l — ’LL(T)XT)dWT.
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Since [! M, (1 — u(7)X,)dW, is independent of F;,

E[/t M, (1- u(T)XT)dWT\}"S] - E[/t M.(1- u(T)XT)dWT} —0,

and hence
ED/tLFs] = Y;

Exercise 9.1.7 Prove that (W; + t)e*Wt*%t is an Fy-martingale.

Exercise 9.1.8 Let h be a continuous function. Using the properties of the Wiener
integral and log-normal random variables, show that

E[efgh(s)dws] — o3 Joh(s)?ds

Exercise 9.1.9 Let M, be the exponential process (9.1.2). Use the previous exercise
to show that for any t > 0

(a) E[M;] = 1 (b) E[M2] = efo u()*ds,

Exercise 9.1.10 Let F; = o{W,;u < t}. Show that the following processes are Fi-
martingales:

(a) €2 cos W;
b) et/ sin W,.
(

Recall that the Laplacian of a twice differentiable function f is defined by Af(x) =
> 102

Example 9.1.11 Consider the smooth function f :R"™ — R, such that
(i) Af =0;
(ii) E[|f(Wy)|] < oo, V& >0 and = € R.

Then the process Xy = f(Wh) is an Fy-martingale.

Proof: It follows from the more general Example 9.1.13.

Exercise 9.1.12 Let Wi(t) and Wa(t) be two independent Brownian motions. Show
that X, = e (®) cos Wy(t) is a martingale.

Example 9.1.13 Let f : R® — R be a smooth function such that
(@) E[|f(W)]] < oo;
(i4) E[fot \Af(ws)\ds} < .

Then the process Xy = f(W;) — 5 fot Af(Ws)ds is a martingale.
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Proof: For 0 < s <t we have
E[X/F] = E[f(W)|F] / AF(W, du\]—"}

— B[fW)IR] - /Af au- [ B[yarw)iE] w1

Let p(t,y,x) be the probability density function of W;. Integrating by parts and using
that p satisfies the Kolmogorov’s backward equation, we have

E %Af(wu”}—s] = = /p( — 5, Ws,z) Af(z /A:vp —5,Ws, ) f(z) dv

= /a_p s,Ws,x)f(x) dx.

Then, using the Fundamental Theorem of Calculus, we obtain

/: [ATOR)IE] du /St (%/p(U—S,Ws,x)f(x)dx> du

= [ b= s We) @y do— tiy [ ple.Weo)f (@) do

— E[WIR] - [ 8= W) ds
= E[f(W)IF] = f(W).

Substituting in (9.1.3) yields

E[X|F] = E[f(W)F)] ——/ AF(Wo) du — E[f(W))|F.] + F(W,)(9.1.4)
O /O AF(W,) du (9.1.5)

- X.. (9.1.6)

Hence X, is an F;-martingale. [ ]

Exercise 9.1.14 Use the Example 9.1.13 to show that the following processes are mar-
tingales:

(a) Xi = Wt2 -t

(b) — 3 [y Weds;
n i - .
(C) Xt:ﬁ —%fo Wsn 2d8,
(d) Xy = eVt — 1¢2 g Ws ds, with ¢ constant;
(e) Xy = sin(cW;) + 32 fo sin(cWs) ds, with ¢ constant.
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Exercise 9.1.15 Let f : R®™ — R be a function such that
(i) B[If (W] < oo
(ii) Af = Af, X constant.
Show that the process Xy = f(Wy) — %fot f(Wy)ds is a martingale.

9.2 Girsanov’s Theorem

In this section we shall present and prove a particular version of Girsanov’s theorem,
which will suffice for the purpose of later applications. The application of Girsanov’s
theorem to finance is to show that in the study of security markets the differences
between the mean rates of return can be removed.

We shall recall first a few basic notions. Let (€2, F, P) be a probability space. When
dealing with an F;-martingale on the aforementioned probability space, the filtration
Fi is considered to be the sigma-algebra generated by the given Brownian motion Wy,
ie. Fy = o{W,;0 <wu < s}. By default, a martingale is considered with respect to the
probability measure P, in the sense that the expectations involve an integration with

respect to P
- / X (w)dP(w)
Q

We have not used the upper script until now since there was no doubt which probability
measure was used. In this section we shall use also another probability measure given
by

dQ = MrdP,

where M7 is an exponential process. This means that @ : F — R is given by

Q(A) = / dQ = / MrdP, VA e F.
A A
Since Mr > 0, My = 1, using the martingale property of M; yields
Q(A) > 0, A# O,

Q) = /QMTdP = EP|Mr] = EP[Mp|Fy| = My = 1,

which shows that @ is a probability on F, and hence (£, F, Q) becomes a probability
space. The following transformation of expectation from the probability measure @) to
P will be useful in part II. If X is a random variable

mm]:/x ) dQ(w /X )My (w) dP(w)
= EP[XMy).

The following result will play a central role in proving Girsanov’s theorem:
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Lemma 9.2.1 Let X; be the Ito process
dX; = u(t)dt + dWy, Xo=0,0<t<T,
with u(s) a bounded function. Consider the exponential process
M, = ¢ Jo u(s) dWs—3 Jg w?(s) ds
Then X; ts an Fi-martingale with respect to the measure
dQ(w) = Mrp(w)dP(w).

Proof: We need to prove that X; is an JFi-martingale with respect to @, so it suffices
to show the following three properties:

1. Integrability of X;. This part usually follows from standard manipulations of norms
estimations. We shall do it here in detail, but we shall omit it in other proofs. Inte-
grating in the equation of X; between 0 and ¢ yields

t
X = / u(s) ds + Wr. (9.2.7)
0
We start with an estimation of the expectation with respect to P
t 2 t
EPIX}] = EF [(/ u(s) ds) + 2/ u(s) ds Wy + W2
0 0
t 2 t
- ( / u(s)ds)” 42 / u(s) ds EF[W,] + EP[W?]
0 0
t 2
- (/ u(s)ds) Yt<oo, NO<t<T
0
where the last inequality follows from the norm estimation

¢ t ¢ 1/2
/O u(s) ds /0 lu(s)| ds < [t/o |u(8)|2d5]

T 1/2
0] R as] = T g,

IN

IA

Next we obtain an estimation with respect to )

2
EQX,2 = (/Q\Xt\MTdP> </Q\Xt\2dP/QM%dP

= E"[X}?]| E"[Mf] < oo,

2
since EP[X2] < 0o and EP[M2] = elo w7’ ds = ¢Ili201) e Exercise 9.1.9.
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2. Fy-predictability of X;. This follows from equation (9.2.7) and the fact that W, is
Fi-predictable.

3. Conditional expectation of Xy. From Examples 9.1.3 and 9.1.6 recall that for any
0<t<T

M, is an F;-martingale with respect to probability measure P;

XM, is an Fi-martingale with respect to probability measure P.

We need to verify that
EC[X,|F,] = X4, Vs < t.

which can be written as
/XtdQ:/XSdQ, VA € F;.
A A

Since d@Q = MrpdP, the previous relation becomes
/ X¢MpdP = / X Mr dP, VA e Fs.
A A

This can be written in terms of conditional expectation as
EP[X,Mrp|F,) = EY[X,Mg|Fy]. (9.2.8)

We shall prove this identity by showing that both terms are equal to X;M;. Since X,
is Fs-predictable and M, is a martingale, the right side term becomes

EP[X,Mrp|F,) = X,EP[Mrp|F,| = X, M,, Vs < T.

Let s < t. Using the tower property (see Proposition 1.11.4, part 3), the left side term
becomes

EP[X,Mr|F) = EP[EY[XM7|F)|Fs] = EX [ X,E [My|F]|F]
= EV[X;Mi|F] = X, M,
where we used that M; and X;M; are martingales and X; is F;-predictable. Hence

(9.2.8) holds and X; is an Fi-martingale with respect to the probability measure Q.
|

Lemma 9.2.2 Consider the process
t
Xt:/u(s)ds—l—Wt, 0<t<T,
0

with u € L?[0,T] a deterministic function, and let dQ = MpdP. Then

EC[XY =t
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Proof: Denote U(t) = fg u(s)ds. Then

EC[X}?] = EP[XPMyp) = EP[UP(t) My + 2U ()W, My + W} My)
= U?(t)EP[My) 42U (t)EY [W; My] + EP[W2My]. (9.2.9)

From Exercise 9.1.9 (a) we have EX[Mr] = 1. In order to compute EX[W;Mr] we use
the tower property and the martingale property of M;

EP(W,Mr] = E[EF[W,Mr|F]] = E[W.EF [Mr|F]]
= E[W,M,]. (9.2.10)

Using the product rule

dW,M;) = M, dW, + WidM, + dW,dM,
= (Mt - U(t)MtWt)th - U(t)Mtdt,

where we used dM; = —u(t) MydW;. Integrating between 0 and ¢ yields
WiM; = /Ot (MS - u(s)MSWS)dWS - /Otu(s)MS ds.
Taking the expectation and using the property of Ito integrals we have
E[W,M,] = — /0 " w($)E(M.] ds = — /O “u(s)ds = U (1), (9.2.11)

Substituting into (9.2.10) yields
EP[W,Mr) = -U(1). (9.2.12)
For computing E[W2Mr] we proceed in a similar way
EPW{Mz] = B[ET|W}Mr|F]| = EIW}E"[Mr|F)]
= FE[W?M,). (9.2.13)
Using the product rule yields

AWMy = M d(W2) + W2dM, + d(W2)dM,
= M,(2W, dW, + dt) — W (u(t) My dWy)
—(2WdW; + dt) (u(t) M dW)
= MW;(2 — u(t)Wy)dW; + (M — 2u(t)W, My)dt.

Integrate between 0 and ¢

W2M, = /t[MsWS (2 — u(s)W)] dWs + /t (Mg — 2u(s)Ws M) ds,
0 0
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and take the expected value to get

E[W2M;) = /0 (E[M,) — 2u(s)E[WM,)) ds

t
= /0 (1+2u(s)U(s)) ds

= t+U(t),
where we used (9.2.11). Substituting into (9.2.13) yields
EP[W2Myp) =t +U%(1). (9.2.14)
Substituting (9.2.12) and (9.2.14) into relation (9.2.9) yields
ECIXY = U*t)-20@)*+t+U?(t) =t, (9.2.15)
which ends the proof of the lemma. |

Now we are prepared to prove one of the most important results of stochastic
calculus.

Theorem 9.2.3 (Girsanov Theorem) Let u € L%[0,T] be a deterministic function.
Then the process

t
Xt:/u(s)ds—l—Wt, 0<t<T
0
is a Brownian motion with respect to the probability measure () given by
dQ = e~ fOT u(s) dst% fOT u(s)? deP.

Proof: In order to prove that X; is a Brownian motion on the probability space
(Q,F,Q) we shall apply Lévy’s characterization theorem, see Theorem 2.1.5. Hence it
suffices to show that X; is a Wiener process. Lemma 9.2.1 implies that the process X3
satisfies the following properties:

1. X() = O;

2. X; is continuous in t;

3. X; is a square integrable F;-martingale on the space (Q, F, Q).
The only property we still need to show is

4. E9[(X; — X,)?] =t — s, s < t.
Using Lemma 9.2.2, the martingale property of W4, the additivity and the tower prop-
erty of expectations, we have

E9((X, - X.)?] = E%[X7) —2EQ[XtX]+EQ[X§]
= t—2E9[X,X,]+
= t—2E9[EQ[X, X, |]-']] s
= t—2E9[X EQ[Xt|J-']] + s
= t—2E9[X% +

= t—28—|—s:t—s,
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which proves relation 4. [ |

Choosing u(s) = A, constant, we obtain the following consequence that will be
useful later in finance applications.

Corollary 9.2.4 Let W; be a Brownian motion on the probability space (2, F,P).

Then the process
X = M+ W, 0<t<T

is a Brownian motion on the probability space (Q, F,Q), where

dQ = e 2N T2Vt gp
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Chapter 10

Modeling Stochastic Rates

Elementary Calculus provides powerful methods of modeling phenomena from the real
world. However, the real world is imperfect, and in order to study it, one needs to
employ methods of Stochastic Calculus.

10.1 An Introductory Problem

The model in an ideal world
Consider the amount of money M (t) at time ¢ invested in a bank account that pays
interest at a constant rate r. The differential equation which models this problem is

[ dM(t) = rM(t)dt. | (10.1.1)

Given the initial investment M (0) = M, the account balance at time ¢ is given by the
solution of the equation, M(t) = Mpe™.

The model in the real world

In the real world the interest rate r is not constant. It may be assumed constant only
for a very small amount of time, such as one day or one week. The interest rate changes
unpredictably in time, which means that it is a stochastic process. This can be modeled
in several different ways. For instance, we may assume that the interest rate at time ¢
is given by the continuous stochastic process ry = r + oW}, where ¢ > 0 is a constant
that controls the volatility of the rate, and W; is a Brownian motion process. The
process 1, represents a diffusion that starts at 79 = r, with constant mean E[ry] = r
and variance proportional with the time elapsed, Var[r;] = o?t. With this change in
the model, the account balance at time ¢ becomes a stochastic process M; that satisfies
the stochastic equation

[dM, = (r + oW, Mdt,  t> 0. (10.1.2)

197
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Solving the equation

In order to solve this equation, we write it as dM; — r,M;dt = 0 and multiply by the
t

integrating factor e~ Jorsds We can check that

d<€— firs ds) — e s ds .. dt
aMyd(e=for) = o,
since dt? = dtdW; = 0. Using the product rule, the equation becomes exact
a(age= o) —o.
Integrating yields the solution

M, = Moefg rsds _ Moefg(r-i-crws)ds

rt+oZ
M0€ t,

where Z; = fot Wsds is the integrated Brownian motion process. Since the moment

generating function of Z; is m(c) = E[e7%t] = ¢°t*/6 (sce Exercise 2.3.4), we obtain
E[eaWS] — ecr2t3/6,
Var[e®™s] = m(20) —m(o) = e”2t3/3(e"2t3/3 —1).

Then the mean and variance of the solution M, = Mye""+7%t are

E[Mt] _ MoertE[eaZt] _ M0€Tt+a2t3/6;

VarlM;] = MgeZTtVar[eUZt] = Mglet+02t3/3(€UQt3/3 —1).

Conclusion
We shall make a few interesting remarks. If M (¢) and M, represent the balance at time
t in the ideal and real worlds, respectively, then

E[Mt] — Moert652t3/6 > Moert _ M(t)

This means that we expect to have more money in the account of an ideal world rather
than in the real world account. Similarly, a bank can expect to make more money when
lending at a stochastic interest rate than at a constant interest rate. This inequality
is due to the convexity of the exponential function. If X; = rt + 0Z;, then Jensen’s
inequality yields

EleXt] > PlXd = et
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10.2 Langevin’s Equation

We shall consider another stochastic extension of the equation (10.1.1). We shall al-
low for continuously random deposits and withdrawals which can be modeled by an
unpredictable term, given by adW;, with « constant. The obtained equation

dM; = rMydt + adW;, t>0] (10.2.3)

is called Langevin’s equation.

Solving the equation
We shall solve it as a linear stochastic equation. Multiplying by the integrating factor
e "t yields

d(e” "' M) = ae " dW;.

Integrating we obtain

t
e "M, = My + o / e " dW.
0

Hence the solution is

t
M, = Mye™ + a / et A, (10.2.4)
0

This is called the Ornstein- Uhlenbeck process. Since the last term is a Wiener integral,
by Proposition (7.3.1) we have that M; is Gaussian with the mean

t
E[M;] = Mye™ + Ela / "9 qW,] = Mye™
0

and variance

a2

¢
VaT[Mt] = Varr [Oé/ er(t—s) dWS] — 2_r(62Tt _ 1)
0
It is worth noting that the expected balance is equal to the ideal world balance Mye.

The variance for ¢ small is approximately equal to a?t, which is the variance of aW;.

If the constant « is replaced by an unpredictable function a(t, W}), the equation
becomes

th = ’I”Mtdt + Cl(t, Wt)th, t Z 0.

Using a similar argument we arrive at the following solution:

t
Mt:Moe”Jr/ e =) o(t, Wy) dW. (10.2.5)
0

This process is not Gaussian. Its mean and variance are given by
E[M;] = Mpe™

t
Var[M;) = / e (=) Ela® (¢, W,)] ds.
0
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In the particular case when «(t, W;) = eﬁWt, using Application 6.3.9 with A =
V2r, we can work out for (10.2.5) an explicit form of the solution

t
M, = Moe”—i-/ eT(tfs)e@WtdWs
0

t
= Mo + e / e eV W Ay,
0

1
— MoeTt 4 ert (e—TS-f—\/%Wi _ 1)
V2r

1
= Mye" + — (eﬁWi —e).
Vo

The previous model for the interest rate is not a realistic one because it allows for
negative rates. The Brownian motion hits —r after a finite time with probability 1.
However, it might be a good stochastic model for something such as the evolution of
population, since in this case the rate can be negative.

10.3 Equilibrium Models

Let r; denote the spot rate at time ¢. This is the rate at which one can invest for
the shortest period of time.! For the sake of simplicity, we assume the interest rate 7
satisfies an equation with one source of uncertainty

| dry = m(r))dt + o (r)dW, | (10.3.6)

The drift rate and volatility of the spot rate r; do not depend explicitly on the time
t. There are several classical choices for m(ry) and o(ry) that will be discussed in the
following sections.

10.3.1 The Rendleman and Bartter Model

The model introduced in 1986 by Rendleman and Bartter [14] assumes that the short-
time rate satisfies the process

dry = prydt + orydWy. ‘

The growth rate p and the volatility o are considered constants. This equation has
been solved in Example 7.7.2 and its solution is given by

2
o
e = roet T IHoWs

'The longer the investment period, the larger the rate. The instantaneous rate or spot rate is the
rate at which one can invest for a short period of time, such as one day or one second.
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Figure 10.1: A simulation of dry = a(b — r¢)dt + odWy, with ro = 1.25, a = 3, 0 = 1%,
b=1.2.

The distribution of 7 is log-normal. Using Example 7.2.1, the mean and variance
become

02 02
E[r] = Toe(“_T)tE[eUWt] _ Toe(M—T)techt/Q _ Toe,ﬁ,'

_ 2 2(u7£)t oWy .2 Z(ufﬁ)t oty ot
Varlry] = rge 2" Var[e? "] = rie 2 /%% (e 1)

= rgeQ“t(e"?t —1).

The next two models incorporate the mean reverting phenomenon of interest rates.
This means that in the long run the rate converges towards an average level. These
models are more realistic and are based on economic arguments.

10.3.2 The Vasicek Model

Vasicek’s assumption is that the short-term interest rates should satisfy the mean
reverting stochastic differential equation

‘ dry = a(b — ry)dt + odWr,

(10.3.7)

with a, b, o positive constants, see Vasicek [16].
Assuming the spot rates are deterministic, we take 0 = 0 and obtain the ODE

dry = a(b — ry)dt.
Solving it as a linear equation yields the solution
re =b+ (ro — b)e .

This implies that the rate 74 is pulled towards level b at the rate a. This means that, if
ro > b, then 74 is decreasing towards b, and if ry < b, then r; is increasing towards the
horizontal asymptote b. The term odW; in Vasicek’s model adds some “white noise”
to the process. In the following we shall find an explicit formula for the spot rate r; in
the stochastic case.
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Proposition 10.3.1 The solution of the equation (11.4.5) is given by

¢
re=b+4 (ro —b)e " + Jeat/ e dW.
0

The process ry is Gaussian with mean and variance

E[r] = b4 (ro —ble™
02 —2at
Var[r] = %(1 —e 4.

Proof: Multiplying by the integrating factor e% yields
d(eatrt> = abe™ dt + ge™ dW,.

Integrating between 0 and ¢ and dividing by e we get

t
re = roe” " +be (e —1) +oe ™ / e dWs
0

t
b o [,
0

Since the spot rate 7 is the sum between the predictable function roe™% 4 be™% (e —
1) and a multiple of a Wiener integral, from Proposition (4.6.1) it follows that r; is
Gaussian, with

E[ry] = b4 (ro—be ™

¢ t
Var(ry) = Var [ae_at/ e’ dWS} 2026_2at/ e ds
0 0

0.2

- Z(1-— 72at'
5 (1—e)

The following consequence explains the name of mean reverting rate.

Remark 10.3.2 Since lim E[ry] = lim (b + (ro — b)e™™) = b, it follows that the spot
t—o0 t—o0 )
rate r¢ tends to b as t — oco. The variance tends in the long run to 7.

Since r; is normally distributed, the Vasicek model has been criticized because
it allows for negative interest rates and unbounded large rates. See Fig.10.1 for a
simulation of the short-term interest rates for the Vasicek model.

Exercise 10.3.3 Let 0 < s < t. Find the following expectations
(a) EWy [5 Wue™ du).
(b) E[fg Wye™ du [ Wye™ dv).
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Figure 10.2: Comparison between a simulation in CIR and Vasicek models, with pa-
rameter values a = 3, 0 = 15%, rog = 12, b = 10. Note that the CIR process tends to
be more volatile than Vasicek’s.

Exercise 10.3.4 (a) Find the probability that r; is negative.
(b) What happens with this probability when t — 0o ?

(¢) Find the rate of change of this probability.

(d) Compute Cov(rs,ry).

10.3.3 The Cox-Ingersoll-Ross Model

The Cox-Ingersoll-Ross (CIR) model assumes that the spot rates verify the stochastic
equation

dry = a(b — ’I”t)dt + U\/T—tth, (1038)

with a,b, o constants, see [5]. Two main advantages of this model are
e the process exhibits mean reversion.
e it is not possible for the interest rates to become negative.

A process that satisfies equation (10.3.8) is called a CIR process. This is not a Gaussian
process. In the following we shall compute its first two moments.

To get the first moment, integrating the equation (10.3.8) between 0 and ¢ which
yields

t t
rtzro—i—abt—a/ rsds—i-a/ Vs dAWs.
0 0

Take the expectation we obtain

t
Elry] =ro + abt — a/ E[rs]ds.
0
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Denote u(t) = E[ry). Then differentiate with respect to t in

t
w(t) =ro+ abt — a/ wu(s)ds,
0

which yields the differential equation p'(t) = ab — apu(t). Multiply by the integrating
factor e® and obtain
d(e® u(t)) = abe™.

Integrate and use that 1(0) = rg, which provides the solution

p(t) = b+ e “(rg — b).

Hence
. T —at . _
tlgglo E[r] = tlgglo (b+e “(rg — b)) =b,
which shows that the process is mean reverting.

We compute in the following the second moment po(t) = E[rZ]. By Ito’s formula

we have
d(r2) = 2rydr + (dr)? = 2rydry + o2rydt
= 2r[a(b — ry)dt + o\/ridWy] + o*rydt
3/2

= [(2ab+ o*)ry — 2ar]dt + 207} " dW;.
Integrating we get

t t
2 =ri+ / [(2ab + 0?)rs — 2ar?] ds + 20/ 32 dws.
0 0

Taking the expectation yields

pa(®) = 18 + [ [(20b+ 0%)(s)  2apa (o)) s

Differentiating again:
pa(t) = (2ab + o?)u(t) — 2apa(1).
Solving as a linear differential equation in ps(t) yields
d(pa(t)e*?) = (2ab + o?)e® ¥ u(t).
Substituting the value of u(¢) and integrating yields

To—b

b
pa(t)e*™ = r¢ 4 (2ab + o?) [2—(1(62‘”’ -1)+ -

(€% — 1)]

Hence the second moment has the formula

b —b
#Q(t) = T(2)€_2at + (2ab + 0-2) |:2_(1 _ 6—2at) + TO—

1 _ —at —at]'
- - ( e e

Exercise 10.3.5 Use a similar method to find a recursive formula for the moments of
a CIR process.
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10.4 No-arbitrage Models

In the following models the drift rate is a function of time, which is chosen such that
the model is consistent with the term structure.

10.4.1 The Ho and Lee Model

The first no-arbitrage model was proposed in 1986 by Ho and Lee [7]. The model was
presented initially in the form of a binomial tree. The continuous time-limit of this
model is

| dry = 0(t)dt + odW,.

In this model 6(t) is the average direction in which r; moves and it is considered
independent of r;, while o is the standard deviation of the short rate. The solution
process is Gaussian and is given by

t
re =10+ / 0(s)ds + oW;.
0

If F(0,t) denotes the forward rate at time t as seen at time 0, it is known that 0(t) =
F;(0,t) + o%t. In this case the solution becomes

2
re =10+ F(0,t) + %tQ oW,

10.4.2 The Hull and White Model

The model proposed by Hull and White [8] is an extension of the Ho and Lee model
model that incorporates mean reversion

‘ dry = (0(t) — ary)dt + odWr,

with a and o constants. We can solve the equation by multiplying by the integrating
factor e
d(e®ry) = 0(t)e™dt + ae™ dW;.

Integrating between 0 and ¢ yields

re =roe”® + e_at/

0

t t
0(s)e ds + oe™ / e dWs. (10.4.9)
0

Since the first two terms are deterministic and the last is a Wiener integral, the process
r¢ is Gaussian.
The function #(¢) can be calculated from the term structure F(0,t) as

0(t) = ,F(0,) + aF(0,t) + ‘2’—2(1 _ e~2aty,

a
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Then

2 t

t t t
/ 0(s)e*ds = / 0sF(0,s)e" ds + a/ F(0,s)e" ds + 7z (1 — e729%)e ds
0 0 0 2a Jo

2
= F(0,t)e™ — 7o+ %(cosh(at) - 1),

where we used that F'(0,0) = 9. The deterministic part of r, becomes

t 2
roe” ™ + eat/ 0(s)e**ds = F(0,t)+ U—Qe*at(cosh(at) -1).
0 a

An algebraic manipulation shows that
1
e " (cosh(at) — 1) = 5(1 — )2,

Substituting into (10.4.9) yields

2 t

re = F(0,t) + %(1 —e)? ¢ Je_at/ e dWs.
a 0

The mean and variance are:

2
g
E[ry] = F(0,t) + @(1 — )2

t t
Var(ry) = UQe_QGtVar[/ e dWS} = 026_2‘”’/ €% ds
0 0

= (1= 72at'
5, (L —e™™)

10.5 Nonstationary Models

These models assume both 6 and o as functions of time. In the following we shall
discuss two models with this property.

10.5.1 Black, Derman and Toy Model

The binomial tree of Black, Derman and Toy [2] is equivalent with the following con-
tinuous model of short-time rate

a'(t)
d(Inry) = [e(t) o 'rt] dt + o (t)dW,.

Making the substitution u; = Inr;, we obtain a linear equation in u;

duy = [e(t) + %Ut} dt + o (t)dW,.
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The equation can be written equivalently as

o(t)duy —do(t)u,  0(t)
a?(t) o(t)

which after using the quotient rule becomes

d[%} - %dt + AW,

Integrating and solving for u; leads to

up = %a(t) + U(t)/o zg ds + o (t)W.

This implies that u; is Gaussian and hence r; = e* is log-normal for each t. Using

up = Inrg and
ug o(t) a(t)
U(t) = eO'(O) Inro = ’]”0 0) ,

we obtain the following explicit formula for the spot rate

o(t) s
v = re® 0S5 565 A3 oW, (10.5.10)

Since o (t)W; is normally distributed with mean 0 and variance o2(t)t, the log-normal
variable e?®Wt has

E[ea(t)Wt] _ €a2(t)t/2
Var[ea(t)wi] = ea(t)Qt(e”(t)Qt—l).
Hence
Blr) = rg® e h S rton
Varr) = r;:(g)) 270 J3 565 5o (0ot _ 1),

Exercise 10.5.1 (a) Solve the Black, Derman and Toy model in the case when o is
constant.

(b) Show that in this case the spot rate ry is log-normally distributed.

(¢) Find the mean and the variance of ry.

10.5.2 Black and Karasinski Model

In 1991 Black and Karasinski [3] proposed the following more general model for the
spot rates:

d(Inr,) = [a(t) —a(t)In rt] dt + o (t)dW,

Exercise 10.5.2 Find the explicit formula for ry in this case.
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Chapter 11

Bond Valuation and Yield Curves

A bond is a contract between a buyer and a financial institution (bank, government,
etc) by which the financial institution agrees to pay a certain principal to the buyer at
a determined time 7" in the future, plus some periodic coupon payments done during
the life time of the contract. If there are no coupons to be payed, the bond is called
a zero coupon bond or a discount bond. The price of a bond at any time 0 <t < T is
denoted by P(t,T).

If the spot rates are constant, r, = r, then the price at time ¢ of a discount bond
that pays off $1 at time T is given by

Pt,T)=¢e T,
If the spot interest rates depend deterministic on time, r, = r(t), the formula becomes
P(t,T) =e i 7(9)ds,

T
However, the spot rates r; are in general stochastic. In this case, the formula e~ Ji e ds
is a random variable, and the price of the bond in this case can be calculated as the

eX[)eCtatl.()ll
— f Ts ds
P(]’;,T) = Ef[e t :I’

1 T
where FE; is the expectation as of time t. If 7 = T / rsds denotes the average
—UJy

value of the spot rate in the time interval between ¢ and T, the previous formula can
be written in the equivalent form

P(t,T) = E[e ™™,

11.1 The Case of a Brownian Motion Spot Rate

Assume the spot rate r; satisfies the stochastic equation

dry = odWy,

209
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with o > 0, constant. We shall show that the price of the zero-coupon bond that pays
off $1 at time T is given by

P(t,T) = et (T=0+ 320"

Let 0 <t < T be fixed. Solving the stochastic differential equation, we have for
any t < s<T
rs =11 + o(Ws — Wy).

Integrating yields

T T
/ rsds:rt(T—s)—l—a/ (W5 — Wh) ds.
t t

Then taking the exponential, we obtain

e [Freds _ e Tt(T—s),—0 ,ftT(Ws_Wt)dS‘

The price of the bond at time ¢ is given by

PT) = E [e_ [ rsds

d

(T |:er I (We—wr) ds

7

(T —aft (Wa— Wt)d}

(T g [ “tw, ds]
0,2
e

—t

7Tt (T t) 3

In the second identity we took the Fi-predictable part out of the expectation, while
in the third identity we dropped the condition since Wy — W, is independent of the
information set F; for any ¢ < s. The fourth identity invoked the stationarity. The

last identity follows from the Exercise 1.6.2 (b) and from the fact that —o [ "W, ds

is normal distributed with mean 0 and variance &

It is worth noting that the price of the bond, P(t T'), depends only the spot rate
at time ¢, 74, and the time difference T — ¢.

Exercise 11.1.1 Spot rates which exhibit positive jumps of size o > 0 satisfy the
stochastic equation
d’l”t = JdNt,

where Ny is the Poisson process. Find the price of the zero-coupon bond that pays off
$1 at time T.
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11.2 The Case of Vasicek’s Model

The next result regarding bond pricing is due to Vasicek [16]. Its initial proof is based
on partial differential equations, while here we provide an approach solely based on
expectatations.

Proposition 11.2.1 Assume the spot rate r satisfies Vasicek’s mean reverting model
dT‘t = a(b — T‘t)dt + O'th.

We shall show that the price of the zero-coupon bond that pays off $1 at time T is given
by

P(t,T) = A(t,T)e  B&Te (11.2.1)
where
1 — e~ a(T—t)
Bt,T) = ———
(t,7) :
(B(t,T)—T+t)(a?b—02/2) o2B(t,T)2
AGLT) = e @ "

We shall start the deduction of the previous formula by integrating the stochastic
differential equation between ¢t and T yields

T
—a/ reds =r, —ry —o(Wp — Wy) —ab(T —t).

t
Taking the exponential we obtain

e_ ftTrs ds — e%(?‘T—Tt)—%(WT—Wt)—b(T—t)‘ (1122)
Multiplying in the stochastic differential equation by e** yields the exact equation

d(e®rs) = abe®ds + oe**dWs.
Integrating between ¢ and T to get
T
ey, — emry = b(e® — e + o/ e dWs.
t

Solving for 7, and subtracting r; yields
T
rp —1e = —r(1 — e®T) 4 b(1 — 2 T0) 4 UeaT/ e dWs.
t

Dividing by @ and using the notation for B(t,T') yields

1 T
Lr =) = —rB(t,T) + bB(1, T) + ieaT/ 55 ..
a a ¢
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Substituting into (11.4.7) and using that Wp — Wy = ftT dWs, we get

= [l reds _ o~ Tt B(LT) bB(tT)=b(T—t) ,Z S (ersmaT—1) dw (11.2.3)

Taking the predictable part out and dropping the independent condition, the price of
the zero-coupon bond at time ¢ becomes

P(t’ T) _ E[ef ftT rs ds‘ft] _ efrtB(t,T)ebB(t,T)fb(Tft)E [e% ftT(easfaTil) AW, ‘,/—"t]
= e BT BBUT)-WT ) gl ) (e -1 dWi]
= e PEDAWRT),
where

At, T) = ebBET) T g ) (e 1) dWs] (11.2.4)

T
As a Wiener integral, / (e®~9T _1) dW, is normally distributed with mean zero and
t

variance
/T(eas—aT B 1)2 Js — 6—2aT eZaT _ €2at B Qe—aT eaT _ eat N (T B t)
t a a
2 —aB(t,T
- B(t,T)% —2B(t,T) + (T —t)
- —gB(t,T)Q — B(t,T) + (T —t).
Then the log-normal variable e JE e =D dWs pag the mean

Blef @ T-naw.] _ A -8 BT)? = BT)+(T—1)]

Substituting into (11.4.9) and using that

102

bB(t,T) — b(T —t) + §§[—gB(t,T)2 — B(t,T) + (T — t)]
o? 9 o? o?
= —TBLT?+ (T -1 (55 —b) + (b= 55)BET)
= —Z—;B(t, T)* + %(cﬂb —0%/2)(B(t,T) - T +1)

we obtain

(B(t,T)=T+t)(a®b—02/2) o2B(t,1)?
2 4a

A, T)=e a

It is worth noting that P(¢,T) depends on the time to maturity, 7" — ¢, and the spot
rate 7¢.

Exercise 11.2.2 Find the price of an infinitely lived bond in the case when spot rates
satisfy Vasicek’s model.
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Figure 11.1: The yield on zero-coupon bond versus maturity time T — t in the case of
Vasicek’s model: a. a =1, b =05, c =06, r» =01;b. a=1,b=0.5, c = 0.8,
re=01;,¢c.a=1,b=05,06=097,r=0.1;d. a=0.3,b=0.5,0=0.3, r, =0.r.

The term structure Let R(¢,7) be the continuously compounded interest rate at
time t for a term of T —t. Using the formula for the bond price B(t,T) = e~ F&T)(T—1)
we get

R(t,T) = — In B(t,T).

T—1

Using formula for the bond price (11.2.1) yields

R(t,T) = — In A(t,T) + %B(t,T)T}

T—1

A few possible shapes of the term structure R(¢,T") in the case of Vasicek’s model are
given in Fig. 11.1.

11.3 The Case of CIR’s Model

In the case when r; satisfy the CIR model (10.3.8), the zero-coupon bond price has a
similar form as in the case of Vasicek’s model

P(t,T) = A(t,T)e” B&TIre
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The functions A(¢,T") and B(t,T) are given in this case by
2(e7T—H — 1)
(v +a)(e@ T —1) + 2

2yelatN(T=1)/2 2ab/a®
(v +a)(eT=) —1) + 2 ’

B(t,T) =

AT) = (

where v = (a? + 202)'/2. For details the reader can consult [5].

11.4 The Case of a Mean Reverting Model with Jumps

We shall consider a model for the short-term interest rate r; that is mean reverting and
incorporates jumps. Let Ny be the Poisson process of constant rate A and My = Ny — At
denote the compensated Poisson process, which is a martingale.

Consider the following model for the spot rate

dT‘t = (I(b — T‘t)dt + O'th, (1].4.5)

with a, b, o positive constants. It is worth noting the similarity with the Vasicek’s
model, which is obtained by replacing the process dM; by dW;, where W; is a one-
dimensional Brownian motion.

Making abstraction of the uncertainty source cdM,;, this implies that the rate r; is
pulled towards level b at the rate a. This means that, if for instance rg > b, then r;
is decreasing towards b. The term ocdM; adds jumps of size o to the process. A few
realizations of the process 74 are given in Fig. 11.2.

The stochastic differential equation (11.4.5) can be solved explicitly using the
method of integrating factor, see [13]. Multiplying by e® we get an exact equation;
integrating between 0 and t yields the following closed form formula for the spot rate

t
re =b+ (ro —be ™ + Jeat/ e dMs. (11.4.6)
0

Since the integral with respect to dM; is a martingale, the expectation of the spot rate
is
E[ry] = b+ (rg — b)e™ ™.

In long run E[r] tends to b, which shows that the process is mean reverting. Using the

formula
E[(/O f(s)dMS)2] :)\/0 £(s)%ds

the variance of the spot rate can be computed as follows

Var(r) = 026_2atVar(/t e dMS> = 026_2atE[(/t e dMS)Q}
0 0

by 2
— %(1 o 672at)'
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Poisson Diffusion Solution Paths

Rate

Time

Figure 11.2: Realizations of the spot rate ry.

It is worth noting that in long run the variance tends to the constant )‘QLaQ Another
feature implied by this formula is that the variance is proportional with the frequency
of jumps A.

In the following we shall valuate a zero-coupon bond. Let F; be the o-algebra
generated by the random variables {Ng;s < t}. This contains all information about
jumps occurred until time ¢. It is known that the price at time ¢ of a zero-coupon bond
with the expiration time 7' is given by

P(t,T)=E[e” 1T @) 7]
One of the main results is given in the following.

Proposition 11.4.1 Assume the spot rate r; satisfies the mean reverting model with
Jumps
d’l"t = a(b — ’I”t)dt + O'th.

Then the price of the zero-coupon bond that pays off $1 at time T is given by
P(t,T) = A(t,T)e” B&Tre

where
1— e—a(T—t)

a

o ,—ax

Ao o =t
A, T) = exp{(b+ F)B(t,T) + A1 - E) —b(T —1t) — /\e‘m/o e«®  dx}.



216
Proof: Integrating the stochastic differential equation between t and T yields
T
—a/ reds =r, —ry —o(Mp — M) — ab(T —t).
t

Taking the exponential we obtain

o ftT rsds — ei(rT —rt)—%(MT—Mt)—b(T—t) ) (1147)
Multiplying in the stochastic differential equation by e*® yields the exact equation
d(e*®ry) = abe*®ds + oe**dMs.

Integrate between ¢ and T to get
T
ey — ey = b(e® — ) + a/ e*® dMs.
t
Solving for r, and subtracting r; yields
T
P =T = —T‘t(l o ea(T—t)) + b(l _ 6a(T—t)) + Ue—aT/ e dMs,.
¢
Dividing by a and using the notation for B(¢,T) yields

1 T
—(ry —re) = —rB(t,T) +bB(t,T) + geaT/ e dMs,.
a a ¢

Substituting into (11.4.7) and using that My — M; = ftT dMy, we get

o Sl rsds _ o—TtB(LT) B(tT)=b(T—1) ,2 ftT(e“S—“T—l)dMs. (11.4.8)

Taking the predictable part out and dropping the independent condition, the price of
the zero-coupon bond at time ¢ becomes

P(t7 T) _ [67 ftT Ts ds‘Ft] — efrtB(t,T) ebB(t,T)*b(T—t)E [€% ftT(eas_anl) dM; ‘ft]
_ ethB(t,T) ebB(t,T)fb(Tft)E [6% ftT(easfaTil) dM; ‘J___t]
= e BT A®,T),
where - .
A(t,T) = PBED U= pleS Jy (e =1 dMy 7 (11.4.9)

We shall compute in the following the right side expectation. From Bertoin [1], p.8,

the exponential process
efg u(s) dNs+A fot(l—eu(s))ds
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is an Fy-martingale, with F; = o(Ny;u < t). This implies

E [eff u(s) dNs | ;t] _ M) ds

Using dMy; = dN; — \dt yields

E |:€ftT u(s) dMs |~7:t] - B |:eftT u(s) dNs ‘J—_-t} e ftT u(s)ds _ =X ftT(lJru(s)fe“(S)) ds.

Let u(s) = %(ea(S_T) — 1) and substitute in (11.4.9); then after changing the variable
of integration we obtain

ALT) = ebB(t,T)fb(Tft)E[e%ftT(easfanl)dMSU__t]
PBET)=b(T—t) A [ 142 (e —1)—eal™ ™ V] da

(BET) b MT=O5E (B(uT)—(T—t)) N
SOHAD)BT) JAA— )BT 1) ;A f 4 BTV

—ax

o(OH2T)B(T) A1) =b[(T—t) ,—Ae =" JI=te@e ™™ du

Ao o oa [T oan
= exp{(b+—)B({t,T)+ A1 —-=)=0b|(T —t)— Xe ea dx}.
a a 0
(11.4.10)
|
Evaluation using Special Functions The solution of the initial value problem
' e’
= —, x>0
fay = Sa
f(0) = —o0
is the exponential integral function f(x) = FEi(z), + > 0. This is a special func-

tion that can be evaluated numerically in MATHEMATICA by calling the function
ExplntegralEi[x]. For instance, for any 0 < o <

8 ot
/ © it = Bi(6) ~ Fi(a).

The reader can find more details regarding the exponential integral function in Abramovitz
and Stegun [10]. The last integral in the expression of A(¢,T") can be evaluated using
this special function. Substituting ¢t = Ze™** we have

T—t = t
o _—azx 1 e

/ ed® T dr = - / —dt
0 a Jog—a(r-t) T

a

- A[5() - i)

19
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11.5 The Case of a Model with pure Jumps

Consider the spot rate r; satisfying the stochastic differential equation
dT‘t = O'th, (11511)

where ¢ is a positive constant denoting the volatility of the rate. This model is obtained
when the rate at which r; is pulled toward b is a = 0, so there is no mean reverting
effect. This type of behavior can be noticed during a short time in a highly volatile
market; in this case the behavior of r; is most influenced by the jumps.

The solution of (11.5.11) is

re =19+ oMy =19 — Aot + o Ny,

which is an Fi;-martingale. The rate r; has jumps of size o that occur at the arrival
times tx, which are exponentially distributed.

Next we shall compute the value P(¢,T') at time ¢ of a zero-coupon bond that pays
the amount of $1 at maturity 7. This is given by the conditional expectation

P(t,T) = E[e= )i 74| ).
Integrating between ¢ and s in equation (11.5.11) yields
rs =1y +o(Mg — M), t<s<T.
And then
T T
/ rsds =ry(T —t) —i—a/ (Mg — M) ds.
t t

Taking out the predictable part and dropping the independent condition yields

P(t,T) = Ele ) m%|F]

—r¢(T—t E —O-LT(MS—Mt)dSLFt]

e )Ele
e—n(T—t)E[e—a OTft M~ dT]

e 10 pfemo £ e

_ efrt(Tft)Jr%a)\(Tft)QE[e*UfOT_tN-rdf]' (11.5.12)

We need to work out the expectation. Using integration by parts,

T T
—a/ Nydt — —o—(TNT—/ tht)
0 0
T T
_ —a(T/O dNt—/O tht)

T
= —0'/ (T—t)dNt,
0



219

SO
o= Jo Nedt _ =0 [ (T—t)dNy

Using the formula
E|:ef0T u(t) dNt] _ 67)‘f0T(173u(t))dt

we have

E|:e_af0T N dt] _ E[e—afoT(T—t) dNt:| — oMy (e Ty a
oM =2 (e7T-1)

M T+LEeT-n)

Replacing T by T'—t and t by 7 yields

E|:€—cr JEUN, dr} _ ef)\(TftJr%(e_"(T_t)fl)).

ubstituting in 5. 1elds the formula for the bon rice
Substituting in (11.5.12) yields the f la for the bond pri
P(t,T) = eiTt(Tft)Jr%U)‘(T*t)QefA(TftJr%(e*"(T*t)fl))
1
= exp{—-(A+r)(T—1t)+ 5g)\(T —1)? - é(efo'(Tft) ~1)).
o

Proposition 11.5.1 Assume the spot rate r satisfies dry = odMy, with o > 0 con-
stant. Then the price of the zero-coupon bond that pays off $1 at time T is given
by
1 A
P(t,T) = exp{=(A+71)(T = 1) + 5oMT - )2 — (e —1)}.
o

The yield curve is given by

1
R(tT) = —z—WP(tT)
Ao A o(T—
= T't"‘)\—?(T—t)‘f—io_(T_t)(@ (T t)—].)

Exercise 11.5.2 The price of an interest rate derivative security with maturity time
T and payoff Pr(rr) has the price at time t = 0 given by Py = Egle” Jo s 4 Pr(rr)].
(The zero-coupon bond is obtained for Pr(rr) = 1). Find the price of an interest rate
derivative with the payoff Pr(rp) = rp.

Exercise 11.5.3 Assume the spot rate satisfies the equation dry = oridMy, where My
s the compensated Poisson process. Find a solution of the form ry = r0€¢(t)(1 + o),
where Ny denotes the Poisson process.
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Chapter 12

Modeling Stock Prices

The price of a stock can be modeled by a continuous stochastic process which is the
sum of a predictable and an unpredictable part. However, this type of model does not
take into account market crashes. If those are to be taken into consideration, the stock
price needs to contain a third component which models unexpected jumps. We shall
discuss these models in the present chapter.

12.1 Constant Drift and Volatility Model

Let S; denote the price of a stock at time t. If F; denotes the information set at time ¢,

then S; is a continuous process that is Fz-adapted. The return on the stock during the

time interval At measures the percentage increase in the stock price between instances

St+at — St

St

?t. This is supposed to be the sum of two components:
t

e the predictable part pdt

t and t + At and is given by . When At is infinitesimally small, we obtain

the instantaneous return,

e the noisy part due to unexpected news odW.

Adding these parts yields

d—St = ,U,dt + O'th,
St

which leads to the stochastic equation

dSt = MStdt + O'Stth. (1211)

The parameters p and o are positive constants which represent the drift and volatility
of the stock. This equation has been solved in Example 7.7.2 by applying the method
of variation of parameters. The solution is

02
Sy = Spelh= T oW, (12.1.2)
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Figure 12.1: Two  distinct  simulations  for the  stochastic  equation
dSy = 0.15S5dt + 0.07S:dWy, with Sy = 1.

where Sy denotes the price of the stock at time ¢ = 0. It is worth noting that the stock
price is Fi-adapted, positive, and it has a log-normal distribution. Using Exercise 1.6.2,
the mean and variance are

E[S] = Spet (12.1.3)
Var[S)] = 5362“t(e”2t—1). (12.1.4)

See Fig.12.1 for two simulations of the stock price.

Exercise 12.1.1 Let F,, be the information set at time u. Find E[S;|F,] and V ar[S¢|F,]
for uw < t.! How these formulas become in the case s =17

Exercise 12.1.2 Find the stochastic process followed by In S;. What are the values of
E[In(S:)] and Var[In(Sy)]?

Exercise 12.1.3 Find the stochastic differential equations associated with the following
processes

(a) =

5, (b) S (c) (Sp—1)%

Exercise 12.1.4 (a) Show that E[S?] = Sge(QquUQ)t.
(b) Find a similar formula for E[S}], with n positive integer.

Exercise 12.1.5 (a) Find the expectation E[S;Wy].
(b) Find the correlation function py = Corr(Sy, W;). What happens for t large?

!The conditional variance is defined by Var(X|F) = E[X?|F] — E[X|F]*.
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The next result deals with the probability that the stock price reaches a certain
barrier before another barrier.

Theorem 12.1.6 Let S, and Sy be fixed, such that Sq < So < Su. The probability
that the stock price Sy hits the upper value S, before the lower value Sy is

dr—1

P=

where S, /Sy = u, Sg/So =d, and v =1 —2u/c>.

Proof: Let Xy = mt + W;. Theorem 3.5.1 provides

e2mB 1
P(X; goes up to a before down to — ) = por p——rr (12.1.5)
Choosing the following values for the parameters
woo Inu Ind
m=—-—-=, o= —"), ﬁ:_—7
o 2 o o
we have the sequence of identities
P(X; goes up to a before down to — 3)
= P(0X; goes up to oa before down to — o 3)
= P(Soe”Xt goes up to Spe’® before down to Soe_"ﬁ)
= P(S; goes up to S, before down to Sy).
Using (12.1.5) yields
e2mB _ 1
P(S; goes up to S, before down to ;) = (12.1.6)

eQmB — e 2ma’

Since a computation shows that

2 2

e2mB (5= Dnd _ =25 oy
2 2

e—Qma — e(_;%+1) Inu — l—o_—g —

formula (12.1.6) becomes

d’'—1
P(S; goes up to S, before down to Sy) = PRt

which ends the proof. [ |
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Corollary 12.1.7 Let S, > Sp > 0 be fized. Then

=
" for some t > 0.

P(S; hits S,) = (%)

Proof: Taking d = 0 implies S = 0. Since S; never reaches zero,

P(S; hits S,,) = P(S; goes up to S, before down to Sy = 0)
_dr =1 1 _(S())l—j—‘é
d—w wr \S, ’
d=0

Exercise 12.1.8 A stock has Sy = $10, 0 = 0.15, p = 0.20. What is the probability
that the stock goes up to $15 before it goes down to $57

Exercise 12.1.9 Let 0 < Sy < Sy. What is the probability that Sy hits S, for some
timet > 0%

The next result deals with the probability of a stock to reach a certain barrier.

Proposition 12.1.10 Let b > 0. The probability that the stock Sy will ever reach the

level b is o

b -1

()" <%

P(sup St > b) = 0
t>0

(12.1.7)

L ifr > %

o2
Proof: Using S; = Spe™ 24"t we have

02
P(S; > b for some t > 0) = P(Soe(T_T)HUWt > b, for some ¢t > 0)

2
= P(aWt + (r — %)t > lnsi07 for some ¢ > O)

= P(Wt—7t2 «, for some t > 0),

1
where a« = —In 5 and v = % — —. Using Exercise 3.5.2 the previous probability is

g 0

Q=

equal to
1, ify<0

— > > =
P(Wt vt > «, for some ¢ > 0) { e=27, ify > 0,

which is equivalent to (12.1.7). ]



12.2 When Does the Stock Reach a Certain Barrier?

Let a > Sy and consider the first time when the stock reaches the barrier a

T, = inf{t > 0; S; = a}.
Since we have

(S, =a} = {Soe(“*%‘ﬂ)ﬁ"wf = a}

— {(u- %&)t + oW, = In(a/So)}

= {at+oW; =z},
with # = In(a/Sp) and a = p — 302, using Proposition 3.6.5 (a) it follows that

T, = inf{t > 0;at + oW =z}

has the inverse gaussian probability density

€T _(z—aa‘r)2

= N
ln(a’/SO) 6—(ln(a/SO)—O(UT)Q/(QTO'S)'
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V2ro373
The mean and the variance of the hitting time T, are given by Proposition 3.6.5 (b)
x In(a/Sp)
E[Ta] = — = 712
o o(p—50?)
1 S
Var(T,) = r _In(a/So)

s (H_%02)3'

Exercise 12.2.1 Consider the doubling time of a stock Ty = inf{t > 0; S; = 25)}.

(a) Find E[T3] and Var(Tz). Do these values depend of Sy ?

(b) The expected return of a stock is p = 0.15 and its volatility o = 0.20. Find the

expected time when the stock dubles its value.

Exercise 12.2.2 Let S; = ngic Sy and S, = mértl Sy be the running maximum and
u< U~

minimum of the stock. Find the distribution functions of Sy and S,.

Exercise 12.2.3 (a) What is the probability that the stock S; reaches level a, a > Sy,

before time T ?

(b) What is the probability that the stock Sy reaches level a, a > Sy, before time Ty and

after time T1 ¢

We shall use the properties of the hitting time later when pricing perpetual lookback

options and rebate options.
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12.3 Time-dependent Drift and Volatility Model

This model considers the drift p = u(t) and volatility o = o(t) to be deterministic
functions of time. In this case the equation (12.1.1) becomes

(S, = p(t)Sudt + o (1)S,dW. | (12.3.8)

We shall solve the equation using the method of integrating factors presented in section
7.8. Multiplying by the integrating factor

pr = e~ do () AWst3 [§ o2 (s) ds

the equation (12.3.8) becomes d(p;St) = puu(t)St dt. Substituting Y; = p..S; yields the
deterministic equation dY; = pu(t)Y; dt with the solution

Y, = Ybefoiu(s)ds‘

Substituting back S; = p; 'Y;, we obtain the closed-form solution of equation (12.3.8)

S, = S()efé (u(s)—202(s)) derfoi o(s)dWs

Proposition 12.3.1 The solution S; is Fi-adapted and log-normally distributed, with
mean and variance given by

E[S)] = Spelons)ds
VGT[St] — SgeQI(fu(s)ds(efgg2(s)dS o 1)
Proof: Let X; = fot(,u(s) — 10%(s))ds + fot o(s) dWs. Since X; is a sum of a predictable
integral function and a Wiener integral, it is normally distributed, see Proposition 4.6.1,
with

E[X;] = /Ot (n(s) — %0—2(3))ds
Var(X,] = Vow“[/olt o(s) dWS} = /Ot o?(s)ds.

Using Exercise 1.6.2, the mean and variance of the log-normal random variable S; =
SpeXt are given by

ElS&] = Soefg(“‘é)d”%fécr?ds:Soef(fms)ds
VarlS] = SgQQfg(H*%UQ)derngz ds(e to2 1)

_ 5(2)62 f(f wu(s)ds (efot o?(s)ds _ 1)



If the average drift and average squared volatility are defined as

o= g e

t
1 t
72 = —/ o?(s) ds,
tJo
the aforementioned formulas can also be written as
E [St] = S()eﬁt
Var[S] = S3e?(e” ! —1).

It is worth noting that we have obtained formulas similar to (12.1.3)—(12.1.4).

12.4 Models for Stock Price Averages
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In this section we shall provide stochastic differential equations for several types of
averages on stocks. These averages are used as underlying assets in the case of Asian
options. The most common type of average is the arithmetic one, which is used in the

definition of the stock index.

Let Si,, S, ,S:, be a sample of stock prices at n instances of time ¢} < t3 <

- < tn. The most common types of discrete averages are:
e The arithmetic average

1 n
Aty g, b)) = =58, .
(1 2 n) n; tr

e The geometric average

n 1
G(t17t27”' 7tn) - (Hstk)n
k=1
e The harmonic average
n
H(t17t27"'7tn): n 1 .
Si,

x>
—

The well-known inequality of means states that we always have
H(t17t27 e atn) < G(t1>t27 U 7tn) < A(t1>t27 o 7tn)7

with identity in the case of constant stock prices.

(12.4.9)
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In the following we shall obtain expressions for continuous sampled averages and
find their associated stochastic equations.

The continuously sampled arithmetic average
Let t, =t and assume tp41 — t = % Using the definition of the integral as a limit of
Riemann sums, we have

nh—>n<>loﬁzst’“ = hm ZStk / Sy du.

It follows that the continuously sampled arithmetic average of stock prices between 0

and ¢ is given by
1 t
= —/ Sy, du.
t Jo

t
A, =0 / Q(1=0?/2uroWe g,
0

Using the formula for S; we obtain

t

This integral can be computed explicitly only in the case ¢ = 0. It is worth noting
that A; is neither normal nor log-normal, a fact that makes the price of Asian options
on arithmetic averages hard to evaluate.

Let I; = fg Sy du. The Fundamental Theorem of Calculus implies dI; = S; dt. Then
the quotient rule yields

I dl;t — I; dt tdt—Idt 1
dA, = d( t): et Lt _ S = (S - Adt,

t2 t2

i.e. the continuous arithmetic average A; satisfies

1
dA, = (S, — Ay)dr.

If Ay < Sy, the right side is positive and hence dA; > 0, i.e. the average A; goes up.
Similarly, if A; > S, then the average A; goes down. This shows that the average A,
tends to trace the stock values S;.

By I"'Hospital’s rule we have

I
Ap = lim = = lim S; = S,.

t—0 ¢ t—0
Using that the expectation commutes with integrals, we have

—1
ut

1 t
ElA] = 7 /O E[S.] du / SoeM du = Sy
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Hence

et -1
E[A] =4 0" it>0 (12.4.10)
So, if t = 0.

In the following we shall compute the variance Var[A;]. Since
1
Var[Ay] = t—ZE[If] — E[A)%, (12.4.11)

it suffices to find E[I?]. We need first the following result:
Lemma 12.4.1 (i) We have

S8
p+o?

E[ItSt] _ [6(2,u+02)t o e,ut]'

(ii) The processes Ay and Sy are not independent.
Proof: (i) Using Ito’s formula

d(I;S;) = dI; Sy + 1,dS; + dI; dS,
= SEdt + L(uSidt + oS dW;) + Sidt dS;
=0
= (StQ + ,uItSt)dt + UItStth.

Using 1ySg = 0, integrating between 0 and ¢ yields
¢ ¢
LS, = / (52 + puly,Sy) du + 0'/ 1,5, dW,.
0 0
Since the expectation of the Ito integral is zero, we have
t
B! = [ (EIS2) + uEILS.) du.
0
Using Exercise 12.1.4 this becomes
t
E[I,S)] = / (536(2“+"2)“ + /,LE[IuSu]) du.
0
If we denote g(t) = E[1;S], differentiating yields the ODE

g (t) = S2eCrtot 4 g (t),

with the initial condition g(0) = 0. This can be solved as a linear differential equation
in g(t) by multiplying by the integrating factor e #t. The solution is

2
g(t) = —0

2
_ [6(2u+0 ) eut].
p+o?
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(7i) Since A; and I; are proportional, it suffices to show that I; and S; are not inde-
pendent. This follows from part (i) and the fact that

E[ISy] # E[I;]E[St] = %3(6% — 1)t

Next we shall find E[I?]. Using dI; = Sidt, then (dI;)* = 0 and hence Ito’s formula
yields

d(I?) = 21, dI; + (dI;)* = 2I,S, dt.

Integrating between 0 and ¢ and using Iy = 0 leads to

t
I} =2 / I,S, du.
0
Taking the expectation and using Lemma 12.4.1 we obtain

t 2
E[If]zz/o E[1,S,] du = 25 [

2ut+a?)t _q nt _q
¢ ¢ ] (12.4.12)

T pto?l 2u+or g

Substituting into (12.4.11) yields

S 2 re@ntot)t 1 et 19 (ert —1)?
Var[At]:t_2 M+O‘2|: 2Qu+o> ]_ m ’

Concluding the previous calculations, we have the following result:
Proposition 12.4.2 The arithmetic average A; satisfies the stochastic equation
1
dA; = E(St — Apdt, Ao = 5.

Its mean and variance are given by

wo_q
E[A)] = Soo—=, t>0
ut
S22 relmtet g ent 19 (ert — 1)
VarlA:] = —g 2[ 5 — _{ 5 ) .
te | p+o 2u+o 7 7

Exercise 12.4.3 Find approximative formulas for E[A;] and Var[A] for t small, up

to the order O(t?). (Recall that f(t) = O(t?) if limy o % =c<00. )



231

The continuously sampled geometric average
Dividing the interval (0,¢) into equal subintervals of length t;; — t; = £, we have

n?’

G(tl, - ,tn)

( ﬁ Stk) v = e1n (szl Stk) "
k=1

1 n 1 n t
= en k=1 InSy et Zk:llnstkﬁ.

Using the definition of the integral as a limit of Riemann sums

n—oo n—oo

n
1/n 15 t 1t
Gt = hm (Hstk> — llm et Zk:l h'lStk; —et fO lnSudu
k=1

Therefore, the continuously sampled geometric average of stock prices between instances
0 and ¢ is given by

Gy = et JolnSudu, (12.4.13)
Theorem 12.4.4 G; has a log-normal distribution, with the mean and variance given
by
0'2 t
E[G] = Seel=%)3
02 02t
Var[Gy] = St (es —1).

Proof: Using
o2 o?
InS, =In (Soe(“_T)“+"W“) =1InSy+ (u — ?)u + oWy,
then taking the logarithm yields
2 2 4

1/t o o o [
InG; = - [ln So—i—(u——)u—i—oWu] du =InSo+(p——)=+— | Wydu. (12.4.14)
tJo 2 27271 ),

Since the integrated Brownian motion Z; = fg W, du is Gaussian with Z; ~ N(0,t3/3),

it follows that In G} has a normal distribution

o? t ot

— )=, — 12.4.15
2 )2’ 3 ) ( )

This implies that G; has a log-normal distribution. Using Exercise 1.6.2, we obtain

In Gy NN(lnSO—I—(,u—

2 2 2
E[Gt] — eE[lnGi}—l—%Var[lnGi} — elnSO—i—(,u—%)%—l—”Tt — Soe(“_%)%.

VCL?”[Gt] — e2E[lnGt]+Var[lnGt] (GVaT[lnGt} _ 1)

_ tenSo-l—(N—%)t(edTQt _ 1) — Sge(ﬂ—%)t(e%% _ 1)
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Corollary 12.4.5 The geometric average Gy is given by the closed-form formula

Gy = Spe=5)3+F Jo Wudu,

Proof: Take the exponential in the formula (12.4.14). ]

An important consequence of the fact that G; is log-normal is that Asian options
on geometric averages have closed-form solutions.

Exercise 12.4.6 (a) Show that In Gy satisfies the stochastic differential equation
1
d(InG;) = z(ln S —In Gt) dt.
(b) Show that Gy satisfies

Gy = %Gt<ln S, —In Gt) dt.

The continuously sampled harmonic average
Let S;, be values of a stock evaluated at the sampling dates t;, ¢ = 1,...,n. Their
harmonic average is defined by

n
H(th”' 7tn) =
1
— S(tr)
Consider t;, = % Then the continuously sampled harmonic average is obtained by

taking the limit as n — oo in the aforementioned relation

n
TL‘)OO TL‘)OO
—du
e zm /

Hence, the continuously sampled harmonic average is defined by

/—du

We may also write H; = I , where I; = / — du satisfies

1 1 1
dl, = —dt, Iy=0, d(—) - _dt.
! 0 I, S, 12
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From the ’'Hospital’s rule we get

t
Hp = lim H; = lim — = 5.
0m R t{%It 5

Using the product rule we obtain the following:

dH, = td(%) + IltdtJr dtd(%)
- %(1— ﬁ) dt = %Ht(l = %) dt,
SO
dH, = %Ht<1 - %) dt. (12.4.16)

If at the instance ¢ we have H; < S}, it follows from the equation that dH; > 0, i.e. the
harmonic average increases. Similarly, if H; > S, then dH; < 0, i.e H; decreases. It is
worth noting that the converses are also true. The random variable H; is not normally
distributed nor log-normally distributed.

H
Exercise 12.4.7 Show that Tt is a decreasing function of t. What is its limit as
t—oco0?

Exercise 12.4.8 Show that the continuous analog of inequality (12.4.9) is
Hy <Gy < Ay

Exercise 12.4.9 Let Sy, be the stock price at time ty. Consider the power o of the
arithmetic average of Si,

n (6% a
Aa(tly”’ ’tn) — [anl tk] )

(a) Show that the aforementioned expression tends to
1 [ o
AY = [—/ s;;du] ,
tJo
as n — oo.

(b) Find the stochastic differential equation satisfied by AY.

(c) What does Ay become in the particular cases o = £17
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Exercise 12.4.10 The stochastic average of stock prices between 0 and t is defined by

1 t
X =-— / Sy dW,,,
t Jo

where Wy, is a Brownian motion process.
(a) Find dX;, E[X:] and Var[Xy)].
St — So

(b) Show that 0 Xy = Ry — pA;, where Ry = " is the “raw average” of the

stock price and Ay = % fot Sy du is the continuous arithmetic average.

12.5 Stock Prices with Rare Events

In order to model the stock price when rare events are taken into account, we shall
combine the effect of two stochastic processes:

e the Brownian motion process Wy, which models regular events given by infinites-
imal changes in the price, and which is a continuous process;

e the Poisson process Ny, which is discontinuous and models sporadic jumps in the
stock price that corresponds to shocks in the market.

Since E[dN;] = A\dt, the Poisson process N; has a positive drift and we need to “com-

pensate” by subtracting At from N;. The resulting process M; = N;— At is a martingale,

called the compensated Poisson process, that models unpredictable jumps of size 1 at a

constant rate A. It is worth noting that the processes W; and M; involved in modeling

the stock price are assumed to be independent.

Let S;— = li}nit S, denote the value of the stock before a possible jump occurs at time
u

t. To set up the model, we assume the instantaneous return on the stock, g,TSj, to be

the sum of the following three components:
e the predictable part udt;
e the noisy part due to unexpected news odW;

e the rare events part due to unexpected jumps pdMy,
where u, o and p are constants, corresponding to the drift rate of the stock, volatility
and instantaneous return jump size.?

Adding yields

dsS
S—t = pdt + odWy + pdM,.
tf

2In this model the jump size is constant; there are models where the jump size is a random variable,
see Merton [11].
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Hence, the dynamics of a stock price, subject to rare events, are modeled by the
following stochastic differential equation

dSt = pSi_dt + 0.Si—dWy + pSi_d M. (12517)

It is worth noting that in the case of zero jumps, p = 0, the previous equation becomes
the classical stochastic equation (12.1.1).
Using that Wy and M; are martingales, we have

E[pSidM|Fy) = pSiE[dM;|F;] =0,
EloSidWy|F] = oSE[dW,|F] =0.

This shows the unpredictability of the last two terms, i.e. given the information set
F: at time ¢, it is not possible to predict any future increments in the next interval of
time dt. The term oS;dW; captures regular events of insignificant size, while pS;dM;
captures rare events of large size. The “rare events” term, pS;dM;, incorporates jumps
proportional to the stock price and is given in terms of the Poisson process N; as

pSt,th = pSt,d(Nt - )\t) = pSt,dNt - )\pSt,dt
Substituting into equation (12.5.17) yields
dSt = (,U, - )\/))Stfdt + O'St,th + PSt—dNt- (12518)

The constant A represents the rate at which the jumps of the Poisson process N; occur.
This is the same as the rate of rare events in the market, and can be determined from
historical data.

The following result provides an explicit solution for the stock price when rare events
are taken into account.

Proposition 12.5.1 The solution of the stochastic equation (12.5.18) is given by

02
Sy = Sper A= )iroWe )Nt (12.5.19)

where

W is the stock price drift rate;

o is the volatility of the stock;

A is the rate at which rare events occur;

p 1s the size of jump in the expected return when a rare event occurs.

Proof: We shall construct first the solution and then show that it verifies the equation
(12.5.18). If t;, denotes the kth jump time, then Ny, = k. Since there are no jumps
before t1, the stock price just before this time is satisfying the stochastic differential
equation

dSt = (,U, - )\p)Stdt + O'Stth
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with the solution given by the usual formula
o2
Sy, _ = Spelh=Ar= 2 fitoWe,

ds S, — St —
Since 5 o~ tIS = — ), then Sy, = (14 p)Sy,—. Substituting in the aforemen-
t1— t1—

tioned formula yields

02
Stl = St1*(1 + p) = SOG(Mi)\p77)t1+UWt1(1 + P)
Since there is no jump between t; and to, a similar procedure leads to
S = Su_(1+p) = Syeldm Tt toWiu=Wa) (1 4 )
02
_ Soe(u—kp—T)tg-l-chQ (1 + p)2.
Inductively, we arrive at

S, = Soel= % toWa (1 4 p)F.
This formula holds for any ¢ € [tx, tx+1); replacing k by N; yields the desired formula
(12.5.19).
In the following we shall show that (12.5.19) is a solution of the stochastic differential
equation (12.5.18). If denote
U, = Soe(,u—)\p—é)t—i—awt’ V= (14 p)™,
we have S; = U;V; and hence
dSy = VidU + UdVy + dUdV;. (12.5.20)
We already know that U; verifies
AU, = (pu— Ap)Udt + cUdWy
= (u—Ap)Up_dt + ocU_dWy,
since Uy is a continuous process, i.e., Uy = U;—. Then the first term of (12.5.20) becomes
VidUy = (0 — A\p)Sy—dt + oSy dW,.
In order to compute the second term of (12.5.20) we write

(L4 p) N — (L p)N-, if t =ty

_ . _ Ny Nie—

_ [ ()N, ittt =1
- 0, if t # ty
o Ni_ 1, lft:tk
= pl+p) {0, it £t

= p(1+ p)N=dN,,
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so UdV; = pUys(1 4 p)Nt=dNy = pS;_dNy. Since dtdNy = dN;dW; = 0, the last term of
(12.5.20) becomes dUdV; = 0. Substituting back into (12.5.20) yields the equation

dSt = (,u — )\p)St_dt + USt—th + pSt_dNt.

Formula (12.5.19) provides the stock price at time ¢ if exactly N; jumps have oc-
curred and all jumps in the return of the stock are equal to p.

It is worth noting that if p denotes the jump of the instantaneous return at time
ti, a similar proof leads to the formula

o2 Ne
St = SO€<H7AP7)t+UWt H(]. + pk;),
k=1

where p = F[pg]. The random variables p; are assumed independent and identically
distributed. They are also independent of W; and ;. For more details the reader is
referred to Merton [11].

For the following exercises S; is given by (12.5.19).

Exercise 12.5.2 Find E[S;| and Var[S.
Exercise 12.5.3 Find E[InS;] and Var[ln Sy.
Exercise 12.5.4 Compute the conditional expectation E[S¢|F,] for u < t.

Remark 12.5.5 Besides stock, the underlying asset of a derivative can be also a stock
index, or foreign currency. When use the risk neutral valuation for derivatives on a
stock index that pays a continuous dividend yield at a rate q, the drift rate p is replace
by r—q.

In the case of foreign currency that pays interest at the foreign interest rate ry, the
drift rate p is replace by r —ry.
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Chapter 13

Risk-Neutral Valuation

13.1 The Method of Risk-Neutral Valuation

This valuation method is based on the risk-neutral valuation principle, which states
that the price of a derivative on an asset S; is not affected by the risk preference of the
market participants; so we may assume they have the same risk aversion. In this case
the valuation of the derivative price f; at time ¢ is done as in the following:

1. Assume the expected return of the asset S; is the risk-free rate, yu = r.

2. Calculate the expected payoff of the derivative as of time ¢, under condition 1.

3. Discount at the risk-free rate from time 7" to time t.

The first two steps require considering the expectation as of time ¢ in a risk-neutral
world. This expectation is denoted by FE¢[-] and has the meaning of a conditional

expectation given by E[ - |F;, u = r]. The method states that if a derivative has the
payoff fr, its price at any time t prior to maturity T is given by

fi = e T ED By fr).

The rate r is considered constant, but the method can be easily adapted for time
dependent rates.

In the following we shall present explicit computations for the most common Euro-
pean type! derivative prices using the risk-neutral valuation method.

13.2 Call Option

A call option is a contract which gives the buyer the right of buying the stock at time T
for the price K. The time T is called maturity time or expiration date and K is called
the strike price. It is worth noting that a call option is a right (not an obligation!) of

1A derivative is of European type if can be exercised only at the expiration time.

239
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the buyer, which means that if the price of the stock at maturity, St, is less than the
strike price, K, then the buyer may choose not to exercise the option. If the price St
exceeds the strike price K, then the buyer exercises the right to buy the stock, since he
pays K dollars for something which worth St in the market. Buying at price K and
selling at St yields a profit of Sp — K.

Consider a call option with maturity date 7', strike price K with the underlying
stock price S; having constant volatility ¢ > 0. The payoff at maturity time is fr =
max(S7 — K,0), see Fig.13.1 a. The price of the call at any prior time 0 < ¢t < T is
given by the expectation in a risk-neutral world

co(t) = Ele T fr] = e T[], (13.2.1)

If we let x = In(S7/S;), using the log-normality of the stock price in a risk-neutral
world )

Sp = Selr= 2N T=t)+a(Wr—Wi)
and it follows that x has the normal distribution

&~ N((r . %2)@ — 1), (T — t)).

Then the density function of x is

2 2
1 B (z—(r—%)(T—w)
p(x) = ___— e 202 (T—t)
o/ 2n(T —t)
We can write the expectation as
Eilfr] = FEymax(St — K,0)] = Ey[max(Sie® — K, 0)]
= / max(Sie” — K,0)p(x) de = / (Sie” — K)p(x) dx
—00 In(K/St)
= Ih— 1, (13.2.2)
with notations
L = / Kp(x)dz, I, = / Sie’p(z) dx
In(K/St) In(K/S;)

—(r—22)(T—t)

With the substitution y = = , the first integral becomes

o/ T—t
NG St

L = K p(x dm:K/ ez dy
In(K/S¢) —dy V2T

S .
= K e 2 dy = KN(ds),
/_w —e % dy = KN(dy)
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where )
dy — In(Sy/K) + (r — % )(T — 1)
oVT —t ’
and

N(u) = \/%/ e 12 4z

denotes the standard normal distribution function.

Using the aforementioned substitution the second integral can be computed by
completing the square

I, = St/ e“p(x)dx :St/ ! 67%y2+y‘7m+(r7§)@7t) dz
1

n(K/S) —dy V21
= S / ; \/12_71_6é(yav T=1)*r(T=1) gy (let z=y—oVT —1t)
—a2

Ster(T—t)/ 1 e_é dZZSteT(T_t) /dl 1 e_é ds
—do—oy/T—t V2T —co V2T

= Ster(Tit)N(dl),
where )
In(S;/K) + (r + % )(T —t)
di=doy+oVT —t= .
oo ovVT —t

Substituting back into (13.2.2) and then into (13.2.1) yields

ct) = eI — 1) =e T[S, TN (dy) — KN (dy)]
= S,N(dy) — Ke "IN (dy).

We have obtained the well known formula of Black and Scholes:

Proposition 13.2.1 The price of a European call option at time t is given by

o(t) = S;N(dy) — Ke "TIN(dy).

Exercise 13.2.2 Show that
Lot
(a) fim —o =1

(b) Jim e(t) = 0;

(c) c(t) ~ Sy — Ke " TV for S, large.

de(t
Exercise 13.2.3 Show that ;é) = N(dy). This expression is called the delta of a
t

call option.



242

Figure 13.1: a The payoff of a call option; b The payoff of a cash-or-nothing contract.

13.3 Cash-or-nothing Contract

A financial security that pays 1 dollar if the stock price Sy > K and 0 otherwise, is
called a bet contract, or cash-or-nothing contract, see Fig.13.1 b. The payoff can be

written as
oo [ L STz K
=Yo0, ifSr<K.

Substituting S; = e**, the payoff becomes

o= 1, fXr>hK
7Y o0, ifXr<hnk,

where X7 has the normal distribution

02
Xp ~ N(lnSt—i— (1= )T —1),0%(T = t)).

The expectation in the risk-neutral world as of time ¢ is

Blfr] = ElfelFon=r] = /_ " pr(o)pla) do

00 1 s (r— %) (1)
/ -~ ¢ 202 (T—t) dx
nk V2mo/T —t

© 12 /d2 1y
= e 2 dy = ——e 2 dy = N(d»),
/_d2 o ) B y = N(dz2)

z—In St—(r—§)(T—t)
ovT—t

and the notation

where we used the substitution y =

o S, —InK + (r — $)(T —t)

2 oI —t ’
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Figure 13.2: a The payoff of a box-bet; b The payoff of an asset-or-nothing contract.

The price at time t of a bet contract is

fi=e T [fr] = e " TDN(dy). (13.3.3)

Exercise 13.3.1 Let 0 < K1 < Ksy. Find the price of a financial derivative which pays
at maturity $1 if K1 <S¢ < Ko and zero otherwise, see Fig.13.2 a. This is a “box-bet”
and its payoff is given by

fr = 1, if K1 <Sr <Ky
=Y 0, otherwise.

Exercise 13.3.2 An asset-or-nothing contract pays St if S > K at maturity time T,
and pays 0 otherwise, see Fig.13.2 b. Show that the price of the contract at time t is

Exercise 13.3.3 (a) Find the price at time t of a derivative which pays at maturity

0, otherwise.

(b) Show that the value of the contract can be written as fr = g:N(do + novT —t),
where gy is the value at time t of a power contract at time t given by (13.5.5).
(¢) Recover the result of Exercise 13.3.2 in the case n = 1.

13.4 Log-contract

A financial security that pays at maturity fr = In St is called a log-contract. Since the
stock is log-normally distributed,

0.2
Sy~ N (18, + (6 — )T —1),6%T - 1)),
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the risk-neutral expectation at time ¢ is

N 2
Efr] = ElnSp|F,p=r] =S + (r — J7)(T —t),

and hence the price of the log-contract is given by

fo= e T T DB fr] = e 7T (ln S+ (r — %2)(T — t)). (13.4.4)

Exercise 13.4.1 Find the price at time t of a square log-contract whose payoff is given
by fr = (InSt)*.

13.5 Power-contract

The financial derivative which pays at maturity the nth power of the stock price, S7,
is called a power contract. Since St has has a log-normal distribution with

Sy = Syl T )T to(Wr—Wi)

the nth power of the stock, S7, is also log-normally distributed, with

gr = S = §Penn g )Tt no(Wr—Wi).

Then the expectation at time ¢ in the risk-neutral world is
— o2
Edgr] = Elgr|Fep=r]=8pe"t =TT plerr W=7
_ Slzen(r—7)(T—t)E[ena(WT—Wt)] _ S?en(r—T)(T—t)E[enUWT,t]
_ Slzen(r—é)(T—t) oin20?(T—1)
The price of the power-contract is obtained by discounting to time ¢
g = e TR Fp=r] = Szlefr(Tft)en(rfg)(Tft)e%nQUQ(Tft)

_ gre(n )T,

Hence the value of a power contract at time ¢ is given by

gi = SPem= D+ )(T—0), (13.5.5)

It is worth noting that if n = 1, i.e. if the payoff is gr = Sp, then the price of the
contract at any time ¢t < T is g4 = S}, i.e. the stock price itself. This will be used
shortly when valuing forward contracts.

In the case n = 2, i.e. if the contract pays S% at maturity, then the price is g, =
Sth(r+02)(T—t) )

Exercise 13.5.1 Letn > 1 be an integer. Find the price of a power call option whose
payoff is given by fr = max(S} — K,0).
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13.6 Forward Contract on the Stock

A forward contract pays at maturity the difference between the stock price, S, and
the delivery price of the asset, K. The price at time t is

ft = €7T(T7t)E\t [ST - K] = 67T(T*t) E\t [ST] - €7T(T7t)K = St - €7T(T7t)K,
where we used that K is a constant and that E’t [St] = Syer(T=1),

Exercise 13.6.1 Let n € {2,3}. Find the price of the power forward contract that
pays at maturity fr = (Sp — K)™.

13.7 The Superposition Principle

If the payoff of a derivative, fr, can be written as a linear combination of payoffs
n
fr= Z cihir
i=1
with ¢; constants, then the price at time ¢ is given by
n
fr = Z cihiy
i=1
where h;; is the price at time ¢ of a derivative that pays at maturity h; 7. We shall
successfully use this method in the situation when the payoff fr can be decomposed into
simpler payoffs, for which we can evaluate directly the price of the associate derivative.
In this case the price of the initial derivative, f;, is obtained as a combination of the
prices of the easier to valuate derivatives.

The reason underlying the aforementioned superposition principle is the linearity
of the expectation operator F

n
fo = e "TVE[fr] = e_T(T_t)E[Z cihi ]
=1

_ efr(T*t) i CiE[hi,T] = i Cihi,t'
=1 =1

This principle is also connected with the absence of arbitrage opportunities? in the
market. Consider two portfolios of derivatives with equal values at the maturity time
T

n

m
E Cihi,T:E a;jg;1-
i=1

i=1

2An arbitrage opportunity deals with the practice of making profits by taking simultaneous long
and short positions in the market
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If we take this common value to be the payoff of a derivative, fr, then by the afore-
mentioned principle, the portfolios have the same value at any prior time t < T

n

m
E Cihi,t:E a;jgjt-
i=1

i=1

The last identity can also result from the absence of arbitrage opportunities in the
market. If there is a time ¢ at which the identity fails, then buying the cheaper portfolio
and selling the more expensive one will lead to an arbitrage profit.

The superposition principle can be used to price package derivatives such as spreads,
straddles, strips, straps and strangles. We shall deal with these type of derivatives in
proposed exercises.

13.8 General Contract on the Stock

By a general contract on the stock we mean a derivative that pays at maturity the
amount gr = G(Sr), where G is a given analytic function. In the case G(Sr) =
St, we have a power contract. If G(S7r) = In Sy, we have a log-contract. If choose
G(St) = St — K, we obtain a forward contract. Since G is analytic we shall write
G(z) =3, <o cna™, where ¢, = G (0)/n!.

Decomposinig into power contracts and using the superposition principle we have

Bilor] = BilG(s0)] = B[ cns])
n>0

= D _cb[S7]

n>0
= 3 e Spentr= )T gt (T )

n>0

o2 nr o1 9 n?

= n | Spe =TT | | o30*(T=t) |

| [ ferr]

Hence the value at time t of a general contract is

gt = e~ T(T—1) Z cn {Ste”(T’é)(T*t)]n [6502@4)} ng'

n>0

Exercise 13.8.1 Find the value at time t of an exponential contract that pays at ma-
turity the amount €57 .
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13.9 Call Option

In the following we price a European call using the superposition principle. The payoff
of a call option can be decomposed as

CcT = max(ST — K, 0) = hl,T — KhQ’T,

with
o St ifsr>K b1 ifSr>K
=% 0, ifSr<K, 2= 0, if Sy < K.

These are the payoffs of asset-or-nothing and of cash-or-nothing derivatives. From
section 13.3 and Exercise 13.3.2 we have hy; = SiN(dy), hay = e "T"ON(dy). By
superposition we get the price of a call at time ¢

¢ =hiy — Khyy = S;N(dy) — Ke "= N (dy).

. . . (1, ifSr<K
Exercise 13.9.1 (Put option) (a) Consider the payoff hir = { 0. ifSr> K.
Show that

hiy=e " TUN(=dy), t<T.

St, ifSt <K

0. ifSr > K. Show that

(b) Consider the payoff ho T = {

hot = S¢N(—dy), t<T.
(¢) The payoff of a put is p, = max(K — Sr,0). Verify that
pr = Khir—har

and use the superposition principle to find the price p; of a put.

13.10 General Options on the Stock

Let G be an increasing analytic function with the inverse G~! and K be a positive
constant. A general call option is a contract with the payoff

(13.10.6)

sy | GlST) =K. it Sp> GTI(K)
= o, otherwise.

We note the payoff function fr is continuous. We shall work out the value of the
contract at time ¢, f;, using the superposition method. Since the payoff can be written
as the linear combination

fr=hir— Khar,
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with

B G(St), if St > G Y K) U if St > G~Y(K)
LT= o, otherwise, 2171 0, otherwise,

then
ft="h1t — Khoy. (13.10.7)

We had already computed the value hg;. In this case we have hg; = e Tt N (dg),
where d§ is obtained by replacing K with G~!(K) in the formula of do

InS; —In(G-YK —\T —t
gg = 5= )7)1+t(T DT —8) (13.10.8)
oIT =

We shall compute in the following hy ;. Let G(St) =, 5 S with ¢, = G™(0)/n!.
Then hy 7 = ano cnfén), where

f) _ { Snif Sp > GTH(K)

T 0, otherwise.

By Exercise 13.3.3 the price at time ¢ for a contract with the payoff fi(pn) is

nd2
ft(”) = S e DT N (S + nov/T — 1).

The value at time t of hy 7 is given by
hie = Z en "
n>0

”Lt’J’2
= Y eSS TON (GG 4 o/ T ).
n>0

Substituting in (13.10.7) we obtain the following value at time ¢ of a general call option
with the payoff (13.10.6)

71(72
fo=Y enSpem NI TON (@S + noVT —t) — Ke " TIN(dS), | (13.10.9)
n>0

with ¢, = S and d§ given by (13.10.8).
It is worth noting that in the case G(S7) = Sp we have n = 1, dy = dg, di =
dy + o(T — t) formula (13.10.9) becomes the value of a plain vanilla call option

fi = SN(dy) — Ke "=,
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13.11  Packages

Packages are derivatives whose payoffs are linear combinations of payoffs of options,
cash and underlying asset. They can be priced using the superposition principle. Some
of these packages are used in hedging techniques.

The Bull Spread Let 0 < K7 < Ks. A derivative with the payoff

0, if Sp < K
Jr=14 St—Ki, it Ki<Sr<Kp
KQ—Kl, ifK2<ST

is called a bull spread, see Fig.13.3 a. A market participant enters a bull spread
position when the stock price is expected to increase. The payoff fr can be written as
the difference of the payoffs of two calls with strike prices K1 and Ko:

fr=a(T) - c(T),

ey (T) = 0, if Sp < Kj eo(T) = 0, if Sp < Ko
! ST—Kl, ifK1<ST 2 ST—KQ, ifK2<ST

Using the superposition principle, the price of a bull spread at time ¢ is

fo = alt)— ()
= StN(dl (Kl)) - Kle_r(T_t)N(dQ(Kl)) - (StN(dl(Kg)) - K2€_T(T_t)N(d2(K2))>
= SyN(di(K1)) — N(di(K2))] — e " T[N (do(K1)) — N (da(K2))],
with
dy(fy) = D KA = F)T =Y ey () +oVT T i = 1.2,

ovT —t ’

The Bear Spread Let 0 < K7 < K5. A derivative with the payoff
Ky — Ky, if S < Ky
fr=4 Ko— 57, it K1 <S5 <Ko
0, if Ko < St

is called a bear spread, see Fig.13.3 b. A long position in this derivative leads to profits
when the stock price is expected to decrease.

Exercise 13.11.1 Find the price of a bear spread at time t, with t < T
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Figure 13.3: a The payoff of a bull spread; b The payoff of a bear spread.

Figure 13.4: a The payoff of a butterfly spread; b The payoff of a straddle.

The Butterfly Spread Let 0 < K; < K9 < K3, with K9 = (K7 + K3)/2. A butterfly
spread is a derivative with the payoff given by

0, if Sy < Ky

. ST—Kl, if K1 < Sp < Ko

Jr= K5 — Sy, if Ky < Sp < Kj
0, if K3 < Sy

A short position in a butterfly spread leads to profits when a small move in the stock
price occurs, see Fig.13.4 a.

Exercise 13.11.2 Find the price of a butterfly spread at time t, with t < T.

Straddles A derivative with the payoff fr = |S7 — K| is called a straddle, see see
Fig.13.4 b. A long position in a straddle leads to profits when a move in any direction
of the stock price occurs.
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Figure 13.5: a The payoff for a strangle; b The payoff for a condor.

Exercise 13.11.3 (a) Show that the payoff of a straddle can be written as

= K —Sr, ifSr <K
=\ Sr—K, ifK < Sr.

(b) Find the price of a straddle at time t, with t < T.

Strangles Let 0 < K1 < Ky and K = (Ko + K1)/2, K' = (K3 — K1)/2. A derivative
with the payoff fr = max(|Sp — K| — K',0) is called a strangle, see Fig.13.5 a. A long
position in a strangle leads to profits when a small move in any direction of the stock
price occurs.

Exercise 13.11.4 (a) Show that the payoff of a strangle can be written as

Ky — S, if St < Ky
fr=4 0, if Ki < St < Ky
St — Ko, if Ko < St.

(b) Find the price of a strangle at time t, with t < T
(¢c) Which is cheaper: a straddle or a strangle?

Exercise 13.11.5 Let 0 < Ky < Ky < K3 < Ky, with K4 — K3 = Ky — Ky. Find the
value at time t of a derivative with the payoff fr given in Fig.13.5 b.

13.12 Asian Forward Contracts

1 t
Forward Contracts on the Arithmetic Average Let Ap = T Sy, du denote the

0
continuous arithmetic average of the asset price between 0 and T'. It sometimes makes
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sense for two parties to make a contract in which one party pays the other at maturity
time T the difference between the average price of the asset, Ar, and the fixed delivery
price K. The payoff of a forward contract on arithmetic average is

fr=Ar — K.

For instance, if the asset is natural gas, it makes sense to make a deal on the average
price of the asset, since the price is volatile and can become expensive during the winter
season.

Since the risk-neutral expectation at time t = 0, Eg [A7], is given by E[Ar] where
w is replaced by r, the price of the forward contract at ¢t =0 is

fo = e TEolfr] = e (EolAr] - K)

T —rT
—rT e —1 ) l—e —rT
= S —-K)=5§———— K
€ ( 0 rT 0 rT ©
So  _.7(50
20 20 K)
T € (rT *

Hence the value of a forward contract on the arithmetic average at time ¢ = 0 is given
by

_ SO —rT
fo= 2 =T (2 4 K). (13.12.10)

It is worth noting that the price of a forward contract on the arithmetic average
is cheaper than the price of a usual forward contract on the asset. To see that, we
substitute x = rT in the inequality e™ > 1 —x, x > 0, to get

1— efrT

< 1.
rT

This implies the inequality

1— e—rT
Sop———— — e TK < So — e TK.
T
Since the left side is the price of an Asian forward contract on the arithmetic average,
while the right side is the price of a usual forward contract, we obtain the desired
inequality.

Formula (13.12.10) provides the price of the contract at time ¢ = 0. What is the
price at any time ¢t < T7 One might be tempted to say that replacing T" by T'— ¢ and
So by S in the formula of fj leads to the corresponding formula for f;. However, this
does not hold true, as the next result shows:
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Proposition 13.12.1 The value at time t of a contract that pays at maturity fr =
A1 — K is given by

fo=eTh (%At - K) + TLTSt(l - e_T(T_t)). (13.12.11)

Proof: ~ We start by computing the risk-neutral expectation Et[AT]. Splitting the
integral into a predictable and an unpredictable part, we have

~ ~r1 [T
EjAr] = E[T/o Sudu\]:t}
~r1 [t 1 [T
- E[T/O Sudu+T/t Sudu\]-"t]

1/t ~r1 [T
- T/o Sudu+E[T/t Sudu\]-"t]

1 t 1 T
= = — | E[S.F
T/OS“du+T/t S| F2] du

1/t | R

where we replaced p by r in the formula E [SulFt] = Spe "=t Integrating we obtain

BiAr] = l/tscz +1/TS () gy
t\Ar, = T ), u Al T te
T rt

t 1 et —e
= A4 SemE TS
Tt T e r

- %At + TLTSt (eT(T—t) - 1). (13.12.12)
Using (13.12.12), the risk-neutral valuation provides
fi = eI VE[Ar — K] = e T IE A7) — e T K
= OO (La - K)+ s (1),

Exercise 13.12.2 Show that %in% ft = fo, where f; is given by (13.12.11) and fo by
ﬁ
(13.12.10).

Exercise 13.12.3 Find the value at time t of a contract that pays at maturity date
the difference between the asset price and its arithmetic average, fr = Sp — Ar.
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Forward Contracts on the Geometric Average We shall consider in the following
Asian forward contracts on the geometric average. This is a derivative that pays at
maturity the difference fr = Gr — K, where Gt is the continuous geometric average
of the asset price between 0 and T and K is a fixed delivery price.

We shall work out first the value of the contract at ¢ = 0. Substituting u = r in
the first relation provided by Theorem 12.4.4, the risk-neutral expectation of G as of
time ¢t =0 is ,

Eo[GT] = Soeé(r_%)T.

Then
fo = e TEGr — K] =e"TEGr] — e "TK
— efrTSOe%(rf%)T - efrTK

2
= Soe_%(r+%)T —e"TK.

Thus, the price of a forward contract on geometric average at ¢ = 0 is given by

02
fo=Soe 2+ )T _ TR, (13.12.13)

As in the case of forward contracts on arithmetic average, the value at time 0 <
t < T cannot be obtain from (13.12.13) by replacing blindly 7" and Sy by T'— ¢ and S,
respectively. The correct relation is given by the following result:

Proposition 13.12.4 The value at time t of a contract which pays at maturity Gp— K
18

o2 ) (T-1)2 | o2 (1-1)3

fi = GT ST @0+ S 5 U5 (i) g (13.12.14)

Proof: Since for t < u

2
InS, = InS; + (4 — %)(u — )+ (W, — W),

we have

T t T
/ InS,du = /lnSudu—l—/ In S, du
0 0 t
2

_ /OtlnSudu—l-/tT(lnSt"‘(M_ %)(u—t)-l-U(Wu—Wt)) du

t 2 2 _ 42
= /lnSudu—l—(T—t)lnSt-i-(M—g—)(T !
0

. —HT t))

T
t
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The geometric average becomes

GT _ 6% fOTlnSudu
t 2
_ e% fot In Sy, du SE_TG%(M—%)(%—t)(T_t)e% ftT(Wu—Wt)du

a2

t t )2 4
= GF 8T =) T o S W W) du (13.12.15)

)

where we used that
T
6% Jo Sy du 6% InG: _ o

TRl

Relation (13.12.15) provides G in terms of G; and S;. Taking the predictable part
out and replacing p by r we have

o2 (T—1)?

BGr] = GF 57T r=%) E[e% ftT(Wu*W”d“\ft] (13.12.16)

Since the jump W, — W; is independent of the information set F;, the condition can

be dropped
E [e% S Wu—we) d“|.7'—t] =F [e% LT(W“*Wt)du] .

Integrating by parts yields
T T
/ Wy =Wy du = / Wy du — (T — )W,
t t

T

= TWT - tWt - / uqu - TWt +tWt

t
T T T

= T(Wp—Wy) —/ u dW,, :/ Tqu—/ udW,

t t t

- / - wyaw,

which is a Wiener integral. This is normal distributed with mean 0 and variance

T _(T—t)3
/t (T—u)2du—T.

T 3
T ¢
Then / (W — Wy) du ~ N(o, %) and hence
t

2 _n3 2 _3
E[e% ftT(WrWt)du} _ E[e% ftT(Tfu)qu] L Rt o
Substituting into (13.12.16) yields
1— 2 (1-? o% (T-1)°

~ t t o o
E|Gr] =G S, Ter—%) 7 er? (13.12.17)
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Hence the value of the contract at time ¢ is given by

2, (1-0? | 2 (1-8)%

Jt = e_r(T_t)E't[GT — K| = Gt%st %efT(Tft)Jr(T*%) T T2 (T

Exercise 13.12.5 Show that %irr(l) ft = fo, where f; is given by (13.12.14) and fy by
—
(13.12.13).

Exercise 13.12.6 Which is cheaper: an Asian forward contract on A: or an Asian
forward contract on G;?

Exercise 13.12.7 Using Corollary 12.4.5 find a formula of Gt in terms of Gy, and
then compute the risk-neutral world expectation E[Gr].

13.13 Asian Options

There are several types of Asian options depending on how the payoff is related to the
average stock price:

e Average Price options:

— Call: fr = max(Sge — K,0)
— Put: fr = max(K — Sgpe, 0).

e Average Strike options:

— Call: fr = max(St — Sae, 0)
— Put: fr = max(Sgpe — S7,0).

The average asset price Sy can be either the arithmetic or the geometric average of
the asset price between 0 and T'.

Geometric average price options When the asset is the geometric average, G, we
shall obtain closed form formulas for average price options. Since G is log-normally
distributed, the pricing procedure is similar with the one used for the usual options
on stock. We shall do this by using the superposition principle and the following two
results. The first one is a cash-or-nothing type contract where the underlying asset is
the geometric mean of the stock between 0 and T'.

Lemma 13.13.1 The value at time t = 0 of a derivative, which pays at maturity $1
if the geometric average G > K and 0 otherwise, is given by

ho = e " N(dy),
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where )
- ISy-WnK+(u—-%)7T

2 o/T/3

Proof: The payoff can be written as

b L iGr>K _ (1, iXr>hK
7Y o0, ifGr<K ~ |0, ifXr<hK,

where X7 = In Gr has the normal distribution

223
see formula (12.4.15). Let p(z) be the probability density of the random variable X

2T T
XTNN[m&ﬁ%u—U 7 }

1 o2\ T 2 202T
— = ple-InSo—(p—%) 317/ (55)
z) = e 273 E 13.13.18
R vE ( )
The risk neutral expectation of the payoff at time t = 0 is

oo

EW]Z/M@M@maxpmm

n K

7[55711’1507(1”7”2*2)%}2/(20;T) d

xz,

1
—_—— e
V210\/T/3 Jin k¢

where p was replaced by r. Substituting

CInSy— (r — T
y= TS =)y (13.13.19)
o/T/3

yields

Bolhr] = —— [ evray— L /dN eV g

ol o | @ Y o ) Y

= N(d2),

where

2

j_m%—mK+w—%%
2 o/T/3 .

Discounting to the free interest rate yields the price at time ¢t = 0

ho = efrTE()[hT] = eirTN(dNQ).
]

The following result deals with the price of an average-or-nothing derivative on the
geometric average.
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Lemma 13.13.2 The value at time t = 0 of a derivative, which pays at maturity G
if Gr > K and 0 otherwise, is given by the formula

—l(r+ﬁ)T e
go =€ 2761 SyN(dy),
where

T InSy— K + (r+ %)%
L o/T/3 .

Proof: Since the payoff can be written as

[ Gr, fGr>K [ X7, if Xp>IK
=10, ifGr<K 10, ifXr<hK,

with X7 = In G, the risk neutral expectation at the time ¢ = 0 of the payoff is

Bl = [ grp@)de= [ epe)d

—o0 In K

where p(x) is given by (13.13.18), with u replaced by r. Using the substitution
(13.13.19) and completing the square yields

~ o0 2

1 o2\ T2 /0 202T
E g - exef[xflnSof(r—T)i] /(T) d:]j
ol V2ro\/T/3 Jmk

—a2

If we let

d = c’lvg—i-ax/T/S
0.2
_ lnSo—an+(r—7)%+U B
o/T/3

Sy — K+ (r+%)7T
o/T/3

the previous integral becomes, after substituting z =y — o1/7T/3,

iSoe%(“g)T e 2% dz = Soe%(’”*%)TN(c?l).

V2T —d;

Then the risk neutral expectation of the payoff is

~ 1 -2 ~
Eolg,] = Soe2 " F)TN(dy).
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The value of the derivative at time ¢ is obtained by discounting at the interest rate r
~ -2 ~
g = e "TEg,] = e_rTSOe%(T_T)TN(dl)
02 ~
= 6_%(T+T)TSON(d1).

Proposition 13.13.3 The value at time t of a geometric average price call option is

(72 -~ -~
fo = 67%(T+7)TSON(d1) - KeirTN(dg).

Proof: Since the payoff fr = max(Gp — K,0) can be decomposed as

fT:gT_Kth
with
[ Gr, itGr>K L _ L iGrzK
9=V 0, ifGr <K, =10, ifGp <K,

applying the superposition principle and Lemmas 13.13.1 and 13.13.2 yields
fo = go— Kho
0'2 -~ -~
= e 2T FITGN(dy) — Ke "IN (dy).

Exercise 13.13.4 Find the value at time t = 0 of a price put option on a geometric
average, i.e. a derivative with the payoff fr = max(K — Gr,0).

Arithmetic average price options There is no simple closed-form solution for a
call or for a put on the arithmetic average A;. However, there is an approximate
solution based on computing exactly the first two moments of the distribution of Ay,
and applying the risk-neutral valuation assuming that the distribution is log-normally
with the same two moments. This idea was developed by Turnbull and Wakeman [15],
and works pretty well for volatilities up to about 20%.

The following result provides the mean and variance of a normal distribution in
terms of the first two moments of the associated log-normally distribution.

Proposition 13.13.5 Let Y be a log-normally distributed random variable, having the
first two moments given by

my = E[Y], my = E[Y?).

Then InY has the normal distribution InY ~ N(u,0?), with the mean and variance
given respectively by

02 =In—- (13.13.20)
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Proof: Using Exercise 1.6.2 we have
02
my = E[Y] = el T, mg = E[Y?] = 2207,
Taking a logarithm yields

2
,u—l—a—zlnml, 2+ 20% = Inmy.

2
Solving for p and o yields (13.13.20). ]
Assume the arithmetic average A; = % has a log-normally distribution. Then

In A; = In I; —Int is normal, so In I; is normal, and hence I; is log-normally distributed.
Since Iy = fOT Sy du, using (12.4.12) yields

et
my = E[Ir] = Sp 1 ;
253 et )T 1 e
my = E[I2] = 02{ - }
p+o 2p+o @

Using Proposition 13.13.5 it follows that In A; is normally distributed, with

m2 meo
In A ~N<ln—1—1nt, ln—). 13.13.21
T Ty m% ( )

Relation (13.13.21) represents the normal approximation of In A;. We shall price the
arithmetic average price call under this condition.

In the next two exercises we shall assume that the distribution of Ap is given by the
log-normal distribution (13.13.21).

Exercise 13.13.6 Using a method similar to the one used in Lemma 13.13.1, show
that an approximate value at time 0 of a derivative, which pays at maturity $1 if the
arithmetic average A > K and 0 otherwise, is given by

ho = e_rTN((jg),

with
Q= In(m?//mz) —In K —Int
? In(mg/m?)

, (13.13.22)

where in the expressions of my1 and mo we replaced p by r.

Exercise 13.13.7 Using a method similar to the one used in Lemma 13.13.2, show

that the approximate value at time 0 of a derivative, which pays at maturity Ar if

Ar > K and 0 otherwise, is given by the formula
1— e—rT

ay = SOTN(dl)a
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where (CHECK THIS AGAIN!)

2
mi

5 In—-L +Int —In K
dy = In(mg/m?) 4+ —X22 , (13.13.23)
2
In(ma/my7)

where in the expressions of m1 and mo we replaced v by r.

Proposition 13.13.8 The approzimate value at t = 0 of an arithmetic average price

call is given by
So(1—e "1
pO 0( - )

with dy and dy given by formulas (13.13.22) and (13.13.23).

Exercise 13.13.9 (a) Prove Proposition 15.13.8.
(b) How does the formula change if the value is taken at time t instead of time 07

N(dy) — Ke "' N(dy),

13.14 Forward Contracts with Rare Events

We shall evaluate the price of a forward contract on a stock which follows a stochastic
process with rare events, where the number of events n = Np until time T is assumed
Poisson distributed. As usual, T denotes the maturity of the forward contract.

Let the jump ratios be Y; = Stj /Stj,7 where the events occur at times 0 < t; <
ty < --- < ty, where n = Np. The stock price at maturity is given by Merton’s formula
XXX

Nt
ST _ Soe(p—kp—%cr?)T-I-chT H 1/}7
j=1
where p = E[Y}] is the expected jump size, and Y, --- ,Y,, are considered independent

among themselves and also with respect to W;. Conditioning over Ny = n yields

B(IT¥) — 3BT - )P =)

n>0  j=1
= Y [IEMIP(Nr =n)
n>0j=1

_ an (AT)" e AT — AT AT
n!
n>0
Since Wr is independent of N7 and Y; we have
2 Nt
BlSr] = Spew =T B E[[] V)]
§j=0
_ Soe(u—kp)Te)\pTe—)\T

= Soe(”_A)T.
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Since the payoff at maturity of the forward contract is fr = Sp— K, with K delivery
price, the value of the contract at time ¢ = 0 is obtained by the method of risk neutral
valuation

fo = €7 (Eo (ST — K]) =T (Soe(’”*)‘)T - K)
= Spe M —Ke T,

Replacing T' with T'— ¢t and Sy with S; yields the value of the contract time ¢

fir = Spe M= _ e (T 0<t<T. (13.14.24)

It is worth noting that if the rate of jumps ocurrence is A = 0, we obtain the familiar

result
ft = St — €7T(T*t)K.

13.15 All-or-Nothing Lookback Options (Needs work!)

Consider a contract that pays the cash amount K at time T if the stock price S; did
ever reach or exceed level z until time 7', and the amount 0 otherwise. The payoff is

v | K St >z
=Y 0, otherwise,
where S = max S is the running maximum of the stock.

In order to compute the exact value of the option we need to find the probability
density of the running maximum

W,
rggf(us + oWs)

X, = S; =max S, = Spe
s<t
where =1 — ”—22 Let V; = mggc(us + oWs).
S

Let T, be the first time the process ut + oW, reaches level z, with > 0. The
probability density of T, is given by Proposition 3.6.5

( ) €T _(-T—MQ)2
p T) = ———— @€ 270
oV 23
The probability function of Y; is given by
PY,<z) = 1-PY,>z)=1- P(&laict(us +oWs) > z)
<s<
t 2
T (z—pT)
= 1-PT, <t :1—/ ————e 2002 drT
(T ) 0o oV2rr3
o0 x _(z—pn)?
_ / _ S
t oV2rr3
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Then the probability function of X; becomes

P(X;<u) = P(e" <u/Sy) = P(Y; < In(u/S))
_ & ln(u/So) (ln(u/;(;);m)2 0

¢t oV2rr3
Let Sp < z. What is the probability that the stock S; hits the barrier z before time
T'?7 This can be formalized as the probability (m<ax St > z), which can be computed

using the previous probability function:

P(Sr>2z2) = 1—P(r?<a%(st <2)=1-PXr <2)

_ 1_/00 ln(z/So) (n(=/S0).- de
r ovenrs.
_ /T ln(z/So)e_ (n=/50) ) "
0 oV2rr3 ’

where 1 = r — 02/2. The exact value of the all-or-nothing lookback option at time
t=01is

T

Vo = e "TE[Vy]
= E[VT\ max S; > z]P(max S; > z)e_TT
t<T t<T

E P -
+E[Vr| max Sy < z] (I%a%c Sy < z)e

=0
= _TTKP(max Sy > 2)

2
_ TTK/ In(z/So) %
oV 273

Since the previous integral does not have an elementary expression, we shall work out
some lower and upper bounds.

dr. (13.15.25)

Proposition 13.15.1 (Typos in the proof) We have

[ 2 z KS
—rT B 0
e K(l J3Tln5><V0<—z

Proof: First, we shall find an upper bound for the option price using Doob’s inequality.
The stock price at time ¢ is given by

02
S, = Sgelr—F)tHoWe,
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Under normal market conditions we have r > "—22, and by Corollary 2.12.4, part (b)
it follows that S; is a submartingale (with respect to the filtration induced by W4).
Applying Doob’s submartingale inequality, Proposition 2.12.5, we have
1 S
P(max S; > z) < ~E[Sy] = 22T

t<T z

Then the expected value of Vr can be estimated as
KS(] T
E =K-P > - P < ——e".
Vr] (I%ajgc Sy >z2)+0 (rtngaTXSt <z) < ¢

Discounting, we obtain an upper bound for the value of the option at time t =0

K
Vo =e "TE[Vy] < K

In order to obtain a lower bound, we need to write the integral away from the singularity
at 7 = 0, and use that e > 1 — x for z > 0:

* In(z/Sp) _nG/Se)—nen)?
‘/0 = *T'TK 7TTK Me e dT
2wo3T3

_ _ In( z/So
rT rT
< K — K/

V2modT 3

2 z
—rT
- K(l_,/_l 2)
¢ mo3T nSO

Exercise 13.15.2 Find the value of an asset-or-nothing look-back option whose payoff

18 _
Ve — St, if St > K
70, otherwise.

K denotes the strike price.

Exercise 13.15.3 Find the value of a price call look-back option with the payoff given

by
0, otherwise.

VT:{ET—K, if St > K

Exercise 13.15.4 Find the value of a price put look-back option whose payoff is given
by

0, otherwise.

{ K—Sr, ifSp <K
Vp =
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Exercise 13.15.5 FEvaluate the following strike look-back options

(a) Vp =S — St (call)

(b) VT = ST — ST (put)

It is worth noting that (St — Sp)* = St — Sy this explains why the payoff is not given
as a piece-wise function.

Hint: see p. 739 of Mc Donald for closed form formula.
Exercise 13.15.6 Find a put-call parity for look-back options.

Exercise 13.15.7 Starting from the formula (see K&S p. 265)

P(flglIT)(Wt —t) > 5) =1- N(7ﬁ+ %) + e_QﬂWN(’V\/_— %)7

1 o
with 8 >0, v € R and N(z) = \/T/ e /2 dz, calculate the price att = 0 of a
T J—co

contract that pays K at time T if the stock price Sy did ever reach or exceed level z
before time T .

13.16  Perpetual Look-back Options

Consider a contract that pays K at the time the stock price S; reaches level b for the
first time. What is the price of such contract at any time t > 07

This type of contract is called perpetual look-back because the time horizon is
infinite, i.e. there is no expiration date for the contract.

The contract pays K at time 75, where 7, = inf{t > 0;S; > b}. The value at time
t = 0 is obtained by discounting at the risk-free interest rate r

Vo=E[Ke ™| = KE[e"™]. (13.16.26)

This expectation will be worked out using formula (3.6.11). First, we notice that the
time 7, at which S; = b is the same as the time for which Soe(T*UQ/Q)tJ“’Wt = b, or

equivalently,
2

(7“— %)t—i—aWt :lnsio.

Applying Proposition 3.6.4 with u =r — 0%/2, s = r, and = In(b/Sy) yields

Ble] = e (rFyaore-gp)ng
B ( b )(TU;\/QTU+(T‘G22)2)/U2

So
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Substituting in (13.16.26) yields the price of the perpetual look-back option at ¢t = 0

b (rféf\/QTUJr(rf%)Q)/aQ
-x(3) |

(13.16.27)

Exercise 13.16.1 Find the price of a contract that pays K when the initial stock price
doubles its value.

13.17 Immediate Rebate Options

This contract pays at the time the barrier is hit, T;, the amount K. The discounted
value at t =0 is
fo = e e T, <T
= o, otherwise.

The price of the contract at t =0 is
Vo = Elfo] = Elfo|Ta <T|P(Ta <T)+ E[fo|To > T| P(Ty > T)
—_—

=0
= KE[e ™P(T,<T

00 T
= K/ e "pa(T) dT/ Pa(T) dT,
0 0

where
a

In & a 2 3
. So —(In S—fam') /(2707)
Pa(T) = F===e " %0 ,

a(7) 21373
2
and a =1 — %. Question: Why in McDonald (22.20) the formula is different. Are

they equivalent?

13.18 Deferred Rebate Options

The payoff of this contract pays K as long as a certain barrier has been hit. It is called
deferred because the payment K is made at the expiration time T'. If T, is the first
time the stock reaches the barrier a, the payoff can be formalized as

v [ KT <T
Yo, ifT,>T.

The value of the contract at time ¢t = 0 is

Vo = e TEVy]=e"TKP(T, <T)

T

- 1 In & —ar)?/(2702%)

Ke TTlni/ 76( S0 dr,
SoJo oV2rr3

0.2

witha =7r — —.

2



Chapter 14

Martingale Measures

14.1 Martingale Measures

An Fi-predictable stochastic process X; on the probability space (£2, F, P) is not al-
ways a martingale. However, it might become a martingale with respect to another
probability measure () on F. This is called a martingale measure. The main result
of this section is finding a martingale measure with respect to which the discounted
stock price is a martingale. This measure plays an important role in the mathematical
explanation of the risk-neutral valuation.

14.1.1 Is the stock price S; a martingale?

Since the stock price S; is an F;-predictable and non-explosive process, the only con-
dition which needs to be satisfied to be a F;-martingale is

E[S|Ful = Suy  Vu<t. (14.1.1)

Heuristically speaking, this means that given all information in the market at time wu,
Fu, the expected price of any future stock price is the price of the stock at time u, i.e
Sy. This does not make sense, since in this case the investor would prefer investing
the money in a bank at a risk-free interest rate, rather than buying a stock with zero
return. Then (14.1.1) does not hold. The next result shows how to fix this problem.

Proposition 14.1.1 Let p be the rate of return of the stock S;. Then
Ele™MSy|F,] = e 8, Vu < t, (14.1.2)
i.e. e MtS; is an Fy-martingale.
Proof: The process e "t S; is non-explosive since
Elle™"8|] = e M E[S;] = e M Spett = Sy < .
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Since S; is F-predictable, so is e #tS;. Using formula (12.1.2) and taking out the
predictable part yields

E[Si|F) = E[Spel 27+ F, ]
E[Soe(u—%cr?)quUWue(u—%02)(t—u)+0(Wt—Wu) | Fu]

= B[S et 30 tmu) o (W= W) 11

= S,z t=w) geo(We=Wu)| £ | (14.1.3)
Since the increment W; — W, is independent of all values Wy, s < u, then it will also be

independent of F,,. By Proposition 1.11.4, part 6, the conditional expectation becomes

the usual expectation
Ele”WemWu| £, ] = Ble”We=Wu)].

Since o(Wy — Wy,) ~ N(0,0%(t — u)), from Exercise 1.6.2 (b) we get
E[ea(wﬁwu)] _ 6%0'2(t7u)‘
Substituting back into (14.1.3) yields
E[S)|F.] = S, e300 (t-w) 30 (t-u) _ g oult—u),

which is equivalent to
E[e_“tSt\}"u] =e MG,
|

The conditional expectation E[S;|F,] can be expressed in terms of the conditional
density function as

BISIF) = [ Sip(SilF.)ds. (14.1.4)
where S; is taken as an integration variable.

Exercise 14.1.2 (a) Find the formula for conditional density function, p(S¢|F,), de-
fined by (14.1.4).

(b) Verify the formula
E[Si|Fo] = E[S]

in two different ways, either by using part (a), or by using the independence of Sy with
respect to Fg.

The martingale relation (14.1.2) can be written equivalently as
/e_“tStp(St\}"u) dS; = e P S, u < t.

This way, dP(x) = p(z|F,) dz becomes a martingale measure for e #S,.
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14.1.2 Risk-neutral World and Martingale Measure
Since the rate of return g might not be known from the beginning, and it depends on
each particular stock, a meaningful question would be:

Under what martingale measure does the discounted stock price, My = e~ "tS;, become
a martingale?

The constant r denotes, as usual, the risk-free interest rate. Assume such a martingale
measure exists. Then we must have

E,[e ™8] = E[e "8, | Fy] = e S,

where F denotes the expectation with respect to the requested martingale measure.
The previous relation can also be written as

e TEVES|F] = Sy, u<t.

This states that the discounted expectation at the risk-free interest rate for the time
interval ¢ — w is the price of the stock, S,. Since this does not involve any of the
riskiness of the stock, we might think of it as an expectation in the risk-neutral world.
The aforementioned formula can be written in the compound mode as

E[Si|Fy) = Sue’™,  u<t. (14.1.5)

This formula can be obtained from the conditional expectation E[S;|F,] = S,e¢—%)
by substituting ;. = r and replacing E by E, which corresponds to the definition of the
expectation in a risk-neutral world. Therefore, the evaluation of derivatives in section
13 is done by using the aforementioned martingale measure under which e~ "S; is a
martingale. In the next section we shall determine this measure explicitly.

Exercise 14.1.3 Consider the following two games that consit in flipping a fair coin
and taking decisions:

A. If the coin lands Heads, you win $2; otherwise you loose $1.

B. If the coin lands Heads, you win $20,000; otherwise you loose $10,000.
(a) Which game involves more risk? Explain your answer.

(b) Which game would you choose to play, and why?

(¢) Are you risk-neutral in your decision?

The risk neutral measure is the measure with respect to which investors are not
risk-averse. In the case of the previous exercise, it is the measure with respect to which
all players are indiferent whether they choose option A or B.
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14.1.3 Finding the Risk-Neutral Measure

The solution of the stochastic differential equation of the stock price
dSt = [LStdt + O'Stth

can be written as
Sy = SpetteT Wizt

Then e #S; = Soe"Wﬁ%"Qt is an exponential process. By Example 9.1.3, particular
case 1, this process is an F;-martingale, where F; = o{W,;u < t} is the information
available in the market until time ¢. Hence e #!S; is a martingale, which is a result
proved also by Proposition 14.1.1. The probability space where this martingale exists
is (Q,F, P).

In the following we shall change the rate of return p into the risk-free rate r and
change the probability measure such that the discounted stock price becomes a mar-
tingale. The discounted stock price can be expressed in terms of the Brownian motion
with drift (a hat was added in order to distinguish it from the former Brownian motion
Wh)

w,=FE""w, (14.1.6)

g

as in the following

_ _ _1 2 T, 1. 2
e rtSt —¢ rtsoe,uteUWt 50 t :ea'Wt 30 t'

IFwelet \=2""in Corollary 9.2.4 of Girsanov’s theorem, it follows that /Wt is a

o
Brownian motion on the probability space (Q, F, @), where

dQ = e~ 25T "Wr gp
As an exponential process, e"Wi=37" hocomes a martingale on this space. Consequently
e "'S; is a martingale process w.r.t. the probability measure (). This means

E9e™ S| Fy] = e "8, u < t.

where E?[ - |F,] denotes the conditional expectation in the measure @, and it is given
by

n=r

EQ[XtLFu] = EP[Xte_%( o )QT_)\WTLFU].

The measure @ is called the equivalent martingale measure, or the risk-neutral measure.
The expectation taken with respect to this measure is called the expectation in the risk-
neutral world. Customarily we shall use the notations

Ele™S,] = E®[e"s)
E e8] = E9[e S| F.]
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It is worth noting that E [e7"tSy] = Eq [e7"tSy], since e7"S; is independent of the initial
information set Fy.

The importance of the process /Wt is contained in the following useful result.

Proposition 14.1.4 The probability measure that makes the discounted stock price,
e~ S, a martingale changes the rate of return u into the risk-free interest rate r, i.e

dS; = rS;dt + 0.5, dW;.
Proof: The proof is a straightforward verification using (14.1.6)

dSt = [LStdt + O'Stth = ’I“Stdt + (,U, - T‘)Stdt + O'Stth

= ’I”Stdt+ USt<'u — Tdt +th>
g

= ’I“Stdt + O'Stdwt
We note that the solution of the previous stochastic equation is

St — Soerteaﬁ/\tféojt

Exercise 14.1.5 Assume p # r and let u < t.

(a) Find E¥[e""S;|F.] and show that e~"tS,; is not a martingale w.r.t. the proba-
bility measure P.

(b) Find EQ[e " S,|F,] and show that e " Sy is not a martingale w.r.t. the proba-
bility measure Q.

14.2 Risk-neutral World Density Functions

The purpose of this section is to establish formulas for the densities of Brownian motions
W and W; with respect to both probability measures P and ), and discuss their
relationship. This will clear some confusions that appear in practical applications
when we need to choose the right probability density.

The densities of W; and Wt with respect to P and ) will be denoted respectively
by pp, p, and pp, p,. Since W; and /I/I?t are Brownian motions on the spaces (92, F, P)
and (2, F,Q), respectively, they have the following normal probability densities

1 a2
X = e 2t — x),;
po(a) = =5 = pla)
~ 1 o2
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The associated distribution functions are
Fy.(z) = P(W,<uz)= / dP(w) = / p(u) du;
{

FE @) = QT <a)— /{A Q) = [ pluydu

Expressing W, in terms of /V[7t and using that /Wt is normally distributed with respect
to @ we get the distribution function of W; with respect to @ as

FV?/t(ﬂc) = QW <x) = Q(Wt —nt < x)

= QW <z +nt) = /A 1Q(w)
{Wi<z+nt}
r+nt r+nt 1 42
= d = T2t d .
/OO p(y) dy /OO et Y

Differentiating yields the density function

d o 1
pQ(l“) = %Fwt(l“) = \/T%

o~ 2 (yHt)?

It is worth noting that p,(z) can be decomposed as

Cnp—1p2
Po(x) = 72 p(x),

which makes the connection with the Girsanov theorem.

The distribution function of /Wt with respect to P can be worked out in a similar
way

F%t (z) = PW,<z)=PW,+nt<z)
= PWi<z—nt)= / dP(w)
{Wy<z—nt}
r—nt r—nt 1 42
= / p(y) dy =/ e = dy,
—00 —00 27Tt
so the density function is
d P 1 1 2
= [ — —5; (y—nt) .
po@) = B () = e
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14.3 Correlation of Stocks
Consider two stock prices driven by the same novelty term

ds, = ulsldt—i—mSlth (14.3.7)
dSy = poSadt + g9SodWy. (14.3.8)

Since the underlying Brownian motions are perfectly correlated, one may be tempted
to think that the stock prices Siand Sy are also correlated. The following result shows
that in general the stock prices are positively correlated:

Proposition 14.3.1 The correlation coefficient between the stock prices S1 and So
driven by the same Brownian motion is

ealagt -1

Corr(Sy,52) = (e"%t _ 1)1/2(€a§t _ 1)1/2 >0

In particular, if o1 = o9, then Corr(S1,S2) = 1.
Proof: Since

S1(t) = S1(0)er 3ot Gy (1) = Sy(0)er2! 398t 72 W,

from Exercise 14.3.4 and formula E[e""'] = ¢¥*1/2 we have

Cov(e?Wt e72Wi
COTT(SDSQ) - COTT(eUth7ea2Wt) - \/V&T(6(01Wt)va?”(ea)2Wt)

E[e(01+02)Wt] _ E[ealwt]E[€UQWt]
VVar(emWo)Var(es2Wr)

e%(a1+02)2t - e%a%teéagt
[eaft(eaft _ 1)eagt(€agt _ 1)]1/2
edlo'zt -1

(eaft _ 1)1/2(€a§t _ 1)1/2'

If 01 = 09 = ¢ then the previous formula provides

et 1
COTT(Sl,SQ) = m = 1,
i.e. the stocks are perfectly correlated if they have the same volatility. [ |

Corollary 14.3.2 The stock prices S1 and So are positively strongly correlated for
small values of t:
Corr(Sy,52) —1 as t — 0.
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Figure 14.1: The correlation function f(t) = T DYy TRV
oo = 0.40.

in the case o1 = 0.15,

This fact has the following financial interpretation. If some stocks are driven by the
same unpredictable news, when one stock increases, then the other one tends to increase
too, at least for a small amount of time. In the case when some bad news affects an
entire financial market, the risk becomes systemic, and hence if one stock fails, all the
others tend to decrease as well, leading to a severe strain on the financial market.

Corollary 14.3.3 The stock prices correlation gets weak as t gets large:
Corr(Sy,52) = 0 as t — oo.

Proof: It follows from the asymptotic correspondence

eo‘102t -1 edlo'zt

(eaft _ 1)1/2(ea§t _ 1)1/2 ~ eaf;ggt

_(o1-09)2
=e 2 10, t—0.

It follows that in the long run any two stocks tend to become uncorrelated, see Fig.14.1.

Exercise 14.3.4 If X and Y are random variables and o, 8 € R, show that

Corr(X,Y), ifaB8 >0

Corr(aX,fY) = { —Corr(X,Y), ifaB <0.

Exercise 14.3.5 Find the following
(a) Cov (dSl(t), dSs (t));
(b) Corr(dSi(t),dS2(t)).
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14.4 Self-financing Portfolios

The value of a portfolio that contains 6;(t) units of stock Sj(t) at time ¢ is given by

The portfolio is called self-financing if

n

dV(t) =) 6;(t)dS;(t).

j=1

This means that an infinitesinal change in the value of the portfolio is due to infinites-
imal changes in stock values. All portfolios will be assumed self-financing, if otherwise
stated.

14.5 The Sharpe Ratio

If p is the expected return on the stock S, the risk premium is defined as the difference
1 —7, where r is the risk-free interest rate. The Sharpe ratio, n, is the quotient between
the risk premium and stock price volatility

’r]:
(o2

The following result shows that the Sharpe ratio is an important invariant for the
family of stocks driven by the same uncertain source. It is also known under the name
of the market price of risk for assets.

Proposition 14.5.1 Let Sy and S be two stocks satisfying equations (14.3.7)—(14.3.8).
Then their Sharpe ratio are equal

pi—T _ H2 T

(14.5.9)
o1 o9
Proof: Eliminating the term dW; from equations (14.3.7) — (14.3.8) yields
QdSl - 2CZSQ = (,ulUg — ,ugdl)dt. (14.5.10)
Sy S

Consider the portfolio P(t) = 01(t)S1(t) — 02(t)S2(t), with 01(t) = ?Eg and 0,(t) =
1
01 (t)

Sa(t)

. Using the properties of self-financing portfolios,, we have

dP(t) = 61(t)dSi(t) — 02(t)dSa(t)

g9 01
= —dS1 — —dSs.
S, S1 5, S
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Substituting in (14.5.10) yields dP = (u109 — pugoy)dt, i.e. P is a risk-less portfolio.
Since the portfolio earns interest at the risk-free interest rate, we have dP = rPdt.
Then equating the coefficients of dt yields

109 — peoy = rP(t).
Using the definition of P(t), the previous relation becomes
102 — pooq = 16151 — 10253,
that can be transformed to
H102 — [l201 = T02 — 1071,

which is equivalent with (14.5.9). ]
Using Proposition 14.1.4, relations (14.3.7) — (14.3.8) can be written as

dS, = T‘Sldt—l-OjSlth
dSy; = TSth—I-O'QSQth,

where the risk-neutral process dﬁ/\t is the same in both equations

B g paw, = 2271
o1 g2

AW, =

dt + dWy.

This shows that the process 171\/,5 is a Brownian motion with drift, where the drift is the
Sharpe ratio.

14.6 Risk-neutral Valuation for Derivatives

The risk-neutral process dﬁ/\t plays an important role in the risk neutral valuation of
derivatives. In this section we shall prove that if fr is the price of a derivative at the
maturity time, then f; = E [e="(T=1) £ F] is the price of the derivative at the time t,
for any t < T

In other words, the discounted price of a derivative in the risk-neutral world is the
price of the derivative at the new instance of time. This is based on the fact that e~ f;
is an Fy-martingale with respect to the risk-neutral measure @ introduced previously.

In particular, the idea of the proof can be applied for the stock S;. Applying the
product rule

de™™S) = d(e”™)S; + e "dS; + d(e”")dS;
N———
=0
= —'re’”Stdt + €7Tt(?”stdt + aStd/Wt)

= e " (rSudt + oS dWy).
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If w < t, integrating between w and ¢
t —_~
e S, = e S, + / oe "3 S dW,
u
and taking the risk-neutral expectation with respect to the information set F, yields

t —~
E[e—rtst‘fu] = E[e—rusu + / O'e_TSSdeS “Fu]
u

~ t —~~
= S, +E| / oe " S dW,| F]

~ t —~
— oS, + B / oe S, d,]

= e_TuSua

t
since | oe "*S,dW, is independent of F,,. It follows that e~ "*S; is an F;-martingale in

U
the risk-neutral world. The following fundamental result can be shown using a similar
proof as the one encountered previously:

Theorem 14.6.1 If f; = f(t,S;) is the price of a derivative at time t, then ™" f; is
an Fi-martingale in the risk-neutral world, i.e.

Ele ™ fi|F] =e"f,, YO<u<t.

Proof: Using Ito’s formula and the risk neutral process dS = rS+oS d/V[7t, the process
followed by f; is

of .., of 1°f

df = Srdt+32dS + 5525 (dS)?
= g{dt-ﬁ-%(TSdt-l-O'Sth)-Fl SgSJ;dt
= (88];-1- S§—£+— 282§Z£>dt+ Sgéth
— rfdt+aSg—£th,

where in the last identity we used that f satisfies the Black-Scholes equation. Applying
the product rule we obtain

de™™ f) = d(e™)fy + e "dfy + d(e” ) dfy
=0

_ _ of
_ rt rt “J
= —re "fidt+e (rftdt—l—JSaS

of =
08

dW)

— ¢ teSTLaw,.
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Integrating between v and t we get

— o Ofs =
e "fi=e fu—i-/ue aSanWS,
which assures that e~"? f; is a martingale, since /WS is a Brownian motion process. Using
that e~"" f,, is F,-predictable, and / t e oS %dﬁs is independent of the information
u

set F,, we have

St rup L wr [ ors (O = —ru

Ele ™ fi|lFu =e¢ fu—i-E[/ue JSanWS]:e Su-

Exercise 14.6.2 Show the following:

(a) BleeWeWa)|F,] = elr=pt30?)(t-w) -y <

(b) E[g_i‘fu} = e(”_%C’Q)(t_")E[e"(Wt*W“)\}'u], u < t;

(c) E’[g—ﬁfu} ==y <t
Exercise 14.6.3 Find the following risk-neutral world conditional expectations:
a) E[fg Sy dulFs], s <t;

(

(b) B[St [y SudulFy], s <t;
(¢) ELfy SudW,|Fs], s<t;
(
(

=

& by & o

St Ji SudWy|Fs), s <t;
(f(;f Sudu)2|]:s], s <t

Y
~— =
e

(&

Exercise 14.6.4 Use risk-neutral valuation to find the price of a derivative that pays
at maturity the following payoffs:

(a) fT =TSr;
(b) fT = f()T Sy du;



Chapter 15

Black-Scholes Analysis

15.1 Heat Equation

This section is devoted to a basic discussion on the heat equation. Its importance resides
in the remarkable fact that the Black-Scholes equation, which is the main equation of
derivatives calculus, can be reduced to this type of equation.

Let u(7,x) denote the temperature in an infinite rod at point x and time 7. In the
absence of exterior heat sources the heat diffuses according to the following parabolic
differential equation

ou  Pu 0

or 0z
called the heat equation. If the initial heat distribution is known and is given by
u(0,x) = f(x), then we have an initial value problem for the heat equation.

Solving this equation involves a convolution between the initial temperature f(z)
and the fundamental solution of the heat equation G(7, z), which will be defined shortly.

(15.1.1)

Definition 15.1.1 The function

1 2
G(r,z) = e 4r, >0,

VarT

is called the fundamental solution of the heat equation (15.1.1).

We recall the most important properties of the function G(7, ).

e G(7,7) has the properties of a probability density!, i.e.

1. G(r,x) > 0, Ve e R, 7> 0;

In fact it is a Gaussian probability density.

279
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Figure 15.1: The function G(7,x) tends to the Dirac measure 6(z) as 7 N\, 0, and
flattens out as T — 0.

2. / G(r,x)dr =1, vr > 0.
R

e it satisfies the heat equation

oG  0°G
E—W—O, 7> 0.

e (G tends to the Dirac measure §(x) as T gets closer to the initial time

lim G(r. ) = 6(a).

where the Dirac measure can be defined using integration as

One can think of d(z) as a measure with infinite value at © = 0 and zero for the rest
of the values, and with the integral equal to 1, see Fig.15.1.

The physical significance of the fundamental solution G(7,x) is that it describes the
heat evolution in the infinite rod after an initial heat impulse of infinite size is applied
at © = 0.
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Proposition 15.1.2 The solution of the initial value heat equation

oo _
or 0z2
u(0,x) = f(z)

1s given by the convolution between the fundamental solution and the initial temperature
u(r,z) = /}RG(T,y —x)f(y) dy, 7> 0.
Proof: Substituting z = y — x, the solution can be written as
u(r,x) = /]RG(T, 2)f(z + 2) dz. (15.1.2)

Differentiating under the integral yields

% = / LGg— Z)f(fzr +2)dz,
0u f(x —I— z) Pf(r+2)
2G(1, 2)
= /]R 7]6( T+ Z) dZ,
where we applied integration by parts twice and the fact that
lim G(r,2) = lim 9G(r.z) =0.
Z—00 2—00 z

Since G satisfies the heat equation,

Ou @ _/ [86’(7, z) 0?G(1,2)
N R or 622

5 " 522 }f(:z:—i—z) dz =0.

Since the limit and the integral commute?, using the properties of the Dirac measure,
we have

u(0,x) = hm u(T x) = h{‘r%) G(r,2)f(x + 2) dz

_ /5 flo+2)dz = f(x).

Hence (15.1.2) satisfies the initial value heat equation. [ |

It is worth noting that the solution u(r,z) = [p G( 7)f(y) dy provides the
temperature at any point in the rod for any time 7 > 0 but it cannot provide the

2This is allowed by the dominated convergence theorem.
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temperature for 7 < 0, because of the singularity the fundamental solution exhibits at
7 = 0. We can reformulate this by saying that the heat equation is semi-deterministic,
in the sense that given the present, we can know the future but not the past.

The semi-deterministic character of diffusion phenomena can be exemplified with a
drop of ink which starts diffusing in a bucket of water at time ¢ = 0. We can determine
the density of the ink at any time ¢t > 0 at any point = in the bucket. However, given
the density of ink at a time ¢ > 0, it is not possible to trace back in time the ink
distribution density and to find the initial point where the drop started its diffusion.

The semi-deterministic behavior occurs in the study of derivatives too. In the case
of the Black-Scholes equation, which is a backwards heat equation®, given the present
value of the derivative, we can find the past values but not the future ones. This
is the capital difficulty in foreseeing the prices of stock market instruments from the
present prices. This difficulty will be overcome by working the price from the given
final condition, which is the payoff at maturity.

15.2 What is a Portfolio?

A portfolio is a position in the market that consists in long and short positions in
one or more stocks and other securities. The value of a portfolio can be represented
algebraically as a linear combination of stock prices and other securities’ values:

n m
P=> a;Sj+> biFy.
j=1 k=1

The market participant holds a; units of stock S; and by units in derivative F. The
coeflicients are positive for long positions and negative for short positions. For instance,
a portfolio given by P = 2F — 35 means that we buy 2 securities and sell 3 units of
stock (a position with 2 securities long and 3 stocks short).

The portfolio is self-financing if

dP = iadej + ibdek
=1 k=1

15.3 Risk-less Portfolios

A portfolio P is called risk-less if the increments dP are completely predictable. In this
case the increments’ value dP should equal the interest earned in the time interval dt
on the portfolio P. This can be written as

dP = rPdt, (15.3.3)

3This comes from the fact that at some point 7 becomes —7 due to a substitution
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where r denotes the risk-free interest rate. For the sake of simplicity the rate r will be
assumed constant throughout this section.

Let’s assume now that the portfolio P depends on only one stock S and one deriva-
tive F', whose underlying asset is .S. The portfolio depends also on time ¢, so

P=P(t,S,F).

We are interested in deriving the stochastic differential equation followed by the port-
folio P. We note that at this moment the portfolio is not assumed risk-less. By Ito’s
formula we get

opP opP opP 10°P o, 10*°P, .,

The stock S is assumed to follow the geometric Brownian motion
dS = pSdt + o SdW, (15.3.5)

where the expected return rate on the stock p and the stock’s volatility o are constants.
Since the derivative F' depends on time and underlying stock, we can write F' = F'(¢, 5).
Applying Ito’s formula, yields

OF  OF 102F
dF = ——dt+ ——dS + === (dS)?
ot 5589+ 5552 (@)
oF oF 1 0*F oF
= (= +uS—5 + =02S*—— )dt + 0S—=dW, 15.3.6
(G + 1555 +37°5 5gz )t + 7S 5gdWe (15.3.6)
where we have used (15.3.5). Taking the squares in relations (15.3.5) and (15.3.6), and

using the stochastic relations (dW;)? = dt and dt? = dW;dt = 0, we get

(dS)* = o%S%dt
OF \2
2 2gq2(9F
dF)? = o28 (as) dt.
Substituting back in (15.3.4), and collecting the predictable and unpredictable parts,

yields

9?P  9°P /OF\2
+575 (5 + e (55) )t
+US<Z_§ + g—ﬁg—g)th' (15.3.7)

Looking at the unpredictable component, we have the following result:
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dP
Proposition 15.3.1 The portfolio P is risk-less if and only if 79 = 0.

Proof: A portfolio P is risk-less if and only if its unpredictable component is identically
Z€ero, i.e.

or  oPor
oS  OF 08

Since the total derivative of P is given by

=0.

dP _ 9P  OPOF
dS ~ 85 ' 9F 8s’
P

the previous relation becomes a5 = 0. [ |

dP
Definition 15.3.2 The amount Ap = S 1s called the delta of the portfolio P.

The previous result can be reformulated by saying that a portfolio is risk-less if and
only if its delta vanishes. In practice this can hold only for a short amount of time, so
the portfolio needs to be re-balanced periodically. The process of making a portfolio
risk-less involves a procedure called delta hedging, through which the portfolio’s delta
becomes zero or very close to this value.

Assume P is a risk-less portfolio, so

dP 0P OPOF

S~ as + == 9F 95 =0. (15.3.8)

Then equation (15.3.7) simplifies to

v =[G+ o5 (7 + 5 5)
'8 (G + o) e s

Comparing with (15.3.3) yields

1226F 1 4 0(0*P O°P OF\2\
or T37° 852>+205(852+8F2(8S>)_TP' (15.3.10)

0P 0P (OF |
ot oF

This is the equation satisfied by a risk-free financial instrument, P = P(t, S, F'), that
depends on time ¢, stock S and derivative price F'.
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15.4 Black-Scholes Equation

This section deals with a parabolic partial differential equation satisfied by all European-
type securities, called the Black-Scholes equation. This was initially used by Black and
Scholes to find the value of options. This is a deterministic equation obtained by elim-
inating the unpredictable component of the derivative by making a risk-less portfolio.
The main reason for this being possible is the fact that both the derivative F' and the
stock S are driven by the same source of uncertainty.

The next result holds in a market with the following restrictive conditions:

e the risk-free rate r and stock volatility o are constant.
e there are no arbitrage opportunities.

e no transaction costs.

Proposition 15.4.1 If F(t,5) is a deriative defined for t € [0,T], then

F F
or +7~Sa— + =08

L ogp@F _
ot "5 137" s

=rF. (15.4.11)

Proof: The equation (15.3.10) works under the general hypothesis that P = P(t, S, F')
is a risk-free financial instrument that depends on time ¢, stock S and derivative F.
We shall consider P to be the following particular portfolio

P=F—-\S.

This means to take a long position in derivative and a short position in A units of stock
(assuming A positive). The partial derivatives in this case are

aP oP aP

- = alp— - = _
ot 0, oF ’ oS A

9%pP 9%P

a2 = % g0

oF
From the risk-less property (15.3.8) we get A\ = 35 Substituting into equation
(15.3.10) yields

oOF 1 , ,0*F oF
— 4+ 0SS — =rF —rS—
ot T2 95 T T a5
which is equivalent to the desired equation. |

However, the Black-Scholes equation is derived most often in a less rigorous way.
It is based on the assumption that the number \ = g—g, which appears in the formula
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of the risk-less portfolio P = F' — \AS, is considered constant for the time interval At.
If we consider the increments over the time interval At

AWy = Wipar — Wy
AS = Sigar— St
AF = F(t+ At S, +AS) - F(t, ),

then Ito’s formula yields

OF OF 1, ,0%F
AF = ~o*5? A
(at(t S) + Sas(t S) + 5075 852@5 S)) /
OF
+0S 5t S) AW,

On the other side, the increments in the stock are given by
AS = pSAt + o SAW,.

Since both increments AF and AS are driven by the same uncertainly source, AW,
we can eliminate it by multiplying the latter equation by g—g and subtract it from the
former

OF OF 1 0*F
AF — —(t,5)A t —028? At.
55 (1988 = (Gr(6:5) + 30°8 55 (.9))
The left side can be regarded as the increment AP, of the portfolio
oF
P=F—-—
oS 5.

This portfolio is risk-less because its increments are totally deterministic, so it must
also satisfy AP = rPAt. The number g—g is assumed constant for small intervals of
time At. Even if this assumption is not rigorous enough, the procedure still leads to
the right equation. This is obtained by equating the coefficients of At in the last two

equations
oF 1 5 0%F B OF
S (t.9) + 507 (1,9) —r(F- %S),

which is equivalent to the Black-Scholes equation.

15.5 Delta Hedging

The proof for the Black-Scholes’ equation is based on the fact that the portfolio P =
F
F— g_SS is risk-less. Since the delta of the derivative F' is

dFF  OF

ds ~ a8’

then the portfolio P = F'— AfpS is risk-less. This leads to the delta-hedging procedure,
by which selling A units of the underlying stock S yields a risk-less investment.

Ap =
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Exercise 15.5.1 Find the value of the portfolio P = F — ApS in th ecase when F is
a call option.

P=F—-ApS=c— N(dl)S _ —Ke””(T*t)‘

15.6 Tradeable securities

A derivative F'(t,S) that is a solution of the Black-Scholes equation is called tradeable.
Its name comes from the fact that it can be traded (either on an exchange or over-the-
counter). The Black-Scholes equation constitutes the equilibrium relation that provides
the traded price of the derivative. We shall deal next with a few examples of tradeable
securities.

Example 15.6.1 (i) It is easy to show that F = S is a solution of the Black-Scholes
equation. Hence the stock is a tradeable security.

(i1) If K is a constant, then F = e" K is a tradeable security.

(131) If S is the stock price, then F = eS is not a tradeable security, since F does not
satisfy equation (15.4.11).

Exercise 15.6.1 Show that F'=1n S is not a tradeable security.
Exercise 15.6.2 Find all constants o such that S is tradeable.

Substituting F' = S into equation (15.4.11) we obtain

rSaS* + %UZSQa(a —1)872 =82,

1
Dividing by S yields ra + 50204(04 — 1) = r. This can be factorized as

1, 2r
4 (o — 1)(a+§) =0,

2
with two distinct solutions oy = 1 and ap = ——2. Hence there are only two tradeable
o
securities that are powers of the stock: the stock itself, S, and S —2r/o* Ip particular,
52 is not tradeable, since —2r /0% # 2 (the left side is negative). The role of these two

cases will be clarified by the next result.

Proposition 15.6.3 The general form of a traded derivative, which does not depend
explicitly on time, is given by

F(S) = C18 + Co8~ /7", (15.6.12)

with C1,Cy constants.
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Proof: 1If the derivative depends solely on the stock, F' = F'(S), then the Black-Scholes
equation becomes the ordinary differential equation

dFr 1 d’F
S——+ -0*S*—— =rF. 15.6.13
s a7 e T (15.6.13)
This is an Euler-type equation, which can be solved by using the substitution S = e*.

d d
The derivatives — and — are related by the chain rule

dsS dx
d_dsd
de  dx dS’
) dsS  de” e o d d i
Since g de €T S, it follows that e S IS Using the product rule,
d? d d d 5 d?
= Sasas) =5 TS g
and hence
ed & d
ds? dx? dx’
Substituting into (15.6.13) yields
1 ,d*G(x) 1 5.dG(z)
50’ d],‘2 + (7” — 50’ ) d = ’I”G(.’L')
where G(x) = G(e”) = F(5). The associated indicial equation
1 1
502a2 —(r— 502)a =r
has solutions a1 = 1, ay = —r/0?, so the general solution has the form
G(x) = (Che” + 02€7O_L2I7
which is equivalent with (15.6.12). ]

Exercise 15.6.4 Show that the price of a forward contract, which is given by F(t,5) = S — Ke7(T=1),
satisfies the Black-Scholes equation, i.e. a forward contract is a tradeable derivative.

Exercise 15.6.5 Show that the bond F(t) = e " T=YK is a tradeable security.

Exercise 15.6.6 Let di and do be given by

d1 = d2+0'\/T—t
n(S;/K) + (r — 5 )(T —t)
oI —t ’

do
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Show that the following functions satisfy the Black-Scholes equation:
(a) Fi(t,S) = SN(d1)
(b) Fy(t,8) =e " T=ON(dy)
(¢) Fy(t,S) = SN(dy) — Ke "T=YN(dy).

To which well-known derivatives do these formulas correspond?

15.7 Risk-less investment revised

A risk-less investment, P(t, S, F'), which depends on time ¢, stock price S and derivative
F, and has S as underlying asset, satisfies equation (15.3.10). Using the Black-Scholes
equation satisfied by the derivative F'

OF 1 5 ,0*F OF
8t+205 aSZ—TF TSaS,

equation (15.3.10) becomes

OF 0P (rr—rs ) 30252(%5 + %(g_gf) P

Using the risk-less condition (15.3.8)

oP OP OF
55 =~ " 9F 35 (15.7.14)
the previous equation becomes
oP oP OP 1 o o,10°P 0*P 0F\2 B

In the following we shall find an equivalent expression for the last term on the left side.
Differentiating in (15.7.14) with respect to F' yields

o’P  O*POF 0P O°F
OFdS ~—  OF20S OF OF0S
_ O*POF
= ToFos
where we used
PP 9 OF
0F0S 0SOF '

F
Multiplying by g—s implies

82_P(8_F)2__ P OF
OF2\9S/) ~ 0OF0S dS’
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Substituting in the aforementioned equation yields the Black-Scholes equation for port-
folios

2 2
a—P—I-TSa—P—|—7“F((5’—P—|-1025'2 op_ oP oFy

ot a5 oF " 2 952 ~arasasl ~"F (15.7.16)

We have seen in section 15.4 that P = F — g—I;S is a risk-less investment, in fact a
risk-less portfolio. We shall discuss in the following another risk-less investment.

Application 15.7.1 If a risk-less investment P has the variable S and F separable,
i.e. it is the sum P(S,F) = f(F)+ g(S), with f and g smooth functions, then

P(S,F)=F+cS+ CQSiZT/UQ,
with c1, co constants. The derivative F is given by the formula
F(t, S) =—c15— CQS_QT/UQ + Cgert, c3 €R.

Since P has separable variables, the mixed derivative term vanishes, and the equation
(15.7.16) becomes

59/(5) + T5'(S) — 9(8) = (F) — FF(P).
There is a separation constant C such that
FF) = FF(F) = C
59/(5) + Z-5%/(5) — 4(5) = C.

Dividing the first equation by F? yields the exact equation

()=

with the solution f(F') = ¢oF + C. To solve the second equation, let kK = g—j Then the
substitution S = e* leads to the ordinary differential equation with constant coefficients

kh'(z) + (1 — k)W (z) — h(z) = C,
where h(z) = g(e”) = ¢g(5). The associated indicial equation
KN4+ (1—k)A=-1=0

has the solutions A\ = 1, \s = —%. The general solution is the sum between the par-
ticular solution hy,(z) = —C' and the solution of the associated homogeneous equation,

which is ho(z) = c1e” + 0267%90. Then

h(z) = c1e” + coewE — C.



291

Going back to the variable S, we get the general form of g(.5)
g(S) = 1S + &S~/ — ¢,

with ¢1, co constants. Since the constant C' cancels by addition, we have the following
formula for the risk-less investment with separable variables F' and S:

P(S,F) = f(F) +g(S) = coF + 1S + co§ 277",
Dividing by ¢y, we may assume ¢y = 1. We shall find the derivative F(t,S) which
enters the previous formula. Substituting in (15.7.14) yields
oF 2r

—ag =0

oS o2

which after partial integration in S gives

F(t,8) = —c18 — 257217 4 (1),

—1-2r/c?
gi=2r/o%

where the integration constant ¢(t) is a function of ¢. The sum of the first two terms
is the derivative given by formula (15.6.12). The remaining function ¢(t) has also to
satisfy the Black-Scholes equation, and hence it is of the form ¢(t) = cze”, with c3
constant. Then the derivative F' is given by

F(t,S)=—-aS— 287217 4 cge™.

It is worth noting that substituting in the formula of P yields P = c3e”, which agrees
with the formula of a risk-less investment.

Example 15.7.1 Find the function g(S) such that the product P = Fg(S) is a risk-
less investment, with F' = F(t,S) deriwative. Find the expression of the derivative F
in terms of S and t.

Proof: Substituting P = Fg(S) into equation (15.7.15) and simplifying by rF" yields

dg(S) | o® d?g(S) _
a5 T Tasr 0
Substituting S = €”, and h(z) = g(e*) = ¢(5) yields
" Q_T . / _
B () + (02 1)/ (@) = 0.

Integrating leads to the solution
h(l‘) =C1+ 026(1_%)$.
Going back to variable S

o 27

1—
9(S) = h(InS) = Cy + Coe' =B — 0y 1 0,8 7.
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15.8 Solving the Black-Scholes

In this section we shall solve the Black-Scholes equation and show that its solution
coincides with the one provided by the risk-neutral evaluation in section 13. This way,
the Black-Scholes equation provides a variant approach for European-type derivatives
by using partial differential equations instead of expectations.

Consider a European-type derivative F', with the payoff at maturity T given by
fr, which is a function of the stock price at maturity, Sp. Then F(t,S) satisfies the
following final condition partial differential equation

OF OF 1 5 4,0°F
En +TS@S+2058$2 = rF

F(T,Sr) = fr(St).

This means the solution is known at the final time 7" and we need to find its expression
at any time ¢ prior to 7T, i.e.

fi=F(t,5S), 0<t<T.

First we shall transform the equation into an equation with constant coefficients.
Substituting S = e”, and using the identities

o 9 , 02 9% D
95 "oz a2 02 o

the equation becomes

2)8V —

v 1 ,0°V 1
r JR—
ox

50’
where V(t,z) = F(t,e®). Using the time scaling 7 = £0%(T'—t), the chain rule provides

9 _0r9 1,0
ot otor 270 or

2r
Denote k = —;. Substituting in the aforementioned equation yields
o

ow  0PW ow
V-1 _kw, 15.8.17
o~ a2 TG, (15.8.17)
where W (r,z) = V(t,z). Next we shall get rid of the last two terms on the right side
of the equation by using a crafted substitution.
Consider W (r,x) = e?u(r,z), where ¢ = ax + 87, with «, § constants that will
be determined such that the equation satisfied by u(7, z) has on the right side only the



second derivative in x. Since

%—Z/ = e (ozu—i— %)
8827‘/‘2/ = e‘p<a2u+2a% + %)

substituting in (15.8.17), dividing by e¥ and collecting the derivatives yields

ou  0%u ou
E:W—i—(Qa—i-k—l)%—k(oﬂ—i-a(k:—l)—k:—ﬁ)u:O

The constants « and § are chosen such that the coefficients of % and u vanish

20+k—-1 = 0
a2—i—a(k:—1)—k:—ﬁ =

Solving yields
k—1

a = ——5

B = a2+a(k—1)—k:—w.

4

The function u(7, x) satisfies the heat equation

ou B 0%u

or ~ 0x?

with the initial condition expressible in terms of fr

uw(0,2) = e PODW(0,2) = eV (T, )
e YF(T,e") =e * fr(e®).
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From the general theory of heat equation, the solution can be expressed as the convo-

lution between the fundamental solution and the initial condition

(r,2) /w Lo 0d
u(r,x) = e = u(0,
oo VATT vy

The previous substitutions yield the following relation between F' and u

F(t,8) = F(t,e*) =V (t,z) = W(r,z) = e?Tu(r, z),

so F(T,e*) = e*u(0,x). This implies
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1 )2
e(y ) (Oy)d

F(t,e") = €<P(T,x)u(7.7$) — ego(r,x)/

Admr

—oo VATT ’

With the substitution y = z = sv/27 this becomes

o0 92
F(t.er) = o) [ e s el B By eV gy,
s

Completing the square as

2 k—1 2 (k-1 k-1
—%—a(w—i—stT) (S_T 27) —I—( 4)T—|— 5%
after cancelations, the previous integral becomes
G412, __\/—) =12 Nz
F(t,e") =€~ / s TE(T,e"tsV2T) ds.
\/_
Using
efi(kzl)Qﬂ'eLll)QT _ e*kT _ efr(Tft)’
1
(k=1 = (r—50%)(T 1)

after the substitution z = = 4 sv/27 we get

e S 1)7)2 1
27 F(T,e*)——dz
V2T
—(r—4o2)(T-1))2

20%(T—1) F(T,e*)dz.

Flt,e) = (T /
(t,e”) e oz

e—r(T ty_ - /
\/ 271'02 —t)
Since e* = 5, considering the probability density

1 -~ [Z—lnSt—(T‘—%O‘Q)(T—t)]Q
p(Z) - ¢ 202(T—t) )
2ro?(T — t)

the previous expression becomes
F(t,S) = er(Tt)/ p(2)fr(e*) dz = e "D E; [ fr],

with fr(Sr) = F(T,Sr) and E; the risk-neutral expectation operator as of time ¢,
which was introduced and used in section 13.



295

15.9 Black-Scholes and Risk-neutral Valuation

The conclusion of the computation of the last section is of capital importance for
derivatives calculus. It shows the equivalence between the Black-Scholes equation and
the risk-neutral evaluation. It turns out that instead of computing the risk-neutral
expectation of the payoff, as in the case of the risk-neutral evaluation, we may have
the choice to solve the Black-Scholes equation directly, and impose the final condition
to be the payoff.

In many cases solving a partial differential equation is simpler than evaluating the
expectation integral. This is due to the fact that we may look for a solution dictated
by the particular form of the payoff fr. We shall apply that in finding put-call parities
for different types of derivatives.

Consequently, all derivatives evaluated by the risk-neutral valuation are solutions
of the Black-Scholes equation. The only distinction is their payoff. A few of them are
given in the next example.

Example 15.9.1 (a) The price of a European call option is the solution F(t,S) of the
Black-Scholes equation satisfying

fr(St) = max(Sy — K, 0).

(b) The price of a European put option is the solution F(t,S) of the Black-Scholes
equation with the final condition

Jr(St) = max(K — Sr,0).

(¢) The value of a forward contract is the solution the Black-Scholes equation with the
final condition

fr(St) =Sr — K.

It is worth noting that the superposition principle discussed in section 13 can be
explained now by the fact that the solution space of the Black-Scholes equation is a
linear space. This means that a linear combination of solutions is also a solution.

Another interesting feature of the Black-Scholes equation is its independence of the
stock drift rate p. Then its solutions must have the same property. This explains why,
in the risk-neutral valuation, the value of © does not appear explicitly in the solution.

Asian options satisfy similar Black-Scholes equations, with small differences, as we
shall see in the next section.

15.10 Boundary Conditions

We have solved the Black-Scholes equation for a call option, under the assumption
that there is a unique solution. The Black-Scholes equation is of first order in the time
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Figure 15.2: NEEDS TO BE REDONE The graph of the option price before maturity
in the case K =40, 0 = 30%, r = 8%, and T —t = 1.

variable ¢t and of second order in the stock variable S, so it needs one final condition
at t =T and two boundary conditions for S =0 and S — oo.
In the case of a call option, the final condition is given by the following payoff:

F(T,Sr) = max{Sr — K,0}.
When S — 0, the option does not get exercised, so the initial boundary condition is
F(t,0) =0.
When S — oo the price becomes linear
F(t,S)~S—-K,

the graph of F'(-,S) having a slant asymptote, see Fig.15.2.

15.11 Risk-less Portfolios for Rare Events

Consider the derivative P = P(t, S, F), which depends on the time ¢, stock price S and
the derivative F', whose underlying asset is S. We shall find the stochastic differential
equation followed by P, under the hypothesis that the stock exhibits rare events, i.e.

dS = pSdt + o SdW; + pSdM, (15.11.18)

where the constant i, o, p denote the drift rate, volatility and jump in the stock price
in the case of a rare event. The processes W; and M; = N; — At denote the Brownian
motion and the compensated Poisson process, respectively. The constant A > 0 denotes
the rate of occurrence of the rare events in the market.
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By Ito’s formula we get

orP oP oP 10°P , ,  10°P 9
dP = —2-di + 55dS + g0dF + 5 555dS +§m(dF) : (15.11.19)

We shall use the following stochastic relations:
(dWy)? =dt, (dMy)*> =dN;, dt* = dtdW; = dt dM; = dW; dM; = 0,
see sections 3.11.2 and 3.11.2. Then

(dS)? = o28%dt + p*S%dN,
(02 + X\p?)S%dt + p>S?*d M, (15.11.20)

where we used dM; = dN; — \dt. It is worth noting that the unpredictable part of (d.5)?
depends only on the rare events, and does not depend on the regular daily events.

Exercise 15.11.1 If S satisfies (15.11.18), find the following

(a) E[(dS)?] (b) E[dS] (c) Var[dS].

Using Ito’s formula, the infinitesimal change in the value of the derivative F' = F(t, S)
is given by
oF oF 10°F
dF = —dt+—=dS+ =——(dS)*
ot 55 T 355 (Y)
OF OF 1 O*F
— 4+ pS—== + = (0? + \p?)S* == )dt
(G + 1555 +500° + )5 553)
OF

+O'S%th

1, 282F oF
“ 52l S—)dM , 15.11.21
+(50 a5z TP gg )t ( )
where we have used (15.11.18) and (15.11.20). The increment dF" has two independent
sources of uncertainty: dW; and dM;, both with mean equal to 0.
Taking the square, yields
0F'\2 1 O*F oF
AF)? = 252(—) dt (— 2620 = S—)dN. 15.11.22

Substituting back in (15.11.19), we obtain the unpredictable part of dP as the sum of
two components

OP 0OPOF
*S( 55 * 57 55 )

OP OPOF\ 1 , ,/0PO’F 0°P 0°PO*F
+05(55 * 5r95) 275 (5Fa57 * 557 * 57 557

)th.
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The risk-less condition for the portfolio P is obtained when the coefficients of dW;

and dM; vanish

op _ oPoF
S~ OF oS
OP&°F  9°P  9°PO*F 0

9F 952 T 952 T ar? 952

(15.11.23)

(15.11.24)

These relations can be further simplified. If we differentiate in (15.11.23) with respect

to S
P _9PIF &P IF

952 " OF 952 ~ T 0S0F 08
Substituting into (15.11.24) yields

O’PO*F _ 9°P OF

OF20S2 ~ 9SOF 0S’
Differentiating in (15.11.23) with respect to F' we get

o’P  0*POF OP 0°F

OFdS ~—  OF29S OF OFdS
_ 9*POF
~9F?29S’

since

0*F 0 <8F)

OF9S ~ 0S\oF

F
Multiplying (15.11.26) by ?)_S yields

WPQE__QEGEY
OF9S 0S ~ 0OF2\9S/ "’

and substituting in the right side of (15.11.25) leads to the equation

S5 55

We have arrived at the following result:

(15.11.25)

(15.11.26)

Proposition 15.11.2 Let F' = F(t,S) be a derivative with the underlying asset S.

The investment P = P(t, S, F) is risk-less if and only if

oP OPOF
22%*%%*:0
0“Pro°F OF\2
orilosz t(5g)] = ©
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There are two risk-less conditions because there are two unpredictable components in
the increments of dP, one due to regular changes and the other due to rare events.

dP
The first condition is equivalent with the vanishing total derivative, a5 = 0, and
corresponds to offsetting the regular risk.
9*P O*F  (OF\?2
The second condition vanishes either if —5 =0 or if —— + —) = 0. In the

first case P is linear in F'. For instance, if P = F' — f(S), from the first condition yields

OF
f(S) = 35" In the second case, denote U(t,S) = g—g. Then we need to solve the

partial differential equation
ou

5 T U?=0.
Future research directions:

1. Solve the above equation.

2. Find the predictable part of dP.

3. Get an analog of the Black-Scholes in this case.

4. Evaluate a call option in this case.

5. Is the risk-neutral valuation still working and why?
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Chapter 16

Black-Scholes for Asian
Derivatives

In this chapter we shall develop the Black-Scholes equation in the case of Asian deriva-
tives and we shall discuss the particular cases of options and forward contracts on
weighted averages. In the case of the latter contracts we obtain closed form solutions,
while for the former ones we apply the reduction variable method to decrease the
number of variables and discuss the solution.

16.1 Weighted averages

In many practical problems the asset price needs to be considered with a certain weight.
For instance, when computing car insurance, more weight is assumed for recent acci-
dents than for accidents that occurred 10 years ago.

In the following we shall define the weight function and provide several examples.

Let p:[0,T] — R be a weight function, i.e. a function satisfying
1. p>0;
2. [ p(t)dt = 1.

The stock weighted average with respect to the weight p is defined as

T
Save = / p(t)St dt.
0

1
Example 16.1.1 (a) The uniform weight is obtained for p(t) = T In this case

1 T
Saq_)e == TA St dt

301
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is the continuous arithmetic average of the stock on the time interval [0,T].

2t
(b) The linear weight is obtained if p(t) = T2 In this case the weight is the time

9 T
Save = ﬁ/o tSt dt

kekt
T T If £ > 0, the weight is
e —_—

increasing, so recent data are weighted more than old data; if k < 0, the weight is
decreasing. The exponential weighted average is given by

(¢) The exponential weight is obtained for p(t) =

k T
Save = "k / €ktSt dt.
€ 0

T

Exercise 16.1.2 Consider the polynomial weighted average

1 T
S5 :’}n_tl / S, dt.
0

Find the limit lim S((lﬁg in the cases 0 <T <1, T =1, and T > 1.
n—00

f(t)

In all previous examples p(t) = p(t,T) = ST’ with f(;f f&)dt =g(T), so ¢(T) =
g
f(T) and ¢(0) = 0. The average becomes
Sav / f du = ’
ol ( )

with I; = fo u)Sy du satisfying dI; = f(t)Sidt. From the product rule we get

dlig(t) = Ldg(t) _ (1()g g(®) L
Ponell) OE <g<t>5t 70 g<t>)dt
_ g 90
_ 0
= It)(St Save( ))dt

since ¢'(t) = f(t). The initial condition is

Suue(0) = lim Sune(t) = lim L = fjm 7D _ ()

N0 N0 g(t) t\r‘% gt Ot{% g (t)

0
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Proposition 16.1.3 The weighted average Sqae(t) satisfies the stochastic differential
equation

ft)
dXy = —=(5r— Xp)dt
ORI
Xy = Sp.
Exercise 16.1.4 Let x(t) = E[Sque(t)].
(a) Show that x(t) satisfies the ordinary differential equation

PN (P
x(t) = E(Soet—x(t))

(b) Find x(t).
Exercise 16.1.5 Let y(t) = E[S?,.(1)].
(a) Find the stochastic differential equation satisfied by S2,.(t);

(b) Find the ordinary differential equation satisfied by y(t);
(c) Solve the previous equation to get y(t) and compute Var[Saye)-

16.2 Setting up the Black-Scholes Equation

Consider an Asian derivative whose value at time ¢, F (¢, St, Save(t)), depends on vari-
ables t, Sy, and Sgpe(t). Using the stochastic process of Sy

dSt = ,uStdt + UStth

and Proposition 16.1.3, an application of Ito’s formula together with the stochastic
formulas

dt*> =0, (dW)> =0, (dS;)*=025%dt, (dSue)*=0

yields
oF oF 10%F oF
AP = G+ pedSit 5 g (05 + 5o dSue
(OF OF 1 ,,0°F  f(1 OF
= (G + mSigs, 27 Siggr g S“”e)asave)dt
OF
+USta—&th.

Let Ap = g—gt. Consider the following portfolio at time ¢
P(t)y=F — ApS,,
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obtained by buying one derivative F' and selling A g units of stock. The change in the
portfolio value during the time dt does not depend on W;

dP = dF — ArdS;

<8F 1 20 F  f(1) OF )dt

 Spe) - 16.2.1
ot 27 g g B~ S gg (16.2.1)

so the portfolio P is risk-less. Since no arbitrage opportunities are allowed, investing a
value P at time t in a bank at the risk-free rate r for the time interval dt yields

OF
dP = rPdt = (rF — S, 8St>dt. (16.2.2)

Equating (16.2.1) and (16.2.2) yields the following form of the Black-Scholes equation
for Asian derivatives on weighted averages

oF oOF 1 , ,0°F f(t) oF
o syl  Sue) = F
gt TSigg T 3% Sigge a5z T g St Sl gg - =

16.3 Weighted Average Strike Call Option

In this section we shall use the reduction variable method to decrease the number of

variables from three to two. Since Sgye(t) = ﬁ, it is convenient to consider the
g

derivative as a function of ¢, S; and I;
V(t, Sta It) - F(t7 St7 Save)-

A computation similar to the previous one yields the simpler equation

oV OV 1 5,0V oV
—— — + = . 16.3.
ot +?”Stast+20 St aSQ f( )Stélt rV. ( 633)

The payoff at maturity of an average strike call option can be written in the following
form

Vi = V(T,Sr,Ir) = max{Sr — Sae(T),0}

IT 1 IT
= max{S7 — ———,0} = Spmax{l — ———,0
XSt = gy 0 = Srmedl = iy 5,0 0
= SpL(T,Ry),
where
Ro= X (t, R) = max{1 — ——R.0}
LTSy gty 7
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Since at maturity the variable St is separated from 7" and Ry, we shall look for a
solution of equation (16.3.3) of the same type for any t < T, i.e. V(¢,5,1) = SG(t, R)
. Since

VGG IV 061G
ot ot’ oI  "ORS OR’
ov 0G OR oG
PV D p0C 9GOR ORIG L5*GOR
08?2 9S8 OR’  OROS 0SOR dR?9S’
PG T
- RS
5262_‘/ — R182_G
082 OR?’

RI
substituting in (16.3.3) and using that < = R?, after cancelations yields

oG L ,0%G oG

1
= . 16.3.4
5 0 (16.3.4)

This is a partial differential equation in only two variables, t and R. It can be solved
explicitly sometimes, depending on the form of the final condition G(T, Ry) and ex-
pression of the function f(t).

In the case of a weighted average strike call option the final condition is

Rr

G(T,Rr) = max{l — ST’ 0}.

(16.3.5)

Example 16.3.1 In the case of the arithmetic average the function G(t,R) satisfies
the partial differential equation
0’°G oG

1 9.9
=z L 1—-rRZE =
+20R 8R2+( TR)aR 0

e
ot

: L Ry
with the final condition G(T, Ry) = max{l — T 0}.

Example 16.3.2 In the case of the exponential average the function G(t, R) satisfies
the equation

oG 1 , ,0°G Kt oG
= 4 - - — - = 16.3.
T 20R 8R2+(k€ TR)&R 0 (16.3.6)
R
with the final condition G(T, Rr) = max{l — ekTT_ 1>0}'

Neither of the previous two final condition problems can be solved explicitly.
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Figure 16.1: The profile of the solution H(t,R): (a) at expiration; (b) when there is
T —t time left before expiration.

16.4 Boundary Conditions

The partial differential equation (16.3.4) is of first order in ¢ and second order in R.
We need to specify one condition at t = T (the payoff at maturity), which is given
by (16.3.5), and two conditions for R = 0 and R — oo, which specify the behavior of
solution G(t, R) at two limiting positions of the variable R.

Taking R — 0 in equation (16.3.4) and using Exercise 16.4.1 yields the first bound-
ary condition for G(¢, R)

(%—f + g—g) ‘R:O —0. (16.4.7)

The term %! r_o represents the slope of G(t, R) with respect to R at R = 0, while

oG

5% | r—o 1s the variation of the price G with respect to time ¢ when R = 0.

Another boundary condition is obtained by specifying the behavior of G(t, R) for
large values of R. If Ry — 0o, we must have S; — 0, because

1 t
R, = —/ f(u)Sy du
St Jo

and fg f(u)Sy du > 0 for ¢t > 0. In this case we are better off not exercising the option
(since otherwise we get a negative payoff), so the boundary condition is

lim G(R,t) =0. (16.4.8)
R—o0

It can be shown in the theory of partial differential equations that equation (16.3.4)
together with the final condition (16.3.5), see Fig.16.1(a), and boundary conditions
(16.4.7) and (16.4.8) has a unique solution G(t, R), see Fig.16.1(b).
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Exercise 16.4.1 Let f be a bounded differentiable function. Show that
(a) lim zf'(z) = 0;
z—0
(b) lim 22 f"(x) = 0.
z—0

There is no close form solution for the weighted average strike call option. Even in
the simplest case, when the average is arithmetic, the solution is just approximative,
see section 13.13. In real life the price is worked out using the Monte-Carlo simulation.
This is based on averaging a large number, n, of simulations of the process R; in the
risk-neutral World]12 i.e. assuming p = r. For each realization, the associated payoff

Tj
9(T)
at time 7" in the jth realization. The average

1 n
n 26
j=1

G, = max{l — } is computed, with j < n. Here Ry ; represents the value of R

is a good approximation of the payoff expectation E[G7]. Discounting under the risk-
free rate we get the price at time ¢

G(t,R) = e (T (% zn: G-
j=1

It is worth noting that the term on the right is an approximation of the risk neutral
conditional expectation E[Gr|Fy].

When simulating the process Ry, it is convenient to know its stochastic differential
equation. Using

dl, = f(£)Sydt, d(Sit) - Sit((JZ — p)dt — ath>dt,

the product rule yields

dR, = d(ﬁ):d(fti)

S, S,
S Sit + Itd<5it> + dftd(sit)

= f(t)dt + Rt((02 — )dt — ath>.

Collecting terms yields the following stochastic differential equation for Ry:

dRy = —o RydW; + (f(t) + (0 — p)Ry)dt. (16.4.9)
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The initial condition is Ry = 4& = 0, since Iy = 0.
Can we solve explicitly this equation? Can we find the mean and variance of R;?

We shall start by finding the mean E[R;]. The equation can be written as

dR; — (02 — p)Rydt = f(t)dt — o R, dW,.
Multiplying by e~ ("=t yields the exact equation

d(e—(UQ—M)th) = e_(UQ_“)tf(t)dt — 06_(02_“)thth~
Integrating yields
t t
e~ (P mtp, — / 67(U27M)uf(u) du — / oe (IR, AW,
0 0

The first integral is deterministic while the second is an Ito integral. Using that the
expectations of Ito integrals vanish, we get

t
E[e~ (" ~#tR,] :/ e~ (@ =mu £ (y) du
0

and hence

t
B[R] = (o)t / e~ (T =mu £ (y) du.
0

Exercise 16.4.2 Find E[R?] and Var[Ry].

Equation (16.4.9) is a linear equation of the type discussed in section 7.8. Multi-
plying by the integrating factor

or = coWitgo’t
the equation is transformed into an exact equation
d(prRy) = (puf (t) + (0% — p)peRy) dt.

Substituting Y; = p.R; yields

dY: = (puf (t) + (0 — p)Yy)dt,
which can be written as

dY; — (0 — p)Yidt = p, f(t)dt.
Multiplying by e~ (0* =)t yields the exact equation

d(e™ " ty;) = e~ Wl f(t)dt,
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which can be solved by integration

t
6—(02—u)tyt:/ e_(”2_“)"puf(u) du
0

Going back to the variable R; = Y;/p:, we obtain the following closed form expression

t
R, = / et 30" =)t (Wu=W2) £ () dy, (16.4.10)
0

Exercise 16.4.3 Find E[R;] by taking the expectation in formula (16.4.10).

It is worth noting that we can arrive at formula (16.4.10) directly, without going
through solving a stochastic differential equation. We shall show this procedure in the
following.

Using the well-known formulas for the stock price

_152 _1.2
S, = Soe(u 50 )u+o'Wu’ S, = Soe(u 50 )t+a’Wt’

and dividing, yields
Su _ u=0?) u—t)to(Wu—We).

Then we get

R, = /Su ) du
¢ 5,5 f(u
t
= / du_/ e(u—%02)(u—t)+U(Wu—Wt)f(u)du’
0

which is formula (16.4.10).

Exercise 16.4.4 Find an explicit formula for Ry in terms of the integmted Brownian

motion Z, (@) = g oWa

Example 16.1. 1( ).

du, in the case of an exponential weight with k = 20 — u, see

Exercise 16.4.5 (a) Find the price of a derivative G which satisfies
oG 1 2 28 G oG
R 1—-rR 0
ot T Ram TR =
with the payoff G(T, Rr) = RT.
(b) Find the value of an Asian derivative Vi on the arithmetic average, that has the

payoff

12
Vr =V(T,Sr,Ir) = ST

where Ip = fOT Sy dt.

Exercise 16.4.6 Use a computer simulation to find the value of an Asian arithmetic
average strike option with r = 4%, o = 50%, So = $40, and T = 0.5 years.
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16.5 Asian Forward Contracts on Weighted Averages

Since the payoff of this derivative is given by

Vi = 517 — Save(T) = ST(l - %>7

the reduction variable method suggests considering a solution of the type V (¢, Sy, I;) =
S:G(t, Rt), where G(t, T) satisfies equation (16.3.4) with the final condition G(T, Ry) =
1-— —; Since this is linear in Ry, this implies looking for a solution G(t, R;) in the

g
following form

G(t,Ry) = a(t)Ry + b(t), (16.5.11)

with functions a(t) and b(t) subject to be determined. Substituting into (16.3.4) and
collecting Ry yields

(a'(t) —ra(t))Ry +b'(t) + f(t)a(t) = 0.

Since this polynomial in R; vanishes for all values of Ry, then its coefficients are iden-
tically zero, so

a(t) —ra(t) =0, V(t)+ f(t)a(t) = 0.
When t =T we have

G(T, Rr) = o(T) Ry +b(T) = 1 =~

Equating the coefficients of Rt yields the final conditions

d(t) = ra(t)
1
a(T) = ——
@) 9(T)
which has the solution .
a(t) = — e~ r(T=1),
©) =~

The coefficient b(t) satisfies the equation

V') = —f(t)a(t)
HT) = 1
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with the solution .
b(t) =1 —I—/ fuw)a(u) du.
t
Substituting in (16.5.11) yields

1 T
G(t,R) = —me_r(T_t)Rt +1 +/t fwa(u) du
T
= 1- %T) [Rtefr(Tft) + /t flu)e T dul.

Then going back into the variable I; = S, R; yields
V(t,S, ;) = SiG(t,Ry)

1 T
_ o _ 1e—r(T1) / —r(T—u) g1
S gy e TS [ T )
Using that p(u) = % and going back to the initial variable Sg,e(t) = I;/g(t) yields
g

F(t7 St7 Save (t)

~—
I

V(t7 Sty It)
g(t) —r(T—t) /T —r(T—u)
= Sy — == Sawe(t)e -8 p(u)e “ du.
We have arrived at the following result:
Proposition 16.5.1 The value at time t of an Asian forward contract on a weighted

average with the weight function p(t), i.e. an Asian derivative with the payoff Fr =
St — Save(T), is given by

T
t
F(t,St,Saue(t)) = St(l _ / p(u)e*’"(T*u) du) B Q(T) e*r(T*t)Save(t)
t

It is worth noting that the previous price can be written as a linear combination of
St and Save(t)
F(t, St, Save(t)) = a(t)st + ﬁ(t)save(t)a

where
T
alt) = 1—/ pw)e T gy,
t

_ &e_r(T_t) _ fot fu)du o—(T—)
A) 9(T) fOTf(u) du

In the first formula p(u)e~"(T=%) is the discounted weight at time u, and a(t) is 1 minus
the total discounted weight between ¢ and 7. One can easily check that «(7") = 1 and

B(T) = —1.
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Exercise 16.5.2 Find the value at time t of an Asian forward contract on an arith-
metic average Ay = fot Sy du.

Exercise 16.5.3 (a) Find the value at time t of an Asian forward contract on an
exponential weighted average with the weight given by Example 16.1.1 (c).

(b) What happens if k = —r? Why?

Exercise 16.5.4 Find the value at time t of an Asian power contract with the payoff
T n
FT = (fO Su du) .



Chapter 17

American Options

American options are options that are allowed to be execised at any time before ma-
turity. Because of this advantage, they tend to be more expensive than the European
counterparts. Exact pricing formulas exist just for perpetuities, while they are missing
for finitely lived American options.

17.1 Perpetual American Options

A perpetual American option is an American option that never expires. These contracts
can be exercised at any time ¢, 0 < ¢ < oo. Even if finding the optimal exercise time for
finite maturity American options is a delicate matter, in the case of perpetual American
calls and puts there is always possible to find the optimal exercise time and to derive
a close form pricing formula (see Merton, [12]).

17.1.1 Present Value of Barriers

Our goal in this section will be to learn how to compute the present value of a contract
that pays a fixed cash amount at a stochastic time defined by the first passage of time
of a stock. These formulas will be the main ingredient in pricing perpetual American
options over the next couple of sections.

Reaching the barrier from below Let S; denote the stock price with initial
value Sy and consider a positive number b such that b > Sy. We recall the first passage
of time 7, when the stock S; hits for the first time the barrier b, see Fig. 17.1

7, = inf{t > 0; S; = b}.

Consider a contract that pays $1 at the time when the stock reaches the barrier b for
the first time. Under the constant interest rate assumption, the value of the contract
at time ¢ = 0 is obtained by discounting the value of $1 at the rate r for the period 7,
and taking the expectation in the risk neutral world

fo=Ele™].

313
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Figure 17.1: The first passage of time when Sy hits the level b from below.

In the following we shall compute the right side of the previous expression using
two different approaches. Using that the stock price in the risk-neutral world is given

o2
by the expression S; = Spel™ ™2 Wi with r > "2—2, then
o2
Mt = €7TtSt = So@awti?t, t> 0

is a martingale. Applying the Optional Stopping Theorem (Theorem 3.2.1) yields
E[M,,] = E[My], which is equivalent to

Ele™™S,,] = So.

Since S;, = b, the previous relation implies

E[e_TTb] = %’

where the expectation is taken in the risk-neutral world. Hence, we arrived at the
following result:

Proposition 17.1.1 The value at time t = 0 of $1 received at the time when the stock
reaches level b from below is

So

fo=2.

Exercise 17.1.2 In the previous proof we had applied the Optional Stopping Theorem
(Theorem 3.2.1). Show that the hypothesis of the theorem are satisfied.

Exercise 17.1.3 Let 0 < Sy < b and assume r > "2—2
(a) Show that P(S; reaches b) = 1. Compare with Ezxercise 3.5.2.
(b) Prove the identity P(w;m,(w) < 0o) = 1.
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The result of Proposition 17.1.1 can be also obtained directly as a consequence of
Proposition 3.6.4. Using the expression of the stock price in the risk-neutral world,

0_2
Sy = Sper =Tt Wi e have

2
b

7 = inf{t > 0;S; = b} =inf{t > 0; (r — %)t + oWy =1n S—}

0

= inf{t > O; ut + oW, =z},

where x = In S% >0and p=r— "2—2 > 0. Choosing s = r in Proposition 3.6.4 yields

1 2/ 2 b
E[e—rv—b] _ ea%(u—\/Qscr?-i—,u?)w 607(1"7%7 2r02+(r7"7)2) 1ns—0
0

where we used that

T—U—Q—\/QT‘O'Z—I-(T—U—Q)Z_T—U—— (T+U—>2_T—U——T—J—_—U2
2 2/ 2 B -

Exercise 17.1.4 Let Sqg < b. Find the probability density function of the hitting time
Th.

Exercise 17.1.5 Assume the stock pays continuous dividends at the constant rate § >
0 and let b > 0 such that Sy < b.

(a) Prove that the value at time t = 0 of $1 received at the time when the stock reaches
level b from below is
-(3)"
fO - b ’

h—l r—5+\/(r—(5 1)2+2r
173 o? o? 2 o2’

(b) Show that hy1(0) =1 and hq(9) is an increasing function for § > 0.
(¢) Find the limit of the rate of change 5lim R (3).
—00

where

(d) Work out a formula for the sensitivity of the value fo with respect to the dividend
rate 0 and compute the long run value of this rate.

Reaching the barrier from above Sometimes a stock can reach a barrier b from
above. Let Sy be the initial value of the stock S; and assume the inequality b < Sp.
Consider again the first passage of time 7, = inf{¢t > 0;.S; = b}, see Fig. 17.2.

In this paragraph we compute the value of a contract that pays $1 at the time when
the stock reaches the barrier b for the first time, which is given by fy = E [e™"T]. We
shall keep the assumption that the interest rate r is constant and r > "—22
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Figure 17.2: The first passage of time when Sy hits the level b from above.

Proposition 17.1.6 The value at time t = 0 of $1 received at the time when the stock
reaches level b from above is

()7

Proof: The reader might be tempted to use the Optional Stopping Theorem, but we
refrain from applying it in this case (Why?) We should rather use a technique which
reduces the problem to Proposition 3.6.6. Following this idea, we write

2
b
7 = inf{t>0;8 = b} = nf{t > 0; (r - %)t—i— oW, =ln o}
0

= inf{t > 0;ut + oW, = —x},
where x = In % >0, p=r— "—22 Choosing s = r in Proposition 3.6.6 yields
Ble™™] = eattHVIothe) _ o7 (G ot -5 )
_ o Be_ Bm (%)—iz

In the previous computation we used that

2 2 2 2

r—%+\/2r02+(r—0—)2:7“—0—+ (7“—1-0—)2
0'2 0'2

:T—?—FT—F?:ZF.

Exercise 17.1.7 Assume the stock pays continuous dividends at the constant rate § >
0 and let b > 0 such that b < Sy.
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(a) Use a similar method as in the proof of Proposition 17.1.6 to prove that the value
at time t = 0 of $1 received at the time when the stock reaches level b from above is

w=(3)"
ey ()

(b) What is the value of the contract at any time t, with 0 <t < 7, %

where

Perpetual American options have simple exact pricing formulas. This is because of
the “time invariance” property of their values. Since the time to expiration for these
type of options is the same (i.e infinity), the option exercise problem looks the same
at every instance of time. Consequently, their value do not depend on the time to
expiration.

17.1.2 Perpetual American Calls

A perpetual American call is a call option that never expires, i.e. is a contract that
gives the holder the right to buy the stock for the price K at any instance of time
0 <t < +oo. The infinity is included to cover the case when the option is never
exercised.

When the call is exercised the holder receives S, — K, where 7 denotes the exercise
time. Assume the holder has the strategy to exercise the call whenever the stock S;
reaches the barrier b, with b > K subject to be determined later. Then at exercise time
Ty the payoff is b — K, where

7, = inf{t > 0; S; = b}.

We note that it makes sense to choose the barrier such that Sy < b. The value of
this amount at time ¢ = 0 is obtained discounting at the interest rate r and using
Proposition 17.1.1

S K
F(b) = Bl(b = K)e™™) = (b= K)=C = (1- 3)50.
We need to choose the value of the barrier b > 0 for which f(b) reaches its maximum.
Since 1 — % is an increasing function of b, the optimum value can be evaluated as
K K
- 1——) — 1 (1——) — Sp.
p O =g (15 )% = Jim, (1-3)50 =5
This is reached for the optimal barrier b* = 0o, which corresponds to the infinite

exercise time 1, = 00. Hence, it is never optimal to exercise a perpetual call option on
a nondividend paying stock.

The next exercise covers the case of the dividend paying stock. The method is
similar with the one described previously.
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Exercise 17.1.8 Consider a stock that pays continuous dividends at rate § > 0.

(a) Assume a perpetual call is exercised whenever the stock reaches the barrier b from
below. Show that the discounted value at time t = 0 is

fo) = 0-8)(32)",

, _1_r—5+\/<r—5_1)2+2_r
179 o2 o? 2 o2’

(b) Use differentiation to show that the mazimum value of f(b) is realized for

where

hi
V=K .
hi—1

(¢) Prove the price of perpetual call

K (h1 — 1&)h1'

F7) = max £ ) —

b>0 :hl—l

(d) Let 1y be the exercise time of the perpetual call. When do you expect to exercise

the call? (Find E[my]).

17.1.3 Perpetual American Puts

A perpetual American put is a put option that never expires, i.e. is a contract that gives
the holder the right to sell the stock for the price K at any instance of time 0 < ¢ < co.

Assume the put is exercised when S; reaches the barrier b. Then its payoff, K —.S; =
K — b, has a couple of noteworthy features. First, if we choose b too large, we loose
option value, which eventually vanishes for b > K. Second, if we pick b too small,
the chances that the stock S; will hit b are also small (see Exercise 17.1.9), fact that
diminishes the put value. It follows that the optimum exercise barrier, b*, is somewhere
in between the two previous extreme values.

Exercise 17.1.9 Let 0 < b < Sy and let t > 0 fized.
(a) Show that the following inequality holds in the risk neutral world

P(S; <b) < e_ﬁ[ln(so/b)-l—(r—ﬁm)t}?.
(b) Use the Squeeze Theorem to show that bli%l+ P(S; < b) = 0.
ly

Since a put is an insurance that gets exercised when the the stock declines, it makes
sense to assume that at the exercise time, 7, the stock reaches the barrier b from above,
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i.e 0 < b < Sy. Using Proposition 17.1.6 we obtain the value of the contract that pays
K — b at time 7,

F0) = BI(K =0 = (5 —pEie™] = (5 - 5)(2) .

We need to pick the optimal value b* for which f(b) is maximum

f(b*) = onax. f(b).

It is useful to notice that the functions f(b) and g(b) = (K — b)bj_S reach the maximum

for the same value of b. For the same of simplicity, denote o = 3—2 Then

g(b) = Kb*—p*t!

g = aKb* ! —(a+ 1) =" aK — (a+ 1)b],
and the equation g'(b) = 0 has the solution b* = ;%7 K. Since ¢'(b) > 0 for b < b* and
g'(b) <0 for b > b*, it follows that b* is a maximum point for the function g(b) and

hence for the function f(b). Substituting for the value of « the optimal value of the

barrier becomes )
b = 22H7201K = KUQ . (17.1.1)
r/o? + 1+ &

The condition b* < K is obviously satisfied, while the condition b* < Sy is equivalent

with
2

K < (1+ Z—T)So.

The value of the perpetual put is obtained computing the value at b*

_2r 2 2r

fO*) = maxf(b) = (K—b*)(%) "= (K_ 1fa_2> [%(1 * %)TTQ
2r

K So o2\ 2%
L
1+ % K 2r

Hence the price of a perpetual put is

2r

K S(] 0'2 52
=70 5)]
1—i—0—2 K 2r

The optimal exercise time of the put, 7+, is when the stock hits the optimal barrier

0.2

Ty = inf{t > 0; S, =b*} = inf{t > 0; 5, = K/(1 + 27“)}'
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But when is the expected exercise time of a perpetual American put? To answer this
question we need to compute E[7+]. Substituting
S o?
T = Tpe, lenTO, p=r— (17.1.2)

in Proposition 3.6.6 (c) yields

Eln] = =—e o2 = e

S0\ —2Z1 (1-20)1n %0 So\ —2271/So\!" %
- w[() E e ()77 (3
Hence the expected time when the holder should exercise the put is given by the exact

formula
1 T
Elne] =1n [(_fg)@} (fg)l—ia,

with b* given by (17.1.1). The probability density function of the optimal exercise time
Ty« can be found from Proposition 3.6.6 (b) using substitutions (17.1.2)

p(T) = mei 2702 5 > 0. (1713)

Exercise 17.1.10 Consider a stock that pays continuous dividends at rate 6 > 0.

(a) Assume a perpetual put is exercised whenever the stock reaches the barrier b from
above. Show that the discounted value at time t =0 is

o) = (K 1) (32) ",

, _1_r—5_\/<r—5_1)2+2_r
) o2 o2 2 o2’

(b) Use differentiation to show that the maximum value of g(b) is realized for

where

ha
V=K .
hyg — 1
(¢) Prove the price of perpetual put
K ho — 1 .50\ h2
bt) = b) = ( —) .
9(b7) =maxg®) = 17— (7 &
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0.3r
0.2r

0.1r

—0.2F

—0.3F

Figure 17.3: The graph of the function g(b) = %, b>0.

17.2 Perpetual American Log Contract

A perpetual American log contract is a contract that never expires and can be exercised
at any time, providing the holder the log of the value of the stock, In S, at the exercise
time t. It is interesting to note that these type of contracts are always optimal to be
exercised, and their pricing formula is fairly uncomplicated.

Assume the contract is exercised when the stock S; reaches the barrier b, with
So < b. If the hitting time of the barrier b is 7, then its payoff is In.S; = Inb.
Discounting at the risk free interest rate, the value of the contract at time ¢ = 0 is

Inb
f(b)=E[e"™InS,] = E[e”"™ Inb] = HTSm
since the barrier is assumed to be reached from below, see Proposition 17.1.1.
Inb 1—1Inbd

The function g(b) = 5 b > 0, has the derivative ¢'(b) = —z 80 b*=ecisa

global maximum point, see Fig. 17.3. The maximum value is g(b*) = 1/e. Then the
optimal value of the barrier is b* = e, and the price of the contract at ¢ = 0 is

_ _ 5o
fo = max f(b) = Somax g(b) = .

In order for the stock to reach the optimum barrier b* from below we need to require
the condition Sy < e. Hence we arrived at the following result:

Proposition 17.2.1 Let Sy < e. Then the optimal exercise price of a perpetual Amer-
ican log contract is
T =inf{t > 0; S; = e},

S
and its value at t = 0 is 22,
e

Remark 17.2.2 If Sy > e, then it is optimal to exercise the perpetual log contract as
soon as possible.
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Exercise 17.2.3 Consider a stock that pays continuous dividends at a rate § > 0, and
assume that So < e/ where

h—l r—(5+\/<r—5 1)2+2r
17 o? o? 2 o2
(a) Assume a perpetual log contract is exercised whenever the stock reaches the barrier
b from below. Show that the discounted value at time t =0 is

F(b) = 1nb(%)h1.

(b) Use differentiation to show that the mazimum value of f(b) is realized for

bt = el/h,
(¢) Prove the price of perpetual log contract

b*) = b _ St
J( )—Igggf()—hle-

(d) Show that the higher the dividend rate §, the lower the optimal exercise time is.

17.3 Perpetual American Power Contract

A perpetual American power contract is a contract that never expires and can be exer-
cised at any time, providing the holder the n-th power of the value of the stock, (S;)%,
at the exercise time ¢, where a # 0. (If @ = 0 the payoff is a constant, which is equal
to 1).

1. Case a > 0. Since we expect the value of the payoff to increase over time, we
assume the contract is exercised when the stock S; reaches the barrier b, from below.
If the hitting time of the barrier b is 75, then its payoff is (S;)®. Discounting at the
risk free interest rate, the value of the contract at time t = 0 is

f(b) = E[e"™(S;)%] = Ele™"™b°] = ba% — LG,

where we used Proposition 17.1.1. We shall discuss the following cases:

(1) If @ > 1, then the optimal barrier is b* = oo, and hence, it is never optimal to
exercise the contract in this case.

(1) If 0 < a < 1, the function f(b) is decreasing, so its maximum is reached for
b* = Sp, which corresponds to 7« = 0. Hence is is optimal to exercise the contract as
soon as possible.

(737) In the case @ = 1, the value of f(b) is constant, and the contract can be
exercised at any time.
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2. Case a < 0. The payoff value, (S;)?%, is expected to decrease, so we assume the
exercise occurs when the stock reaches the barrier b from above. Discounting to initial
time ¢ = 0 and using Proposition 17.1.6 yields

SO 7% a+2 -%
_ oty 2
) =

f(b) = E[e7"™(57)%] = Ele”""b"] = bo‘(
(i) If @ < —2;, then f(b) is decreasing, so its maximum is reached for b* = Sy,
which corresponds to 7« = 0. Hence is is optimal to exercise the contract as soon as
possible.
(i) If —% < a < 0, then the maximum of f(b) occurs for b* = co. Hence it is
never optimal to exercise the contract.

Exercise 17.3.1 Consider a stock that pays continuous dividends at a rate 6 > 0, and

2
assume o > hy, with hy = %— 94 \/(ﬂ — %) + % Show that the perpetual power

contract with payoff Si* is never optimal to be exercised.

Exercise 17.3.2 (Perpetual American power put) Consider an perpetual American-
type contract with the payoff (K —S)?, where K > 0 is the strike price. Find the optimal
exercise time and the contract value at t = 0.

17.4 Finitely Lived American Options

Exact pricing formulas are great when they exist and can be easily implemented. Even
if we cherish all closed form pricing formulas we can get, there is also a time when
exact formulas are not possible and approximations are in order. If we run into a
problem whose solution cannot be found explicitly, it would still be very valuable to
know something about its approximate quantitative behavior. This will be the case of
finitely lived American options.

17.4.1 American Call
The case of Non-dividend Paying Stock

The holder has the right to buy a stock for the price K at any time before or at the
expiration T'. The strike price K and expiration T are specified at the beginning of
the contract. The payoff at time ¢ is (S; — K)* = max{S; — K,0}. The price of the
American call at time ¢ = 0 is given by

_ or,—rT - +
fo= max Ele™(S: — K)7),

where the maximum is taken over all stopping times 7 less than or equal to T'.
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Theorem 17.4.1 It is not optimal to exercise an American call on a non-dividend pay-
ing stock early. It is optimal to exercise the call at maturity, T, if at all. Consequently,
the price of an American call is equal to the price of the corresponding Furopean call.

Proof: The heuristic idea of the proof is based on the observation that the difference
St — K tends to be larger as time goes on. As a result, there is always hope for a larger
payoff and the later we exercise the better. In the following we shall formalize this
idea mathematically using the submartingale property of the stock together with the
Optional Stopping Theorem.

Let X; = e "S; and f(t) = —Ke . Since X; is a martingale in the risk-neutral-
world, see Proposition 14.1.1, and f(¢) is an increasing, integrable function, applying
Proposition 2.12.3 (¢) it follows that

Vi =X+ f(t) = e7"(S — K)

is an F;-submartingale, where F; is the information set provided by the underlying
Brownian motion Wj.

Since the hokey-stick function ¢(z) = 27 = max{x,0} is convex, then by Proposi-
tion 2.12.3 (b), the process Z; = ¢(Y;) = e "(S; — K)™ is a submartingale. Applying
Doob’s stopping theorem (see Theorem 3.2.2) for stopping times 7 and T, with 7 < T,
we obtain E[Z,] < E[Z7]. This means

Ele™™ (S, — K)*] < Ele ™™ (Sr — K)*,

i.e. the maximum of the American call price is realized for the optimum exercise time
7" = T. The maximum value is given by the right side, which denotes the price of an
European call option.

|

With a slight modification in the proof we can treat the problem of American power
contract.

Proposition 17.4.2 (American power contract) Consider a contract with matu-
rity date T', which pays, when exercised, Si*, where n > 1, and t < T. Then it is not
optimal to exercise this contract early.

Proof:  Using that M; = e "S; is a martingale (in the risk neutral world), then
n

X; = M} is a submartingale. Since Y; = e 7S} = (e*”St) eln=Drt — x,e(n—1rt

then for s < t

ElY|F] = E[Xee" V" F] > E[X, e8| F]
e(n_l)TSE[Xt|fs] > 6(n—l)rs‘Xs =Y.,
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so Y; is a submartingale. Applying Doob’s stopping theorem (see Theorem 3.2.2)
for stopping times 7 and T, with 7 < T', we obtain E[Y;] < E[Y7], or equivalently,
E[e™"™S"] < Ele~"1S%], which implies

max Ele™""S" = E[e " SH.

Then it is optimal to exercise the contract at maturity 7' |

Exercise 17.4.3 Consider an American future contract with maturity date T and de-
livery price K, i.e. a contract with payoff at maturity St — K, which can be exercised
at any time t <T. Show that it is not optimal to exercise this contract early.

Exercise 17.4.4 Consider an American option contract with maturity date T, and
time-dependent strike price K(t), i.e. a contract with payoff at maturity Sp — K(T),
which can be exercised at any time.

(a) Show that it is not optimal to exercise this contract early in the following two cases:
(i) If K(t) is a decreasing function;
(1) If K(t) is an increasing function with K(t) < e'.

(b) What happens if K(t) is increasing and K (t) > e ?

The case of Dividend Paying Stock

When the stock pays dividends it is optimal to exercise the American call early. An
exact solution of this problem is hard to get explicitly, or might not exist. However,
there are some asymptotic solutions that are valid close to expiration (see Wilmott)
and analytic approximations given by MacMillan, Barone-Adesi and Whaley.

In the following we shall discuss why it is difficult to find an exact optimal exercise
time for an American call on a dividend paying stock. First, consider two contracts:

1. Consider a contract by which one can acquire a stock, St, at any time before or
at time 7T'. This can be seen as a contract with expiration 7', that pays when exercised
the stock price, S;. Assume the stock pays dividends at a continuous rate § > 0. When
should the contract be exercised in order to maximize its value?

The value of the contract at time ¢ = 0 is mg%({e*”ST}, where the maximum is
T

taken over all stopping times 7 less than or equal to 7. Since the stock price, which
pays dividends at rate 9, is given by

2
_ —6—Z ) t+oW,
S; = Spelr 0= Tt W,

then M; = e~ ("=9tG, is a martingale (in the risk neutral world). Therefore e="S; =
e O M;. Let X; = e "S;. Then for 0 < s <t

E[X;|F,] = El[e " M|F,] < E[e % M,|F,]
e B E[M|Fy) = e M, = "8, = Mj,
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so X; is a supermartingale (i.e. —X; is a submartingale). Applying the Optional
Stopping Theorem for the stopping time 7 we obtain

E[X7] < E[Xo] = So.
Hence it is optimal to exercise the contract at the initial time ¢ = 0. This makes sense,
since in this case we have a longer period of time during which dividends are collected.

2. Consider a contract by which one has to pay the amount of cash K at any time
before or at time 7. Given the time value of money

e "MK > e "TK, t<T,

it is always optimal to defer the payment until time T'.

3. Now consider a combination of the previous two contracts. This new contract
pays S; — K and can be exercised at any time ¢, with ¢ < T'. Since it is not clear when
is optimal to exercise this contract, we shall consider two limiting cases. Let 7" denote
its optimal exercise time.

(i) When K — 0T, then 7% — 0%, because we approach the conditions of case 1,
and also assume continuity conditions on the price.

(73) If K — oo, then the latter the pay day, the better, i.e. 7% — 7.

The optimal exercise time, 7%, is somewhere between 0 and T, with the tendency
of moving towards T as K gets large.

17.4.2 American Put
17.4.3 Mac Millan-Barone-Adesi-Whaley Approximation
TO COME

17.4.4 Black’s Approximation
TO COME

17.4.5 Roll-Geske-Whaley Approximation
TO COME

17.4.6 Other Approximations
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Hints and Solutions

Chapter 1
1.6.1 Let X ~ N(u,0?). Then the distribution function of Y is

Fy(y) = PY <y)=PlaX+p5<vy) :P<X < y;ﬁ)
1 y;—ﬁ (z—p)2 1 Yy (Z—(au+ﬁ))2
= / ei 202 d{]j = / 67 20252 dZ
270 J_o0o V2rtao J oo
1 Yo )

= // e 27 dz,
ol J oo

with ¢/ = au + 83, 0’ = ao.
1.6.2 (a) Making t = n yields E[Y"] = E[e"X] = erntn®e?/2,

(b) Let n =1 and n = 2 in (a) to get the first two moments and then use the formula
of variance.

1.11.5 The tower property
E[E[X|G)|H] = E[X|H], HCG
is equivalent with

/E[X\Q] dP = /XdP, VA€ H.
A

Since A € G, the previous relation holds by the definition on E[X|G].

1.11.6 (a) Direct application of the definition.
(b) P(A) = [4dP = [oxa(w) dP(w) = Elxa]-
(d) ElxaX] = Elxal E[X] = P(A)E[X].

327
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(e) We have the sequence of equivalencies
EX|g] = E[X]< /AE[X] P = /AXdP, VAEG &
BIXIP() = [ XaP & BXIP(A) = Efual.

which follows from (d).
1.12.4 If = E[X] then

E[(X - E[X))’] = E[X®-2uX + 4’| = E[X?] - 21® + pi?
= E[X? - E[X]? =Var[X].

1.12.5 From 1.12.4 we have Var(X) =0 < X = E[X], i.e. X is a constant.
1.12.6 The same proof as the one in Jensen’s inequality.

1.12.7 It follows from Jensen’s inequality or using properties of integrals.
1.12.12 (a) m(t) = Ele!X] = 3, ethdle = M1,
(b) It follows from the first Chernoff bound.
1.12.16 Choose f(z) = 2**1 and g(z) = 22 *1.
1.13.2 By direct computation we have
E(X -Y)) = E[X}+E[Y?-2E[XY]
= Var(X)+ E[X)? + Var[Y] + E[Y]? - 2E[X]E[Y]

+2FE[X]|E[Y] - 2E[XY]
= Var(X) + Var[Y] + (E[X] — E[Y])? — 2Cov(X,Y).

1.13.3 (a) Since

E[(X — X,)%] > B[X — X,J” = (E[X,] - E[X])> >0,

the Squeeze theorem yields lim, . (E[X,] — E[X]) = 0.
(b) Writing
X2 - X?=(X,—-X)?-2X(X - X,),

and taking the expectation we get

BIX2] - E[X?] = E[(X, — X)?] - 2E[X(X — X,)].
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The right side tends to zero since
E[(X,—-X)? — 0
BX(X - X)) < /ﬁﬂX—Xmﬂ’

< /XQdP /( Xn)QdP>1/2

= E[(X — X,)?] — 0.
(c) It follows from part (b).
(d) Apply Exercise 1.13.2.
1.13.4 Using Jensen’s inequality we have
2 2
E[(E[X,|H] - E[X|H])"] = E[(E[X,-X|H])"]

|
< E[E[(X, - X)?

H]]
= E[(X,-X)? =0

asn — 0.
1.15.7 The integrability of X; follows from
E(1X:)] = E[|EX|A]] < E[BIX]|F] = E[X]] < o0

X; is Fi-predictable by the definition of the conditional expectation. Using the tower
property yields

E[X;|F] = E|E[X|FR]|Fs] = E[X|Fs] = X5,  s<t
1.15.8 Since
E[|Zi]] = EflaX; 4 bY; + || < |a| E[|X¢]] + DI E[|Y2]] + |¢] < o0
then Z; is integrable. For s < ¢, using the martingale property of X; and Y; we have

E[Z}|Fs] = aB[X|Fs] + bE[Y| Fs] + ¢ = aXs + bYs + ¢ = Zs.

1.15.9 In general the answer is no. For instance, if X; = Y; the process X7 is not a
martingale, since the Jensen’s inequality

BIXRIF] 2 (BIXIR]) = X2

is not necessarily an identity. For instance B? is not a martingale, with B, the Brownian
motion process.
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1.15.10 It follows from the identity

E[(Xt - Xs)(Y;f - }/;)‘Fs] = E[XtY;f - Xs}/s‘]:s]'

1.15.11 (a) Let Y,, = S,, — E[S,]. We have

YnJrk = SnJrk_E[SnJrk]

k k
= Yo+ > Xpyj— > E[Xnij].
j=1 j=1

Using the properties of expectation we have

k

k
ElYnik|Fn] = Yo+t Z B X1 Fnl — ZE[E[Xn-i-j”}—n]
j=1 j=1

k

k
= Y+ Z E[XnJrj] - Z E[XnJrj]
j=1 j=1

= Y.
(b) Let Z, = S%2 — Var(S,). The process Z, is an F,-martingale iff
E|Znik — Zn|Fa] = 0.
Let U = S, 1k — Sn. Using the independence we have

Zntk — In = (Sngk - ‘9121) - (VGT(SnJrk - Va?“(Sn))
= (S, +U)*-52— (Var(Sytx — Var(Sy))
U%+2US, — Var(U),

E|Zpyir — Zn|Fa] = E[U?] +2S,E[U] — Var(U)
= E[U?] - (E[U?]| - E[U]?)
= 0,
since E[U] = 0.

1.15.12 Let F,, = o(Xj;k < n). Using the independence
E[|P,|] = E[[Xol] - - - E[|Xn]] < oo,
so | P,| integrable. Taking out the predictable part we have

E[Pn—l—k"/rn] = E[PanJrl te Xn+k|fn] = PnE[XnJrl te Xn+k‘Fn]
P,E[Xpi1] - E[Xpsk] = Py.
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1.15.13 (a) Since the random variable Y = 6X is normally distributed with mean 6u
and variance 6202, then
Ble¥) = e

Hence E[e’X] = 1 iff fu + 1620 = 0 which has the nonzero solution 6 = —2u/02.

(b) Since e are independent, integrable and satisfy E[e?Xi] = 1, by Exercise
1.15.12 we get that the product Z,, = e/ = X1 ... e0%n is a martingale.

Chapter 2

2.1.4 B, starts at 0 and is continuous in ¢t. By Proposition 2.1.2 B; is a martingale
with E[B2] =t < oo. Since B; — Bs ~ N(0, [t — s|), then E[(B; — Bs)?] = |t — s|.

2.1.10 It is obvious that X; = Wy, — Wy, satisfies Xg = 0 and that X; is continuous
in ¢. The increments are normal distributed X; — Xg = Wityy — Woysy ~ N(0, |t — s]).
If0o <t < -+ <ty then 0 < tg < t1 +ty < --- < t, + tg. The increments
Xtyor — Xty = Wiy +to — Wiy 41, are obviously independent and stationary.

2.1.11 For any A > 0, show that the process X; = %W,\t is a Brownian motion. This

says that the Brownian motion is invariant by scaling. Let s < . Then X; — X, =
%(W,\t — Wys) ~ %N(O, A(t —s)) = N(0,t — s). The other properties are obvious.
2.1.12 Apply Property 2.1.8.

2.1.13 Using the moment generating function, we get E[W?] = 0, E[W}] = 3t2.

2.1.14 (a) Let s <t. Then

B(W? —t)(W? —s)] = E[E[(Wf — (W2 — S)HFS} = E[(Wf — 5)E[(W - t)]lfs]
= E[(VVS2 — 8)2] = E[ng — 2sW2 + 82:|
= E[WI - 2sE[W?2] + 5% = 35% — 25% + s> = 25%.

(b) Using part (a) we have

252 = E[(W —t)(W2 —s)] = E[W2W?| - sE[W?] — tE[W2 +ts
= E[W2W2 — st.

Therefore E[W2W2] = ts + 2s°.
(c) Cov(W2,W?2) = EW2W2] — EIW2|E[W?] = ts + 2s* — ts = 252

(d) Corr(W2, W2) = % = 7, where we used

Var(W2) = E[W}] — E[W2)? = 3t> — t* = 2°.
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2.1.15 (a) The distribution function of Y; is given by
Fz) = P(Yi <) =P(tWy), <) = P(Wy, <o/t

z/t z/t )
_ /0 b1/e(y) dy = /0 V@2 dy

Vi
B / L a2 gy,
0 \ 27

(b) The probability density of Y; is obtained by differentiating F'(x)

d [eve 1 s 1 )
— F' -~ - —u?)2 _ = x%)2
ple) = ) de/o = T

and hence Y; ~ N(0,1).
(c¢) Using that Y; has independent increments we have

Cou(Y,,Yy) = EIY.Yi] — EY.JE[Y] = B[Y.Y]

= B[Vi(vi - Y)) + Y2| = EV]EY; - Yi] + B[V

= 0+s=s.
(d) Since

Yi=Ys=(t—s) (Wi — Wo) — s(Wyjs — Wip)
BlY; = Y] = (t — s)E[Wy ] — sE[W, /s — Wy] =0,
and
Var(Y,—Y) = E(Yi -l = (t— s +52(E =)
_ (t—35)2+ st —s) .

t

2.1.16 (a) Applying the definition of expectation we have

&0 1 22 o 1 22
E W = 7§d = 2 7§d
Wil = [ el S o= [T 20— i

1 > y
g 6_5 d == \/ Qt .
\/27rt/o Y /
(b) Since E[|W;|?] = E[W?] = t, we have

) ) 2t 2

Var(Wil) = BIWi? - BWl? =t = = = 11— 2).

2.1.17 By the martingale property of W2 —t we have
EWZ|Fy = EW? — | F] +t=WZ+1t—s.
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2.1.18 (a) Expanding
(W — Wy)? = W2 — 3W2EW, + 3W, W2 — W3
and taking the expectation

E[(Wt - WS)g‘}—S]

E[W3|F,]) — 3W,E[W2] 4+ 3W2E[W;|F,] — W2
E[W2|F,] = 3(t — s)Ws — W2,

SO
E[W3|Fs] = 3(t — s)Wy + W3,

since
B[(Wy = W)’ |F] = E[(W, = W,)°] = E[W} ] = 0.
(b) Hint: Start from the expansion of (W; — W,)*.

2.2.3 Using that e"V*="s is stationary, we have

E[eWt*WS] = E[eWi—S] — e2(t=9),

2.2.4 (a)
E[X|F] = E[e"|F,]=E[e""e"s|F,
= VepEWWs F] = VBl
€W‘9€t/2€_8/2.

(b) This can be written also as
E[e*t/ZeWt\]:s] = e 5/2eWs,

which shows that e~ t/2e" is a martingale.
(c¢) From the stationarity we have

E[eth—ch] _ E[ec(Wt—Ws)] _ E[eth,s] _ €%CQ(t_S)-

Then for any s < ¢t we have
E[eth ‘]:s] _ fg[ec(WthS)ecW5 |~7:s] _ €cW5Ev[€c(W,ng5 |]_— ]
ecWS‘E[ec(Wt*Ws)]

o204 1
:€CW5€2C (t—s) _ = Y,e2 ct

Multiplying by e~2¢% yields the desired result.
2.2.5 (a) Using Exercise 2.2.3 we have
Cov(Xs, X;) = E[X,X{]— E[X,E[X;] = E[X,X;] — e!/2e*/
_ E[€W5+Wt] o t/265/2 _ E[eWth5€2(W57WO)] o et/Qes/Q
— ElW ] [ 2(WS—W0)] _ et/2e8/2 _ €i2962s _ et/2¢8/2
t

e (t+s)/2.

Il
)
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(b) Using Exercise 2.2.4 (b), we have
EIX,X) = E[BIX.X|7.]| = E[X.EX|F)]
- et/QE[XsE[e*t/QXt\fs]} - et/QE[XS e*s/QXs]]
_ 2R X2] = (t-9)/2 B[ 2We]

_ t+3s
_ e(t S)/2€QS:€ 5

)
and continue like in part (a).

2.2.6 Using the definition of the expectation we have

1 2 z?
E[62Wt2] = /62‘”2@(:5) dx = e e % da
V2mt

\/27r V1 —4t

if 1 —4t > 0. Otherwise, the integral is infinite. We used the standard integral
/e‘m2 =+/m/a, a>0.

2.3.4 It follows from the fact that Z; is normally distributed.

2.3.5 Using the definition of covariance we have

Cov(ZS,Zt) = B[Z,2)) — E|Z,)E[Z)] = E|Z,Z)]

_ /Wdu /de :E /S/thWvdudv]
_ / / E[W,W,) dudv — / / min{u, v} dudv

= <§_€>’ s<t

2.3.6 (a) Using Exercise 2.3.5
CO’U(Zt, Zt - Zt—h) = CO’U(Zt, Zt) - CO’U(Zt, Zt—h)

R - — 2 S —

= 3 - t=h(3 i)
1

= —t’h+o(h)
2

(b) Using Z; — Zy—p, = [{_, W du = hW; + o(h),
1
CO’U(Zt, Wt) = ECOU(Zty Zt - Zt—h)
1,1, 1,
= h(2t h+o(h)) = St
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2.3.7 Let s < u. Since W; has independent increments, taking the expectation in

WstWe _ JWi=W ,2(Ws—Wo)

we obtain
E[eWSJrWt] — E[GWthVs]E[eQ(WS*WO)] _ 6“;5 628
_ eu;rs S = e“QSemin{s,t}'
2.3.8 ( = Jo Ele"] ds = [y Ele*/?]ds = 2(e'/* — 1)

(b) Slnce Var(Xt) = E[Xf] — E[X,]?, it suffices to compute E[X?]. Using Exercise
2.3.7 we have

E[X?] = / W ds . / Wudu _ // We o Wa Jodu,
= // €2€SdUd8+// e%eududs
D1 Do
uts 471
= 2// '3 et duds = —(—th — 2t/ 4 §>’
Dy 3\2 2

where D1{0 < s < u < t} and D2{0 < u < s < t}. In the last identity we applied
Fubini’s theorem. For the variance use the formula Var(X;) = E[X?] — E[X;]?.

2.3.9 (a) Splitting the integral at ¢t and taking out the predictable part, we have

E|Zr|F] = / W, du|Fy) = / W, du|Fi) +E/ W, du|F]
= Zt+E[/ W, dulF]
t
T
t
T
= Zi1+ E[/ (Wy — Wh) du| Fy] + Wi(T —t)
t
T
_ Zt+E[/ (W — W3) du] + Wi(T — #)
t

T

_ Zt+/ E[W, — Wil du + Wi(T — 1)
t

— 4+ WT—1),
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since E[W, — Wy = 0.
(b) Let 0 <t < T. Using (a) we have

241

26.1

2.7.2 Since

E[Zy — TWr|F] = E[Zr|F]—TE[Wr|F]
= Z+W(T —t)—TW,
= Z; —tW,.

EVp|F] = E [efg Wy dut [T W, du| ]_-t]

= el Wudup[eJiWedu ]

— eloWudup [eftT(Wu—Wt) dut(T—t)W; ‘}_t}
— VeT-OWip [eftT(Wuth) du|}—t]

— Ve T-OWig [eftT(Wu—Wt) du]

— Ve OWig [efOT’t W dr}

g We(Tft)Wt 6% (Tit)gt
F(z) = PY:<z)=Put+W:<z)=PW; <z —put)
Topt u2
= e 2t du;
0 V27t
1 (z—pt)2
x = Fl(z)= e~ 2t
f(x) (z) Nz

P 1 2

x

P(Ri<p) = [ qoc 5 da,
o t

use the inequality

to get the desired result.

273

2 1‘2
1-Z <o <1
2t
°° | 22
B[R] = / l‘Pt(l‘)dl“:/ —xle 5 do
0 0 t
]. o0 1/2 Y 0 3 1
L et vm [T e
2t Jo 0

= varG) =
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Since E[R?] = E[W1(t)? + Wa(t)?] = 2t, then

2mt T
Var(R;) = 2t—— =2t(1 - —).
ar(Ry) 1 ( 4)
274
E[X{] 27t T
E X —_ = = e .
[X¢] . 57 5 0, t — 00;
1 2 7'('
Var(Xy) = t—QVCW(Rt) = ;(1 - Z) 0, t — oo.

By Example 1.13.1 we get X; — 0, t — 0o in mean square.
2.8.2
P(N; = Ny=1) = At —s)e =9

= At—5)(1 =X\t —s)+o(t —s))
= Mt—s)+o(t—s).

P(N,—Ny>1) = 1-P(N,— N, =0)+P(N, — N, =1)
= 1—e M) \(t— 5)e A

- 1—(1—)\(t—s)—|—o(t—s)>

At — 8) (1 At —s)+olt — 5))
= MN(t—s)2=o(t - s).

2.8.6 Write first as

Nf = NN —N,)+ NN,
= (Nt_Ns)2+Ns(Nt_Ns)+(Nt_)‘t)Ns+)\tha

then

E[NtQ‘]:s] = E[(Nt - Ns)2|fs] + NSE[Nt - Ns‘}_s] + E[Nt - )‘t|fs]Ns + )\th
E[(N; — Ny)?] + N,E[N; — N,] + E[N; — M]N, + AN,

At —8) + X2(t — 5)2 + AN, + N2 — AsN, + Mt N,

At — )+ \2(t —5)? +2\(t — s)N, + N2

= Mt —s)+[Ns+ At —s)]

Hence E[N?|Fs] # N? and hence the process N7 is not an F,-martingale.

S
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2.8.7 (a)
my,(z) = E[™N] =) PN, = k)
k>0
P
_ xk —At
= e

k>0
— T xr __
e )\te)\te — e)\t(e 1) )

(b) E[N?] =mf;,(0) = At? + At. Similarly for the other relations.
2.8.8 E[X;] = E[eMNt] = my, (1) = eMeD),
2.8.9 (a) Since "Mt = e#(Ne=M) — o=MzeoN: the moment generating function is

mu (@) = Bl = e gl
6—>\t$6)\t(ez—1) _ eAt(ez—a:—l).

(b) For instance
E[M}] =mf (0) = M.

Since M, is a stationary process, E[(M; — M;)3] = A(t — s).

2.8.10
Var[(M; — M;)?] = E[(M; — M,)"] = E[(M; — M;)*?
= At-— ) +3N%(t—5)% — N (t — s)?
= At —s)+202(t —s)%.

2.11.3 (a) E[U}] = E[fg N, du} = [TE[N du = [' Mudu= 2L

N,
- A2 A2
E[Zsk] = E[tNy — U] = tAt — &~ = =

2.11.5 The proof cannot go through because a product between a constant and a
Poisson process is not a Poisson process.

2.11.6 Let p, (z) be the probability density of X. If p(z,y) is the joint probability
density of X and Y, then p, (z) = >, p(z,y). We have

SEXY =Py =y) = Y / 1pyy_, (@ly) P = y)da

y=>0 y>0

Z/ fz:pxy da:—/ mey

y>0

_ /ijx(aj) d = E[X].
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2.11.8 (a) Since T} has an exponential distribution with parameter A

o A
Ele™oT] = / e 7 \e M dx = .
0 A+o

(b) We have

Ut = T2+2T3+3T4+~'+(n—2)Tn,1+(n—1)Tn+(t—Sn)n
= T2—|—2T3+3T4+---—|—(n—2)Tn,1-l—(n—1)Tn+nt—n(T1—|—T2+---+Tn)
= nt—[nT1+n—-1)Tr+---+T,].

(c) Using that the arrival times S, k = 1,2,...n, have the same distribution as the

order statistics U, corresponding to n independent random variables uniformly dis-
tributed on the interval (0,t), we get

E |:e—0'Ut Nt — n] — E[G—U(tNt_Zivil Sk)‘Nt = ’]’L]

efnatE[ea > U(i)] _ efnUtE[ea >y Ui]

_ e—ncrtE[ecrU1] . E[eaUn]

I I
= e”"tz/ e’ dxy - - z/ e?*r dwy,
0 0

(d) Using Exercise 2.11.6 we have

E[e*"Ut] - Y PN, = n)E[e*"Ut N, = n]
n>0
B e—)\tn)\n (1 . e—at)n
- Z n! o
n>0

e)\(lfe_‘”)/a'f)\_

3.11.6 (a) dt dN; = dt(dM; + \dt) = dt dM; + \dt*> = 0
(b) dW; dN; = dWy(dMy + Adt) = dWydMy + \dWydt = 0

2.12.6 Use Doob’s inequality for the submartingales W7 and |W;|, and use that E[W}?] =
t and E[|W;|] = \/2t/, see Exercise 2.1.16 (a).

2.12.7 Divide by t in the inequality from Exercise 2.12.6 part (b).
21210 Let c =nand 7 =n + 1. Then
N, 2 4\ 1
g s (B < P t1)

2
n<t<n=1 n
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The result follows by taking n — oo in the sequence of inequalities

OSE[(%—A)Z}SE[ sup (%—Aﬂgw.

2
n<t<n=1 n

Chapter 3
3.1.2 We have
Q, ife<t
. < — b —
{wirw) <t} { @, ife>t
and use that 0, Q € F;.
3.1.3 First we note that
{witw) <t} = [J {wiWis(w)| > K}. (18.0.1)
0<s<t

This can be shown by double inclusion. Let A; = {w; |Ws(w)| > K}.

“C” Let w € {w;T(w) < t}, so inf{s > 0; [Ws(w)| > K} < t. Then exists 7 < u < t
such that |Wy,(w)| > K, and hence w € A,,.

“D7 Let w € Uyegerfw; [Ws(w)| > K}. Then there is 0 < s < ¢ such that [W(w)| >
K. This implies 7(w) < s and since s < ¢ it follows that 7(w) < t.

Since W; is continuous, then (18.0.1) can be also written as

{wrw) <ty= U {wWWw)> K},

o<r<t,reQ

which implies {w;7(w) < t} € F; since {w; |W,(w)| > K} € F, for 0 < r < t. Next we
shall show that P(1 < o0) = 1.

P({wirw) <oo}) = P(|Jfws Wa)l > K}) > P({w; [We(w)| > KD)

0<s
S O S
— — (& sy — 78 Q.
lz|<K V2Ts V2ms

Hence 7 is a stopping time.

3.1.4 Let K, = [a+ 1,b— L]. We can write

m

{w;TSt}:m U {w; X, ¢ Kp,} € F,

m>1r<t,reQ

since {w; X, ¢ K} = {w; X, € Ky} € Fr C F.

3.1.8 (a) We have {w;cr <t} = {w;7 < t/c} € Fy)e C Fi. And Pler < o0) = P(1 <
o0) = 1.
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(b) {w; f(1) <t} ={w;T < f71(t)} = Fp-1py C Fr, since f1(t) < t. If f is bounded,
then it is obvious that P(f(7) < oo) = 1. If limy_, f(t) = 0o, then P(f(7) < o00) =
P(r < f"Ho0)) = P(t < o0) = 1.

(c) Apply (b) with f(z) = €.

3.1.10 If let G(n) = {z;|z — a| < 1}, then {a} = (,>1 G(n). Then 7, = inf{t >
0; Wy € G(n)} are stopping times. Since sup,, 7, = 7, then 7 is a stopping time.

3.2.3 The relation is proved by verifying two cases:

(1) If w € {w;T >t} then (7 A t)(w) =t and the relation becomes

M;(w) = My(w) + Mr(w) — M(w).

(17) If w € {w;7 < t} then (7 At)(w) = 7(w) and the relation is equivalent with the
obvious relation

M, = M,.

3.2.5 Taking the expectation in E[M.|F,] = M, yields E[M,] = E[M,], and then
make o = 0.

3.3.9 Since M; = W2 — t is a martingale with E[M;] = 0, by the Optional Stopping

Theorem we get E[M.,| = E[My] = 0, so E[W2 — 1,] = 0, from where E[r,] =
E[W2] = a?, since Wy, = a.

3.3.10 (a)
F(a)=P(X; <a) = 1—P(Xt>a):1—P(OI£1ast>a)
— 1—P(Ta§t)_1——/ eV dy
\/27T \aW

= — dy — — Y4 dy
V21 Jo \ 27 |a\/\/‘

al/Vt
N \/%/ ' eV dy.
7 Jo

b) The density function is p(a) = F'(a) = —2=e~%"/) g > 0. Then
=

27t

BlX) = [T ap)dr= 2 /@0 gy — 2
= xp(z N it
t o p ot Y .

2 o 2 4t 0 2

E[X?] = 22e”® /(Qt)dx:— 2e7Y d
[X¢] 5 ), =) Y y

= — u e Vdu = I'(3/2) =t

\/27Tt2/ v 2t (3/2)

Var(X,) = E[Xf]—E[Xt]2:t<1—;

N—
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3.3.16 It is recurrent since P(3t >0:a < W; <b) = 1.
3.4.4 Since

1 1 ?
P(We > 0it1 <t < ty) = 5 P(W, # 0511 gtth)z—arcsin,/t—l,
2

™

using the independence

1 11\ 2
P(W}>0,W2) = P(W} > 0)P(W? >0) = ﬁ(arcsm /t_1> '
2
ili 1 772 : .4 ) t1\2
The probability for Wy = (W,", W) to be in one of the quadrants is — ( arcsin t_) .
m 2
3.5.2 (a) We have

e2nP 1

P(X; goes up to o) = P(X; goes up to a before down to —oc0) = Bl;rgo P 1.

3.5.3

2B 1

P(X; never hits — ) = P(X; goes up to oo before down to — ) = lim T R
a—o00 e —e

3.5.4 (a) Use that E[X71] = apa — B(1 — pa); (b) E[X2] = &®pa + B%(1 — pa), with
Pa = =t (¢) Use Var(T) = E[T? — E[T]%.

3.5.7 Since M; = W2 —t is a martingale, with E[M;] = 0, by the Optional Stopping
Theorem we get E[W2 —T] = 0. Using Wr = Xr — uT yields

B[X} —2uT Xy + p*T? = E[T).

Then

E[T](1 + 2uE[X7]) — E[X7]
5 .
L
Substitute E[X7] and E[X%] from Exercise 3.5.4 and E[T] from Proposition 3.5.5.
3.6.11 See the proof of Proposition 3.6.3.
3.6.12

E[T? =

BIT) = =S Ble™)y = % (apa + 61 p) = 2 1.

3.6.13 (b) Applying the Optional Stopping Theorem
E[ecMT—AT(eC—c—l)] _ E[Xo] - 1
E[eca—ATf(c)] - 1
E[G—ATf(c)] — eac
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Let s = f(c), so ¢ = p(s). Then E[e*T] = e=2(s),
(c) Differentiating and taking s = 0 yields

—AE[T] = —ae~ 0y (0)
1
= g =

so E[T] = oc.
(d) The inverse Laplace transform £ (e*a“"(s)> cannot be represented by elementary

functions.
3.8.8 Use that if W} is a Brownian motion then also tW}; is a Brownian motion.

3.8.11 Use E[(|X| — 0)2] = B[ X,?] = E[(X; — 0)?)].

ajttan

3.8.15 Let a,, = Inb,,. Then G,, = enGn — o= el
3.9.3 (a) L =1. (b) A computation shows

E[(X; -1)%] = E[X?-2X;+1] = E[X}] - 2E[X,] + 1
= Var(Xy) + (BE[Xy] — 1%

(¢) Since E[X;] = 1, we have E[(X; — 1)?] = Var(X;). Since
Var(X,) = e B[] = e (2 — ') = ¢! —1,

then E[(X; — 1)?] does not tend to 0 as t — oc.

3.11.3 (a) E[(dW})? — dt?] = E[(dW})?] — dt* = 0.

(b) Var((dWy)? —dt) = E[(dW} — dt)?] = E[(dW;)* — 2dtdW; + dt*]
= 3st? —2dt- 0+ dt* = 4dt>.

Chapter 4

4.2.3 (a) Use either the definition or the moment generation function to show that
E[W{] = 3t2. Using stationarity, E[(W; — W,)4] = E[W ] = 3(t — s)*.

441 ( E[/Tth] E[Wr] = 0.

/ Wi dWi| = [WT——T]—O
T2
7.

1 1
7% - 5TW%] =

1
(c) Var( / Wi dWy) = / Wy th = E[ZW% + 1

4.6.2 X ~ N(0, [{" Ldt) = N(0,InT).
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46.3Y ~ N(0, [ tdt) = N(O, Lr? - 1))

¢
1
4.6.4 Normally distributed with zero mean and variance / e2t=5) ds = §(€2t —1).
0

4.6.5 Using the property of Wiener integrals, both integrals have zero mean and vari-

7t3
ance —.

3

4.6.6 The mean is zero and the variance is t/3 — 0 as t — 0.

4.6.7 Since it is a Wiener integral, X; is normally distributed with zero mean and

t bu 2 5 b
/0 (a—i—T) du = (a +§+ab)t.

variance

Hence a2+ﬁ+ab: 1.
4.6.8 Since both W; and fo s) dWs have the mean equal to zero,

Cov(Wt,/Of(s)dWS) _ Wt,/ £(s) dW] /dW/f ) dW,]
_ E[/O f(u)ds]:/o F(u) ds.

Cov(Wt,/Otf(s) dWs> :/Otf(s) ds

Choosing f(u) = u™ yields the desired identity.

The general result is

4.8.6 Apply the expectation to

N
(3 ses)” Zﬂ (Sk) +2Zf (S
k=1

k#j
49.1
T
A
E / e dNg| = (M -1
[y @] = Ry
T
A
Var / AN, = (2T - 1).
(fy ) = 5

Chapter 5
5.2.1 Let X; = fot e« du. Then

tdX, — Xpdt  teVidt — Xpdt 1
e t t = ¢ t = — €Wt —Gt dt
12 2 t
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a) eWt(1+ IWy)dt + eVt (1 + Wy)dWy;
b) (6W; + 10e>Vt)dW; + (3 + 25¢V*)dt;
c) 2eMWE(1 + W2)dt + 26V W, dW;

d) n(t+ W2 ((t W+ n5hydt + (¢ + Wt)th>;

1 I
(e) - Wt——/ Wy, du | dt;
t t /)
t
(f) %(ew’f—g/ eW“du>dt.
t t Jo

534

(
(
(
(

d(tW?) = td(W2) + Widt = t(2WdW; + dt) + Widt = (t + W2)dt + 2t W, dW.

5.3.5 (CL) tth + Wtdt;
(b) 6t(Wtdt + th);
(¢) (2 —t/2)t cos Wy dt — t2 sin Wy dWy;
(d) (sint + W2 cost)dt + 2sint W, dWy;

5.3.7 It follows from (5.3.9).

5.3.8 Take the conditional expectation in
t
M? :M§+2/ M,_ dM, + N; — N
S

and obtain

t
E[M}F] = M?*+ 2E[/ M, dM,|Fs] + E[Ny|Fs] — N
S

= M? + E[M; + M|F] — Ny
M2+ M, + Mt — N
= M2+ \t-s).

5.3.9 Integrating in (5.3.10) yields
Lof Lof
F,=F +/ —dW1+/ = dWE.
o et ooy !
One can check that E[F}|F,] = F;.

2WEAWE + 2W2dW

_ 17171 2qW?2 : =
5310 (a) dF, = 2W}AW! +2WEdWE +2dt; (0)  dFy = —qoms = rrms
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0 0
5.3.11 Consider the function f(z,y) = /22 +y2. Since or _ * S

ox a2ty Oy

Y 1
— Af = ————, we get
Va2 +y? / 2y/ 22 + y? &
Of o1 Of oo Wi oo WE s 1
dR; = —dW, —dW, Afdt = —dW. —dW, —dt.
t 22"t T oy P tAf R, TR M TR,
Chapter 6

6.2.1 (a) Use integration formula with g(x) = tan=!(z).
T T T
1 _ _ 1 2W
aw, = tan™ 1) (W) dW; = tan™' W~ —/ — dt.
| e = [ ety an =t we g [

C |
(b) UseE[/O T th] —0.
t

(¢) Use Calculus to find minima and maxima of the function p(z) =

T
(1+422)%

6.2.2 (a) Use integration by parts with g(x) = e* and get
T 1 T
/ eWtth:eWT —1——/ eVt dt.
0 2 Jo
(b) Applying the expectation we obtain
W LT
Ele"T] =14 = Ele™*] dt.
2.Jo
If let ¢(T) = E[e"7], then ¢ satisfies the integral equation

T
(T) =1+ %/0 o(t) dt.

Differentiating yields the ODE ¢/(T) = £¢(T), with ¢(0) = 1. Solving yields ¢(T) =
el'l2.

6.2.3 (a) Apply integration by parts with g(x) = (x — 1)e” to get

T T 1 /T
/ WiVt aw, = / g (Wy) dW, = g(Wr) — g(0) — 5 / g (W) dt.
0 0 0

(b) Applying the expectation yields
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EWreT] = E[eWT]—l—i—% /0 ! {E[ew’f]—kE[WteWt]} dt

1 /7
= 2142 / (6”2 + E[WteWiD dt.
2 Jo

Then ¢(T) = E[WreV7] satisfies the ODE ¢/(T) — ¢(T) = e!/? with ¢(0) = 0.

6.2.4 (a) Use integration by parts with g(z) = In(1 + 2?).
(e) Since In(1+47T") < T, the upper bound obtained in (e) is better than the one in (d),
without contradicting it.

6.3.1 By straightforward computation.
6.3.2 By computation.
6.3.13 (a) S5 sin(v2W1); (b) 3¢* sin(2W3); (c) J (eV2Wi—1 _ 7).

Sl

6.3.14 Apply Ito’s formula to get

1
do(t,Wy) = (Gup(t, W) + 50z 0(t, W) dt + Duip(t, Wr)dW,
= Gt)dt + f(t, W) dW,.

Integrating between a and b yields
b b
ot Wl = [ Gyar+ [ rewyaw,

Chapter 7

7.2.1 Integrating yields X; = Xo+ fOt(QXs +e¥)ds+ fot bdW,. Taking the expectation
we get

t
E[X;] = Xo + / (2E[X4] + €*¥) ds.
0
Differentiating we obtain f/(t) = 2f(t) + €*, where f(t) = E[X,], with f(0) = Xo.

Multiplying by the integrating factor e=2 yields (e 2/f(t)) = 1. Integrating yields
f(t) = e*(t + Xo).

7.2.4 (a) Using product rule and Ito’s formula, we get
1
dW2et) = "t (1 + 2, + 5Wf)dt + eV 2QW, + WR)AW,.
Integrating and taking expectations yields

t
1
EW2et] = /0 (E[eWs] + 2E[W,e"s] + §E[W82€WS]> ds.
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Since E[e"s] = et/2, E[W,eWs] = tet/? iflet f(t) = E[W2eVt], we get by differentiation
1
F(t) = et/ + 2tet/? + SF0.  fo)=0.

Multiplying by the integrating factor e~ */2 yields (f(t)e */?)" = 1 + 2t. Integrating
yields the solution f(t) = t(1 + t)e/2. (b) Similar method.

7.2.5 (a) Using Exercise 2.1.18

EW! - 3t2|F] = E[W}F] - 3t>
= 3(t—5)?+6(t—s) W24+ Wi -3t
= (W2 —35%) 4 65> — 6ts + 6(t — s)W2 £ W2 — 35>

Hence W — 3t? is not a martingale. (b)
EWP|F) = W7 +3(t—s)W, # W2,

and hence W} is not a martingale.

7.2.6 (a) Similar method as in Example 7.2.4.
(b) Applying Ito’s formula

1
d(cos(cWy)) = —osin(oWy)dWy — 502 cos(cWy)dt.

02
Let f(t) = E[cos(cWy)]. Then f/(t) = —U—;f(t), f(0) = 1. The solution is f(t) = e~ 2.
(¢) Since sin(t+oW;) = sint cos(cW;)+cos t sin(c W), taking the expectation and using
(a) and (b) yields

2

Elsin(t + oW;)] = sintE[cos(cW;)] = e~ Ttsint.

(d) Similarly starting from cos(t + oW;) = cost cos(cWy) — sint sin(aWy).

7.2.7 From Exercise 7.2.6 (b) we have Elcos(W;)] = e /2. From the definition of

expectation
Eleos(W)] = [ cosz—
CoS = COS T
! — 00 V27t

Then choose t = 1/2 and t = 1 to get (a) and (b), respectively.

.
e 2t dx.

7.2.8 (a) Using a standard method involving Ito’s formula we can get E(W;et"t) =
btet’t/2. Let a = 1/(2t). We can write

2 1
xe T gy — QWt/a:eb‘B
/ V2t
= \/27TtE(Wt€bWt) — 4 /27Ttbteb2t/2 — \/§(£>€b2/(4a)‘

2a

2
.
e 2t dx
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The same method for (b) and (c).
7.2.9 (a) We have

2n2n 211420
Elcos(tWy)] = E[Z<_1>n%]zz<_l)nm

!
n>0 n>0 (2n)!
2" (2n)1tn 3"
_ _1\n _ _1\n
N Z( 1 (2n)! 27n! _Z( 1 2nn]!
n>0 n>0
= /2

(b) Similar computation using E[W?" 1] = 0.
7.3.2 (a) X; = 1+ sint — fg sinsdWs, E[Xy] = 1 +sint, Var[X,] = fg(sins)2 ds =
L Lsin(2t);

271 ;

(b) X; = et — 1+ [I /sdW,, E[X)] =¢" -1, Var[X,] = &; 4

(€) Xy =1+ 21 +2) + [} s*2dW,, BIX,] =1+ $In(1 + ), Var(X;) = 4.

7.3.4

t
Xy = 2(1- €_t/2) + / e 2tWs dWs=1— 2e 2 4 e~t/2HW:
0

= 1+ - 2);

Its distribution function is given by

Fly) = P(Xi<y)=P+e2(" —2) <y) = P(W; <2+ (y — 1)e/?)
1 1n(2+(y—1)et/2) 22
= T2 dx.
V 27t /;oo ‘ g

E[X;] =2(1 - 67t/2)7 Var(X;) = Va?“(eft/Qewt) = e War(e") =€ — 1.

7.5.1 (a)

dX; = QW dW; + dt) + Widt + tdW;
d(W2) + d(tW,) = d(tW; + W?)

so Xy = tW; + W2. (b) We have

1 1
Xy = (2t~ 5 Wodt + W,

1 1
= 2Adt+d(S W) = d(t* + TWa),
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SOXt:t2+%Wt—1—W1.

1
(¢) dX; = 5et/QWtdt + €2dW, = d(e*W,), so X; = e!/2W,. (d) We have

dX; = t(2WdW; + dt) — tdt + Widt

1
= td(W}) + Wdt — §d(t2)

2 t2
= d(tWt - 5)7

SO Xt = tWt - % (6) dXt =dt + d(\/EWt) = d(t + \/EWt), SO Xt =t+ \/th - Wl.

1 t
7.6.1 (a) X; = Xoe' + itk ey + 2/ A=) qw;
0

2

(b) X; = Xoe¥t + 5(1 — &%) 4 3wy,
t

() Xp =€ (Xo+ 1+ ;W7 —2) — 1;

t 1
(d) X, = Xpett — 1 E(l — ety + ety
(€) X; = Xoe’? — 2t — 4+ 5et/? — et cos Wy;
( ) X = X()e_t + e_tWt.

7.8.1 (a) The integrating factor is p; = e~ Jo adWist3 fg a*ds

2
e—aWt-f—aTt

, which trans-

forms the equation in the exact form d(p;X;) = 0. Then p;X; = Xy and hence

2
«@
X; = XoetWt— 5t

(12
(0) pr = e W d(pXy) = peXedt, dYy = Yidt, Yy = Yoe!, p Xy = Xoel, Xy =

2
Xoe(l_%)t-i—aWt )

7.8.2 otdA; = dX; — 0 A dt, E[A] =0, Var(A;) = E[A}] = % |,

Chapter 8
812 A=
8.1.4

Xi(t) = af +Wi(t)

t
Xo(t) = al+ /0 X, (s) dWa(s)

0

t
= 29+ 29 (@t) + / Wi(s) dWa(s).
0

PE[X,]2ds =

.
2,

8.4.2 E[r] is maximum if b — 9 = 29 — a, i.e. when zg = (a + b)/2. The maximum

value is (b — a)?/4.
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8.5.1 Let 7, = min(k,7) ' 7 and k — oo. Apply Dynkin’s formula for 73, to show that
1
Bln] < - (R - |al?)

and take k — oo.

8.5.3 2 and 227"

8.6.1 (a) We have a(t,x) = x, c(t,x) = x, p(s) = ze*t and u(t,z) = ftT
z(ef=t —1).

(b) a(t,z) = tx, c(t,x) = lnx, o(s) = 22 and u(t, z) = — ft
—(T = t)nz+ L(T +t) - &].

8.6.2 (a) u(t,x) = o(T —t) + S(T — £)2. (b) u(t,z) = 2e"(e2T~D —1). (¢) We have
a(t,z) = px, b(t,z) = ox, c(t,z) = x. The associated diffusion is dX; = puXgds +
0 XsdWs, X; = x, which is the geometric Brownian motion

xeftds =

In (a:e(s *tQ)/Z) ds =

Xs _ xe(uf%a2)(sft)+U(WS*Wt)’ s>t
The solution is

T
u(t7 $) = E|:/ $€(“_%02)(S_t)+U(WS_Wt) dS
t
T 1
= .1“/ e(“_5(5_t))(5—t)E[ecr(s—t)]ds
t

T
_ . / (=5 (s=0)(s—1) g0 (s1)/2 g
t

T
_ / h(s—1) gg — E(eu(m) _ 1)'
t M

Chapter 9
9.1.7 Apply Example 9.1.6 with u = 1.

9.1.8 X; = fo s)dWg ~ N(0, fo h%(s)ds). Then eXt is log-normal with EleXt] =

6%Var(Xt) — e fo h(s st

9.1.9 (a) Using Exercise 9.1.8 we have
E[M;] = Ele = Jo u(s) dWs o= [g u( 5)? ds)
— e 3 LI u( 2dsz[ I u( dWS] — ef%foiu(s)2 dse%fot u(s)?ds _ 1.
(b) Similar computation with (a).
9.1.10 (a) Applying the product and Ito’s formulas we get
d(et/2 cos Wy) = —e 2 sin Wy AW
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Integrating yields
t
et’? cosWy, =1— / e /% sin W, dW,
0

which is an Ito integral, and hence a martingale; (b) Similarly.

9.1.12 Use that the function f(x1,z9) = €*' coszo satisfies Af = 0.

9.1.14 (a) f(z) = 2% (b) f(z) = 2% () f(z) = 2"/(n(n —1)); (d) f(z) = e (e)
f(x) = sin(cz).

Chapter 10
10.3.4 (a) Since 1y ~ N(u,s?), with g = b+ (19 — b)e~* and s? = %(1 —e~29) Then

01 (=2 1 M,
P(ry<0) = e 22 dr=-—— e V2 dv = N(—p/s),
<o = [ — =/ (~11/5)

where by computation

2a
T T T oV et (ro +b(e™ — 1))
(b) Since
i P = V2a i 1 +b(e™ — 1) _ W2a
t—00 S o t—oo e2at — 1 o’
then

bv2a

g

Jim P(ry <0) = lim N(—p/s) = N(~ )-

It is worth noting that the previous probability is less than 0.5.
(¢) The rate of change is

%P(n<0) = - L 6_£—<H)

Vam
1 _u? ae®d[b(e? — 1) (e — 1) — 1]
NG (e2at — 1)3/2 :

10.3.5 By Ito’s formula

1 n—1
d(ry) = (na(b - Tt)rffl + §n(n — 1)02rf*1>dt +nor, dWi.

Integrating between 0 and ¢ and taking the expectation yields

nn—1) ,

palt) =5 + [ b1 (9) = napa () + gt 1 ()] ds
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Differentiating yields

(n—1)

1 (8) + nagn(t) = (nab + = 01 (t).

Multiplying by the integrating factor e™® yields the exact equation

(0] = e mab+ "D o2y, ),

Integrating yields the following recursive formula for moments

n_—na n(n_ 1) ¢ —na(t—s s)ds
pn(t) = rie” ™ 4 (nab + T(;2)/0 e~ na(t=s)pun—1(s)ds_

10.5.1 (a) The spot rate r; follows the process
d(lnry) = 0(t)dt + odW;.

Integrating yields
t
Inry =1Inrg + / 0(u) du + oWy,
0

which is normally distributed. (b) Then r, = roefot 0wy duroWe ig Jog-normally dis-
tributed. (¢) The mean and variance are

E[rt] = ’I”()ef(f 0(u) du€%02t’ Var(rt) — 7“862 fot 0(u) dueO'Qt(eO'Qt . 1)

10.5.2 Substitute u; = Inr; and obtain the linear equation

The equation can be solved multiplying by the integrating factor eo als)ds

Chapter 11
11.1.1 Apply the same method used in the Application 11.1. The price of the bond is:

Pt,T)= ein(Tft)E[ef" Jo " N ds]
11.2.2 The price of an infinitely lived bond at time ¢ is given by limp_, o, P(¢,T). Using
1
lim B(t,T) = —, and
T—o0 a

+o0, if b < 0%/(2a)

Jim At T) =4 1, if b > 0%/ (2a)
—00 2 2 .

E+1)0b— L) - 5, ifb=0%/(2a),

we can get the price of the bond in all three cases.
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Chapter 12
12.1.1 Dividing the equations
S, = Soe(u—é)t-i-O'Wt
S, — Soe(“‘é)““’w“

yields
S, = S, =) (t—u)+a(WemWa)

Taking the predictable part out and dropping the independent condition we obtain

o2

E[Si|F.] = Sue(“_T)(t—")E[ea(Wt—Wu)|]:u]
= §yeln ) e W)

= Sue(ﬂfg)(t*U)E[eaWt_u]

= Sue(u—é)(t—u)e%cr?(t—u)

= Gt

Similarly we obtain

-2
E[St2|}—u] _ 5562(;1,—7)(t—u)E[€20(Wt—Wu) ‘]:u]
5362,u(t7u) 602 (t—u) )

Then

Var(Sy|Fy) E[S2|Fy] — E[S:|Fu)?

5362“(t_u) 602 (t—u) 5362“(t_u)

= §2e2ult—v) ( el (=) _ 1)'

When s =t we get E[S¢|Fi] = S; and Var(S|F;) = 0.
12.1.2 By Ito’s formula

1 11
d(ln St) = EdSt - §§
t
J2
= (u—?)dt—l—oth,

(dSy)?

soln Sy =1In So+(u— U—;)t—l—aWt, and hence In S; is normally distributed with E[ln S;] =
InSp+ (1 — 02—2)t and Var(ln S;) = o?t.



12.1.3 ( (S—) (0% — ) &dt — AWy
(b) d(St ) n(p+ 25to?)dt + noSPAWy;
(c)
d((S; —1)%) = d(S7)— 2dS, = 25,dS, + (dS;)* — 2dS,
- ((zﬂ +o?)8% - QMSt)dt +2054(Sy — 1)dW.

0'2 (72
12.1.4 (b) Since Sy = S~ T Wi then S = Sre(m=7)t4moWe and hence

B[SP] = Syt plenaW
_ Sge(n,ufﬁ)te%n%ﬂt

= SPe (np+ "D 62t

(a) Let n = 2 in (b) and obtain E[S2] = Spe#to?)t,
12.1.5 (a) Let Xy = S;W;. The product rule yields
d(Xy) = WidSy+ SidWi + dSidWy

Wt(uStdt + O'Stth) + Stth + (MStdt + O'Stth)th
= St(MWt + O')dt + (1 + O'Wt)Stth.

Integrating
S S
XS = St(,th + U)dt + / (1 + O'Wt)Stth.
0 0

Let f(s) = E[X;s]. Then

S
F(s) = / (uf(t) + 0.Soett) dt.
0
Differentiating yields

f'(s) = nf(s) + oS, f(0)=0,

with the solution f(s) = 0Syse#s. Hence E[WyS;| = oSote!.
(b) COU(St, Wt) = E[StWt] — E[St]E[Wt] = E[StWt] = O'S()teut. Then

temt
Corr(Sy, W) = Couv (S, Wi) _ 0'5026
Jst JWt Soel‘t \/m\/i
t
= N\ e — 0, t— oo.

12.1.8 d = Sy/So = 0.5, u = S,/So = 1.5, ¥ = —6.5, p = 0.98.

355



356

12.2.2 Let T, be the time .S; reaches level a for the first time. Then

F(a) = P(S;<a)=P(T,>1)
a [e's) 1 (In Sio—ao'f)2

ln _/ 767 2703 dT’
SoJi  V2mo373

1.2

where o = pp — 50°.

—(In Sio —aoT)?/(2703) dr.

12.2.3 (a) P(T, < T)
(b) Jy; p(r)dr.
12.4.3 E[A)] = So(1 + &) + O(t?), Var(Ay) = 2ot + O(2).

—pe (T__1
=In So fO \/27ra37-3e

12.4.6 (a) Since In Gy = % fot In S, du, using the product rule yields

d(InGy,) = d(%) /tlnSudu—i—%d(/tlnSudu)
0 0

1 t 1
_ —t—2( O lnSudu) dt + 5 In Sy dt
1
= Z(ln St —1In Gt)dt
(b) Let X; = InGy. Then Gy = eXt and Ito’s formula yields
1
dG, = de*t = et dX, + §eXt (dX;)? = eXtdX,

= th(ln Gt) = %(ln St —1In Gt)dt

12.4.7 Using the product rule we have

() = o)

/
1 1 H,
— _—Hdt+—H (1——>dt
ettt S,
1 H?
= Ity
28

so, for dt > 0, then d(%) < 0 and hence % is decreasing. For the second part, try to
apply ’'Hospital rule.

12.4.8 By continuity, the inequality (12.4.9) is preserved under the limit.
12.4.9 (a) Use that 1 S°85¢ =157, L L [ga gy (b) Let I, = [; S¢ du. Then

() =2 b= Y
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Let X; = Af. Then by Ito’s formula we get

2
ixi - aeuf*d(%fo+éa<a—1><%ft>a‘2(d<%ft>)
- o) an) (i) e =)

= S(suapy Ve - A7t

o . . . 1 _ 1t o
- ) B u . -
(C) If o 1 we get the continuous arithmetic mean At 1 fO Sydu. If o 1 we

¢
t 1
Jo 55 d

obtain the continuous harmonic mean, A, -

12.4.10 (a) By the product rule we have
1\ [* 1 ¢
ax, = d(3) / SudW, + —d(/ Sy W, )
t/ Jo t \Jo
- —i(/ts dw, )dt+15dw
- t2 0 u u t t t
1 1
Using the properties of Ito integrals, we have

EXy] = /S dW,] =0

Var(X;) = E[X:)? = E[X?]

= /SdW /SdW
— /ESQ __/Se2u+cru

52 ety
2 2u+o?

(b) The stochastic differential equation of the stock price can be written in the form
O'Stth = dSt - MStdt

Integrating between 0 and ¢ yields

t t
a/ Suqu:St—So—u/ Sy, du.
0 0

Dividing by ¢ yields the desired relation.
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12.5.2 Using independence E[S;] = Soe"* E[(1 + p)™t]. Then use

E[(1+p)™] = Y E[(1+p)"|N; =n]P(N;=n) =) (1+p)" (A;) = AL,

n>0 n>0

12.5.3 E[lnS;] = In So (11 — Ap — & + An(p + 1))t.
02
12.5.4 E[S;|F,] = S,et 2= 2)t=w (1 4 p)Ne-u,
Chapter 13

13.2.2 (a) Substitute limg, o N(d1) = limg, 00 N(dp) = 1 and limg, o & = 0 in

c(t) K .-

—Z = N(dy) — = "TIN(dy).

S, (d1) 5,° (d2)

(b) Use limg, o N(dy) = limg,_»0 N(d2) = 0. (c¢) It comes from an analysis similar to
the one used at (a).

13.2.3 Differentiating in c(t) = S;N(dy) — Ke "T=Y N(dy) yields

de(t) dN (dy) (T) dN (d)
s, N(d1) + S as, Ke s,
0dy —r(T— ddy
= ! _ r t) At/
N(dy) + SN (dl)c‘)S Ke N (dQ)_c‘)St
1 2 1 1 1 ) 1 1
= N(dy)+ Si—— -dy/2___ - - — Ke —r(T—t) _~ —d2/27_
( 1) t /27‘(6 J\/zﬂ—St 1/271. o T_tSt
= N(d)+ \/%\/%Sie_d%ﬂ [Stewé—d%)m _ Ker@]
™o — t

It suffices to show
Ste(dgfdﬁ)/Q — Ke (M=) — .

Since

B @ = (d—dy)(ds +dy) = —oyT oW 2T =)

oV —t
= —2<lnSt —InK+r(T - t)),
then we have
o B—dd)/2 _  —InSe+n K—r(T—t) _ elnsitelnke—r(T—t)

_ L@

t



Therefore

1

Ste(dgfd%)/Q o KefT(Tft) — Sthefr(Tft) . Kefr(Tft) — 07

t

which shows that d;g) = N(dy).

13.3.1 The payoff is
[ L i Ky < Xp <k
7 0, otherwise.

2

where Xp ~ N(lnSt + (= )T —t),0(T — t)).

Bilfs] = mﬁwauzﬂszﬁmWWMx

202 (T—t)

—e¢
nk, oV2ryT —t

—dg(Kg) 1 ) dg(Kl)
= / eV Py = / =
—dy(K1) V2T da(Kz) V2T

= N(do(Ey)) — N(do(K3)),

where

2

InS; —InK;+(r—%)(T—1)

/ang 1 7[z—lnSt—(r—§)(T—t)]2
1

1

hika) = T
InS; —In Ky + (r — $)(T —t)
da(H2) = t oVT —t :

dx

e V2 dy
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Hence the value of a box-contract at time t is f; = e "(T=D [N (da(K1)) — N(da(K2))].

13.3.2 The payoff is
by = X if Xp >InK
= o, otherwise.

Y [o¢]
fi= OB ) =00 [ etpla)da.

In K

The computation is similar with the one of the integral I» from Proposition 13.2.1.

13.3.3 (a) The payoft is

by = e XT if Xp>InK
= o, otherwise.



1 [e=InS;—(r—o?/2)(T-1))?
2 o2 (t—t) dx

ena:

[ee] 1 (e}
p(z)de = —/ e"e
/an (@) o/ 2m(T —t) Juk

_ 12 / oV TRy IS} n(r—)(T1) o~ 32 g
VAT J—dy
_ 1 Gnn(r—)(T—1) - o svPHnoVT—ty g
V2T ! —da !
_ —\/1_ nen(r—% )(I~1) g0 (T—1) / " e TR g
27 —d
1 o2 - =
_ S?e(nr+n(n1)7)(Tt)/ e 2 dz
NeT —da—noVT—t

0_2
= S =D T N (dy + noV/T — t).
The value of the contract at time ¢ is
~ no2
fi = e TTVE [ fr] = Sper= VST N (dy + nov/T — t).

77.(72
(b) Using g; = Spe D0+ )T " we get f; = g;N(dy + no/T —t).
(¢) In the particular case n = 1, we have N (da+0ov/T —t) = N(dy) and the value takes
the form ft = StN(dl)

2

13.4.1 Since In S ~ N(lnSt + (p—% (T —1)),0%(T - t)), we have

E[(In Sp)*|Fpp = 1]

= Var(lnST|}'t,u = 7”) + E[ln S7|Fi, i = r)?

= o*(T—t)+ [InS+ (r - %2)(T—t)}

Eylfr]

2
9

SO
2

f, = e (@) [gQ(T — )+ [InS+ (r — %)(T - t)ﬂ.
13.5.1 In S7 is normally distributed with
2

In ST =nln Sy ~ N(nlnSt +n(p— %(T—t)),anQ(T— t))

Redo the computation of Proposition 13.2.1 in this case.

13.6.1 Let n = 2.
fo = e TDE|(Sr - K)?
_ e—r(T—t)Evt [S%] + e—T(T—t) <K2 - 2KEt [ST])
_ St2€(r+02)(T—t) 4T f2 2K S;.
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Let n = 3. Then

fo = e"TOE(Sr — K)¥
eI Et [s% - 3KST +3K2S7 4 K3
Ey[S}] - 3Ke " TV EY[S7] + e "I (3K E[Sr] + K)

62(r+302/2)(T t) St _ 3K6(r+02)(T7t)St2 + 3K25t + e T (Tt 3

13.8.1 Choose ¢, = 1/n! in the general contract formula.
13.9.1 Similar computation with the one done for the call option.

13.11.1 Write the payoff as a difference of two puts, one with strike price K; and the
other with strike price K. Then apply the superposition principle.

13.11.2 Write the payoff as fr = ¢1 + ¢3 — 2¢2, where ¢; is a call with strike price K;.
Apply the superposition principle.

13.11.4 (a) By inspection. (b) Write the payoff as the sum between a call and a put
both with strike price K, and then apply the superposition principle.

13.11.4 (a) By inspection. (b) Write the payoff as the sum between a call with strike
price K9 and a put with strike price K7, and then apply the superposition principle.
(¢) The strangle is cheaper.

13.11.5 The payoff can be written as a sum between the payoffs of a (K3, K4)-bull
spread and a (K7, Ks)-bear spread. Apply the superposition principle.

13.12.2 By computation.
13.12.3 The risk-neutral valuation yields
ft = 67T(T*t)Et[ST — AT] = €7T(T*t)E\t [ST] — €7T(T*t)Et[AT]
t 1
— G ety g (1_ fr(Tft))
b T e

1 1 t
_ - s —r(T-v)\ _ —r(T-t) “
St(l T e ) € T4

13.12.5 We have
o'2T

02 T
lim f, = Spe "TH-%F)zt% _ Tk
t—0

= Soe_%(”%)T —e¢"TK.
13.12.6 Since G < Ar, then E; [Gr] < Et[AT] and hence
TIDEGr - K] < e "B Ar — K],

so the forward contract on the geometric average is cheaper.
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13.12.7 Dividing

Gt = Soe(“_%)%e%fowudu
a2\T o rt
Gr = Soe(l‘*T)?eTfowudu
yields
OT _ (u-T5t) Tt 2 [ Wodu— [ Wodu,

—D) Jo Wudu & [[F Wadu

S

G = Gpeli=%) 5 o

13.15.7 Use that
2

g z
> = _— > _
POy S 2 2) = P(suplp = )t +oWil > In o)
1 o2 1 z
= P —(p— =)t +W|>=-In—).
(3wl e = G0+ 2 “in o)
Chapter 15

1551 P=F —ApS=c—N(d)S = —Ke T,
Chapter 17

17.1.9
2

b b
PSi<t) = P(r= )+ oWy <lng) =P(oWi<lng —(r= F)t)

0
_\2

= P(O’Wt < —)\) = P(JWt > )\) <e 2%

_ efﬁ[ln(So/b)Jr(rfaQ/Z)t]Q’

where we used Proposition 1.12.11 with p = 0.

2
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