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Preface

The goal of this work is to introduce elementary Stochastic Calculus to senior under-
graduate as well as to master students with Mathematics, Economics and Business
majors. The author’s goal was to capture as much as possible of the spirit of ele-
mentary Calculus, at which the students have been already exposed in the beginning
of their majors. This assumes a presentation that mimics similar properties of deter-
ministic Calculus, which facilitates the understanding of more complicated concepts
of Stochastic Calculus. Since deterministic Calculus books usually start with a brief
presentation of elementary functions, and then continue with limits, and other prop-
erties of functions, we employed here a similar approach, starting with elementary
stochastic processes, different types of limits and pursuing with properties of stochas-
tic processes. The chapters regarding differentiation and integration follow the same
pattern. For instance, there is a product rule, a chain-type rule and an integration by
parts in Stochastic Calculus, which are modifications of the well-known rules from the
elementary Calculus.

Since deterministic Calculus can be used for modeling regular business problems, in
the second part of the book we deal with stochastic modeling of business applications,
such as Financial Derivatives, whose modeling are solely based on Stochastic Calculus.

In order to make the book available to a wider audience, we sacrificed rigor for
clarity. Most of the time we assumed maximal regularity conditions for which the
computations hold and the statements are valid. This will be found attractive by both
Business and Economics students, who might get lost otherwise in a very profound
mathematical textbook where the forest’s scenary is obscured by the sight of the trees.

An important feature of this textbook is the large number of solved problems and
examples from which will benefit both the beginner as well as the advanced student.

This book grew from a series of lectures and courses given by the author at the
Eastern Michigan University (USA), Kuwait University (Kuwait) and Fu-Jen University
(Taiwan). Several students read the first draft of these notes and provided valuable
feedback, supplying a list of corrections, which is by far exhaustive. Any typos or
comments regarding the present material are welcome.

The Author,
Ann Arbor, October 2012
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Chapter 1

Basic Notions

1.1 Probability Space

The modern theory of probability stems from the work of A. N. Kolmogorov published
in 1933. Kolmogorov associates a random experiment with a probability space, which
is a triplet, (Ω,F , P ), consisting of the set of outcomes, Ω, a σ-field, F , with Boolean
algebra properties, and a probability measure, P . In the following sections, each of
these elements will be discussed in more detail.

1.2 Sample Space

A random experiment in the theory of probability is an experiment whose outcomes
cannot be determined in advance. These experiments are done mentally most of the
time.

When an experiment is performed, the set of all possible outcomes is called the
sample space, and we shall denote it by Ω. In financial markets one can regard this also
as the states of the world, understanding by this all possible states the world might
have. The number of states the world that affect the stock market is huge. These
would contain all possible values for the vector parameters that describe the world,
and is practically infinite.

For some simple experiments the sample space is much smaller. For instance, flip-
ping a coin will produce the sample space with two states {H,T}, while rolling a die
yields a sample space with six states. Choosing randomly a number between 0 and 1
corresponds to a sample space which is the entire segment (0, 1).

All subsets of the sample space Ω form a set denoted by 2Ω. The reason for this
notation is that the set of parts of Ω can be put into a bijective correspondence with the
set of binary functions f : Ω → {0, 1}. The number of elements of this set is 2|Ω|, where
|Ω| denotes the cardinal of Ω. If the set is finite, |Ω| = n, then 2Ω has 2n elements. If
Ω is infinitely countable (i.e. can be put into a bijective correspondence with the set
of natural numbers), then 2|Ω| is infinite and its cardinal is the same as that of the real
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number set R. As a matter of fact, if Ω represents all possible states of the financial
world, then 2Ω describes all possible events, which might happen in the market; this is
a supposed to be a fully description of the total information of the financial world.

The following couple of examples provide instances of sets 2Ω in the finite and
infinite cases.

Example 1.2.1 Flip a coin and measure the occurrence of outcomes by 0 and 1: as-
sociate a 0 if the outcome does not occur and a 1 if the outcome occurs. We obtain the
following four possible assignments:

{H → 0, T → 0}, {H → 0, T → 1}, {H → 1, T → 0}, {H → 1, T → 1},

so the set of subsets of {H,T} can be represented as 4 sequences of length 2 formed
with 0 and 1: {0, 0}, {0, 1}, {1, 0}, {1, 1}. These correspond in order to the sets
Ø, {T}, {H}, {H,T}, which is the set 2{H,T}.

Example 1.2.2 Pick a natural number at random. Any subset of the sample space
corresponds to a sequence formed with 0 and 1. For instance, the subset {1, 3, 5, 6}
corresponds to the sequence 10101100000 . . . having 1 on the 1st, 3rd, 5th and 6th
places and 0 in rest. It is known that the number of these sequences is infinite and
can be put into a bijective correspondence with the real number set R. This can be also
written as |2N| = |R|, and stated by saying that the set of all subsets of natural numbers
N has the same cardinal as the real numbers set R.

1.3 Events and Probability

The set of parts 2Ω satisfies the following properties:

1. It contains the empty set Ø;

2. If it contains a set A, then it also contains its complement Ā = Ω\A;

3. It is closed with regard to unions, i.e., if A1, A2, . . . is a sequence of sets, then
their union A1 ∪A2 ∪ · · · also belongs to 2Ω.

Any subset F of 2Ω that satisfies the previous three properties is called a σ-field. The
sets belonging to F are called events. This way, the complement of an event, or the
union of events is also an event. We say that an event occurs if the outcome of the
experiment is an element of that subset.

The chance of occurrence of an event is measured by a probability function P :
F → [0, 1] which satisfies the following two properties:

1. P (Ω) = 1;
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2. For any mutually disjoint events A1, A2, · · · ∈ F ,

P (A1 ∪A2 ∪ · · · ) = P (A1) + P (A2) + · · · .

The triplet (Ω,F , P ) is called a probability space. This is the main setup in which
the probability theory works.

Example 1.3.1 In the case of flipping a coin, the probability space has the following
elements: Ω = {H,T}, F = {Ø, {H}, {T}, {H,T}} and P defined by P (Ø) = 0,
P ({H}) = 1

2 , P ({T}) = 1
2 , P ({H,T}) = 1.

Example 1.3.2 Consider a finite sample space Ω = {s1, . . . , sn}, with the σ-field F =
2Ω, and probability given by P (A) = |A|/n, ∀A ∈ F . Then (Ω, 2Ω, P ) is called the
classical probability space.

1.4 Random Variables

Since the σ-field F provides the knowledge about which events are possible on the
considered probability space, then F can be regarded as the information component
of the probability space (Ω,F , P ). A random variable X is a function that assigns a
numerical value to each state of the world, X : Ω → R, such that the values taken by
X are known to someone who has access to the information F . More precisely, given
any two numbers a, b ∈ R, then all the states of the world for which X takes values
between a and b forms a set that is an event (an element of F), i.e.

{ω ∈ Ω; a < X(ω) < b} ∈ F .

Another way of saying this is that X is an F-measurable function. It is worth noting
that in the case of the classical field of probability the knowledge is maximal since
F = 2Ω, and hence the measurability of random variables is automatically satisfied.
From now on instead of measurable terminology we shall use the more suggestive word
predictable. This will make more sense in a future section when we shall introduce
conditional expectations.

Example 1.4.1 Let X(ω) be the number of people who want to buy houses, given the
state of the market ω. Is X predictable? This would mean that given two numbers,
say a = 10, 000 and b = 50, 000, we know all the market situations ω for which there
are at least 10, 000 and at most 50, 000 people willing to purchase houses. Many times,
in theory, it makes sense to assume that we have enough knowledge to assume X
predictable.

Example 1.4.2 Consider the experiment of flipping three coins. In this case Ω is the
set of all possible triplets. Consider the random variable X which gives the number of
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Figure 1.1: If any pullback X−1
(
(a, b)

)
is known, then the random variable X : Ω → R

is 2Ω-measurable.

tails obtained. For instance X(HHH) = 0, X(HHT ) = 1, etc. The sets

{ω;X(ω) = 0} = {HHH}, {ω;X(ω) = 1} = {HHT,HTH, THH},
{ω;X(ω) = 3} = {TTT}, {ω;X(ω) = 2} = {HTT, THT, TTH}

belong to 2Ω, and hence X is a random variable.

Example 1.4.3 A graph is a set of elements, called nodes, and a set of unordered pairs
of nodes, called edges. Consider the set of nodes N = {n1, n2, . . . , nk} and the set of
edges E = {(ni, nj), 1 ≤ i, j ≤ n, i 6= j}. Define the probability space (Ω,F , P ), where

◦ the sample space is the the complete graph, Ω = N ∪ E;
◦ the σ-field F is the set of all subgraphs of Ω;
◦ the probability is given by P (G) = n(G)/k, where n(G) is the number of nodes

of the graph G.
As an example of a random variable we consider Y : F → R, Y (G) = the total number
of edges of the graph G. Since given F , one can count the total number of edges of each
subgraph, it follows that Y is F-measurable, and hence it is a random variable.

1.5 Distribution Functions

Let X be a random variable on the probability space (Ω,F , P ). The distribution
function of X is the function F

X
: R → [0, 1] defined by

F
X
(x) = P (ω;X(ω) ≤ x).

It is worth observing that since X is a random variable, then the set {ω;X(ω) ≤ x}
belongs to the information set F .
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Figure 1.2: a Normal distribution; b Log-normal distribution; c Gamma distributions;
d Beta distributions.

The distribution function is non-decreasing and satisfies the limits

lim
x→−∞

FX (x) = 0, lim
x→+∞

FX (x) = 1.

If we have
d

dx
F
X
(x) = p(x),

then we say that p(x) is the probability density function of X. A useful property which
follows from the Fundamental Theorem of Calculus is

P (a < X < b) = P (ω; a < X(ω) < b) =

∫ b

a
p(x) dx.

In the case of discrete random variables the aforementioned integral is replaced by the
following sum

P (a < X < b) =
∑

a<x<b

P (X = x).

For more details the reader is referred to a traditional probability book, such as Wack-
erly et. al. [6].

1.6 Basic Distributions

We shall recall a few basic distributions, which are most often seen in applications.
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Normal distribution A random variable X is said to have a normal distribution if
its probability density function is given by

p(x) =
1

σ
√
2π

e−(x−µ)2/(2σ2),

with µ and σ > 0 constant parameters, see Fig.1.2a. The mean and variance are given
by

E[X] = µ, V ar[X] = σ2.

If X has a normal distribution with mean µ and variance σ2, we shall write

X ∼ N(µ, σ2).

Exercise 1.6.1 Let α, β ∈ R. Show that if X is normal distributed, with X ∼
N(µ, σ2), then Y = αX + β is also normal distributed, with Y ∼ N(αµ + β, α2σ2).

Log-normal distribution Let X be normally distributed with mean µ and variance
σ2. Then the random variable Y = eX is said to be log-normal distributed. The mean
and variance of Y are given by

E[Y ] = eµ+
σ2

2

V ar[Y ] = e2µ+σ2
(eσ

2 − 1).

The density function of the log-normal distributed random variable Y is given by

p(x) =
1

xσ
√
2π

e−
(lnx−µ)2

2σ2 , x > 0,

see Fig.1.2b.

Exercise 1.6.2 Given that the moment generating function of a normally distributed
random variable X ∼ N(µ, σ2) is m(t) = E[etX ] = eµt+t2σ2/2, show that

(a) E[Y n] = enµ+n2σ2/2, where Y = eX .

(b) Show that the mean and variance of the log-normal random variable Y = eX

are

E[Y ] = eµ+σ2/2, V ar[Y ] = e2µ+σ2
(eσ

2 − 1).

Gamma distribution A random variable X is said to have a gamma distribution with
parameters α > 0, β > 0 if its density function is given by

p(x) =
xα−1e−x/β

βαΓ(α)
, x ≥ 0,
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where Γ(α) denotes the gamma function,1 see Fig.1.2c. The mean and variance are

E[X] = αβ, V ar[X] = αβ2.

The case α = 1 is known as the exponential distribution, see Fig.1.3a. In this case

p(x) =
1

β
e−x/β, x ≥ 0.

The particular case when α = n/2 and β = 2 becomes the χ2−distribution with n
degrees of freedom. This characterizes also a sum of n independent standard normal
distributions.

Beta distribution A random variable X is said to have a beta distribution with
parameters α > 0, β > 0 if its probability density function is of the form

p(x) =
xα−1(1− x)β−1

B(α, β)
, 0 ≤ x ≤ 1,

where B(α, β) denotes the beta function.2 See see Fig.1.2d for two particular density
functions. In this case

E[X] =
α

α+ β
, V ar[X] =

αβ

(α+ β)2(α+ β + 1)
.

Poisson distribution A discrete random variable X is said to have a Poisson proba-
bility distribution if

P (X = k) =
λk

k!
e−λ, k = 0, 1, 2, . . . ,

with λ > 0 parameter, see Fig.1.3b. In this case E[X] = λ and V ar[X] = λ.

Pearson 5 distribution Let α, β > 0. A random variable X with the density function

p(x) =
1

βΓ(α)

e−β/x

(x/β)α+1
, x ≥ 0

is said to have a Pearson 5 distribution3 with positive parameters α and β. It can be
shown that

E[X] =





β

α− 1
, if α > 1

∞, otherwise,
V ar(X) =





β2

(α− 1)2(α− 2)
, if α > 2

∞, otherwise.

1Recall the definition of the gamma function Γ(α) =
∫∞

0
yα−1e−y dy; if α = n, integer, then

Γ(n) = (n− 1)!
2Two definition formulas for the beta functions are B(α, β) = Γ(α)Γ(β)

Γ(α+β)
=

∫ 1

0
yα−1(1− y)β−1 dy.

3The Pearson family of distributions was designed by Pearson between 1890 and 1895. There are
several Pearson distributions, this one being distinguished by the number 5.
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Figure 1.3: a Exponential distribution; b Poisson distribution.

The mode of this distribution is equal to
β

α+ 1
.

The Inverse Gaussian distribution Let µ, λ > 0. A random variable X has an
inverse Gaussian distribution with parameters µ and λ if its density function is given
by

p(x) =
λ

2πx3
e
−λ(x−µ)2

2µ2x , x > 0. (1.6.1)

We shall write X ∼ IG(µ, λ). Its mean, variance and mode are given by

E[X] = µ, V ar(X) =
µ3

λ
, Mode(X) = µ

(√
1 +

9µ2

4λ2
− 3µ

2λ

)
.

This distribution will be used to model the time instance when a Brownian motion
with drift exceeds a certain barrier for the first time.

1.7 Independent Random Variables

Roughly speaking, two random variables X and Y are independent if the occurrence
of one of them does not change the probability density of the other. More precisely, if
for any sets A,B ⊂ R, the events

{ω;X(ω) ∈ A}, {ω;Y (ω) ∈ B}

are independent,4 then X and Y are called independent random variables.

Proposition 1.7.1 Let X and Y be independent random variables with probability
density functions p

X
(x) and p

Y
(y). Then the joint probability density function of (X,Y )

is given by pX,Y (x, y) = p
X
(x) p

Y
(y).

4In Probability Theory two events A1 and A2 are called independent if P (A1 ∩A2) = P (A1)P (A2).
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Proof: Using the independence of sets, we have5

p
X,Y

(x, y) dxdy = P (x < X < x+ dx, y < Y < y + dy)

= P (x < X < x+ dx)P (y < Y < y + dy)

= p
X
(x) dx p

Y
(y) dy

= p
X
(x)p

Y
(y) dxdy.

Dropping the factor dxdy yields the desired result. We note that the converse holds
true.

1.8 Integration in Probability Measure

The notion of expectation is based on integration on measure spaces. In this section
we recall briefly the definition of an integral with respect to the probability measure
P .

Let X : Ω → R be a random variable on the probability space (Ω,F , P ). A partition
(Ωi)1≤i≤n of Ω is a family of subsets Ωi ⊂ Ω satisfying

1. Ωi ∩ Ωj = Ø, for i 6= j;

2.
n⋃

i

Ωi = Ω.

Each Ωi is an event with the associated probability P (Ωi). A simple function is a sum
of characteristic functions f =

∑n
i ciχΩi

. This means f(ω) = ck for ω ∈ Ωk. The
integral of the simple function f is defined by

∫

Ω
f dP =

n∑

i

ciP (Ωi).

If X : Ω → R is a random variable such that there is a sequence of simple functions
(fn)n≥1 satisfying:

1. fn is fundamental in probability: ∀ǫ > 0 limn,m→∞ P (ω; |fn(ω)− fm(ω)| ≥ ǫ) → 0,

2. fn converges to X in probability: ∀ǫ > 0 limn→∞ P (ω; |fn(ω)−X(ω)| ≥ ǫ) → 0

then the integral of X is defined as the following limit of integrals

∫

Ω
X dP = lim

n→∞

∫

Ω
fn dP.

From now on, the integral notations
∫
Ω X dP or

∫
ΩX(ω) dP (ω) will be used inter-

changeably. In the rest of the chapter the integral notation will be used formally,
without requiring a direct use of the previous definition.

5We are using the useful approximation P (x < X < x+ dx) =
∫ x+dx
x

p(u) du = p(x)dx.
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1.9 Expectation

A random variable X : Ω → R is called integrable if

∫

Ω
|X(ω)| dP (ω) =

∫

R

|x|p(x) dx < ∞,

where p(x) denotes the probability density function of X. The previous identity is
based on changing the domain of integration from Ω to R.

The expectation of an integrable random variable X is defined by

E[X] =

∫

Ω
X(ω) dP (ω) =

∫

R

x p(x) dx.

Customarily, the expectation of X is denoted by µ and it is also called the mean. In
general, for any continuous6 function h : R → R, we have

E[h(X)] =

∫

Ω
h
(
X(ω)

)
dP (ω) =

∫

R

h(x)p(x) dx.

Proposition 1.9.1 The expectation operator E is linear, i.e. for any integrable ran-
dom variables X and Y

1. E[cX] = cE[X], ∀c ∈ R;

2. E[X + Y ] = E[X] + E[Y ].

Proof: It follows from the fact that the integral is a linear operator.

Proposition 1.9.2 Let X and Y be two independent integrable random variables.
Then

E[XY ] = E[X]E[Y ].

Proof: This is a variant of Fubini’s theorem, which in this case states that a double
integral is a product of two simple integrals. Let p

X
, p

Y
, p

X,Y
denote the probabil-

ity densities of X, Y and (X,Y ), respectively. Since X and Y are independent, by
Proposition 1.7.1 we have

E[XY ] =

∫∫
xyp

X,Y
(x, y) dxdy =

∫
xp

X
(x) dx

∫
yp

Y
(y) dy = E[X]E[Y ].

6in general, measurable
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1.10 Radon-Nikodym’s Theorem

This section is concerned with existence and uniqueness results that will be useful later
in defining conditional expectations. Since this section is rather theoretical, it can be
skipped at a first reading.

Proposition 1.10.1 Consider the probability space (Ω,F , P ), and let G be a σ-field
included in F . If X is a G-predictable random variable such that

∫

A
X dP = 0 ∀A ∈ G,

then X = 0 a.s.

Proof: In order to show thatX = 0 almost surely, it suffices to prove that P
(
ω;X(ω) = 0

)
= 1.

We shall show first that X takes values as small as possible with probability one, i.e.
∀ǫ > 0 we have P (|X| < ǫ) = 1. To do this, let A = {ω;X(ω) ≥ ǫ}. Then

0 ≤ P (X ≥ ǫ) =

∫

A
dP =

1

ǫ

∫

A
ǫ dP ≤ 1

ǫ

∫

A
X dP = 0,

and hence P (X ≥ ǫ) = 0. Similarly P (X ≤ −ǫ) = 0. Therefore

P (|X| < ǫ) = 1− P (X ≥ ǫ)− P (X ≤ −ǫ) = 1− 0− 0 = 1.

Taking ǫ → 0 leads to P (|X| = 0) = 1. This can be formalized as follows. Let ǫ = 1
n

and consider Bn = {ω; |X(ω)| ≤ ǫ}, with P (Bn) = 1. Then

P (X = 0) = P (|X| = 0) = P (
∞⋂

n=1

Bn) = lim
n→∞

P (Bn) = 1.

Corollary 1.10.2 If X and Y are G-predictable random variables such that
∫

A
X dP =

∫

A
Y dP ∀A ∈ G,

then X = Y a.s.

Proof: Since
∫
A(X − Y ) dP = 0, ∀A ∈ G, by Proposition 1.10.1 we have X − Y = 0

a.s.

Theorem 1.10.3 (Radon-Nikodym) Let (Ω,F , P ) be a probability space and G be a
σ-field included in F . Then for any random variable X there is a G-predictable random
variable Y such that ∫

A
X dP =

∫

A
Y dP, ∀A ∈ G. (1.10.2)
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We shall omit the proof but discuss a few aspects.

1. All σ-fields G ⊂ F contain impossible and certain events Ø,Ω ∈ G. Making
A = Ω yields ∫

Ω
X dP =

∫

Ω
Y dP,

which is E[X] = E[Y ].

2. Radon-Nikodym’s theorem states the existence of Y . In fact this is unique almost
surely. In order to show that, assume there are two G-predictable random variables Y1

and Y2 with the aforementioned property. Then from (1.10.2) yields

∫

A
Y1 dP =

∫

A
Y2 dP, ∀A ∈ G.

Applying Corollary (1.10.2) yields Y1 = Y2 a.s.

3. Since E[X] =
∫
Ω X dP is the expectation of the random variable X, given the

full knowledge F , then the random variable Y plays the role of the expectation of X
given the partial information G. The next section will deal with this concept in detail.

1.11 Conditional Expectation

Let X be a random variable on the probability space (Ω,F , P ). Let G be a σ-field
contained in F . Since X is F-predictable, the expectation of X, given the information
F must be X itself. This shall be written as E[X|F ] = X (for details see Example
1.11.3). It is natural to ask what is the expectation of X, given the information G.
This is a random variable denoted by E[X|G] satisfying the following properties:

1. E[X|G] is G-predictable;

2.
∫
AE[X|G] dP =

∫
AX dP, ∀A ∈ G.

E[X|G] is called the conditional expectation of X given G.

We owe a few explanations regarding the correctness of the aforementioned defi-
nition. The existence of the G-predictable random variable E[X|G] is assured by the
Radon-Nikodym theorem. The almost surely uniqueness is an application of Proposi-
tion (1.10.1) (see the discussion point 2 of section 1.10).

It is worth noting that the expectation of X, denoted by E[X] is a number, while
the conditional expectation E[X|G] is a random variable. When are they equal and
what is their relationship? The answer is inferred by the following solved exercises.

Example 1.11.1 Show that if G = {Ø,Ω}, then E[X|G] = E[X].
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Proof: We need to show that E[X] satisfies conditions 1 and 2. The first one is
obviously satisfied since any constant is G-predictable. The latter condition is checked
on each set of G. We have

∫

Ω
X dP = E[X] = E[X]

∫

Ω
dP =

∫

Ω
E[X]dP

∫

Ø
X dP =

∫

Ø
E[X]dP.

Example 1.11.2 Show that E[E[X|G]] = E[X], i.e. all conditional expectations have
the same mean, which is the mean of X.

Proof: Using the definition of expectation and taking A = Ω in the second relation of
the aforementioned definition, yields

E[E[X|G]] =

∫

Ω
E[X|G] dP =

∫

Ω
XdP = E[X],

which ends the proof.

Example 1.11.3 The conditional expectation of X given the total information F is
the random variable X itself, i.e.

E[X|F ] = X.

Proof: The random variables X and E[X|F ] are both F-predictable (from the defi-
nition of the random variable). From the definition of the conditional expectation we
have ∫

A
E[X|F ] dP =

∫

A
X dP, ∀A ∈ F .

Corollary (1.10.2) implies that E[X|F ] = X almost surely.

General properties of the conditional expectation are stated below without proof.
The proof involves more or less simple manipulations of integrals and can be taken as
an exercise for the reader.

Proposition 1.11.4 Let X and Y be two random variables on the probability space
(Ω,F , P ). We have

1. Linearity:

E[aX + bY |G] = aE[X|G] + bE[Y |G], ∀a, b ∈ R;

2. Factoring out the predictable part:

E[XY |G] = XE[Y |G]
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if X is G-predictable. In particular, E[X|G] = X.
3. Tower property:

E[E[X|G]|H] = E[X|H], if H ⊂ G;

4. Positivity:

E[X|G] ≥ 0, if X ≥ 0;

5. Expectation of a constant is a constant:

E[c|G] = c.

6. An independent condition drops out:

E[X|G] = E[X],

if X is independent of G.

Exercise 1.11.5 Prove the property 3 (tower property) given in the previous proposi-
tion.

Exercise 1.11.6 Let X be a random variable on the probability space (Ω,F , P ), which
is independent of the σ-field G ⊂ F . Consider the characteristic function of a set A ⊂ Ω

defined by χA(ω) =

{
1, if ω ∈ A
0, if ω /∈ A

Show the following:

(a) χA is G-predictable for any A ∈ G;
(b) P (A) = E[χA];

(c) X and χA are independent random variables;

(d) E[χAX] = E[X]P (A) for any A ∈ G;
(e) E[X|G] = E[X].

1.12 Inequalities of Random Variables

This section prepares the reader for the limits of sequences of random variables and
limits of stochastic processes. We shall start with a classical inequality result regarding
expectations:

Theorem 1.12.1 (Jensen’s inequality) Let ϕ : R → R be a convex function and
let X be an integrable random variable on the probability space (Ω,F , P ). If ϕ(X) is
integrable, then

ϕ(E[X]) ≤ E[ϕ(X)]

almost surely (i.e. the inequality might fail on a set of probability zero).
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Figure 1.4: Jensen’s inequality ϕ(E[X]) < E[ϕ(X)] for a convex function ϕ.

Proof: We shall assume ϕ twice differentiable with ϕ′′ continuous. Let µ = E[X].
Expand ϕ in a Taylor series about µ and get

ϕ(x) = ϕ(µ) + ϕ′(µ)(x− µ) +
1

2
ϕ′′(ξ)(ξ − µ)2,

with ξ in between x and µ. Since ϕ is convex, ϕ′′ ≥ 0, and hence

ϕ(x) ≥ ϕ(µ) + ϕ′(µ)(x− µ),

which means the graph of ϕ(x) is above the tangent line at
(
x, ϕ(x)

)
. Replacing x by

the random variable X, and taking the expectation yields

E[ϕ(X)] ≥ E[ϕ(µ) + ϕ′(µ)(X − µ)] = ϕ(µ) + ϕ′(µ)(E[X] − µ)

= ϕ(µ) = ϕ(E[X]),

which proves the result.

Fig.1.4 provides a graphical interpretation of Jensen’s inequality. If the distribution
of X is symmetric, then the distribution of ϕ(X) is skewed, with ϕ(E[X]) < E[ϕ(X)].

It is worth noting that the inequality is reversed for ϕ concave. We shall next
present a couple of applications.

A random variable X : Ω → R is called square integrable if

E[X2] =

∫

Ω
|X(ω)|2 dP (ω) =

∫

R

x2p(x) dx < ∞.

Application 1.12.2 If X is a square integrable random variable, then it is integrable.
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Proof: Jensen’s inequality with ϕ(x) = x2 becomes

E[X]2 ≤ E[X2].

Since the right side is finite, it follows that E[X] < ∞, so X is integrable.

Application 1.12.3 If mX(t) denotes the moment generating function of the random
variable X with mean µ, then

mX(t) ≥ etµ.

Proof: Applying Jensen inequality with the convex function ϕ(x) = ex yields

eE[X] ≤ E[eX ].

Substituting tX for X yields
eE[tX] ≤ E[etX ]. (1.12.3)

Using the definition of the moment generating function mX(t) = E[etX ] and that
E[tX] = tE[X] = tµ, then (1.12.3) leads to the desired inequality.

The variance of a square integrable random variable X is defined by

V ar(X) = E[X2]− E[X]2.

By Application 1.12.2 we have V ar(X) ≥ 0, so there is a constant σ
X

> 0, called
standard deviation, such that

σ2
X
= V ar(X).

Exercise 1.12.4 Prove the following identity:

V ar[X] = E[(X −E[X])2].

Exercise 1.12.5 Prove that a non-constant random variable has a non-zero standard
deviation.

Exercise 1.12.6 Prove the following extension of Jensen’s inequality: If ϕ is a convex
function, then for any σ-field G ⊂ F we have

ϕ(E[X|G]) ≤ E[ϕ(X)|G].

Exercise 1.12.7 Show the following:

(a) |E[X]| ≤ E[|X|];
(b) |E[X|G]| ≤ E[|X| |G], for any σ-field G ⊂ F ;

(c) |E[X]|r ≤ E[|X|r], for r ≥ 1;

(d) |E[X|G]|r ≤ E[|X|r |G], for any σ-field G ⊂ F and r ≥ 1.
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Theorem 1.12.8 (Markov’s inequality) For any λ, p > 0, we have the following
inequality:

P (ω; |X(ω)| ≥ λ) ≤ 1

λp
E[|X|p].

Proof: Let A = {ω; |X(ω)| ≥ λ}. Then

E[|X|p] =

∫

Ω
|X(ω)|p dP (ω) ≥

∫

A
|X(ω)|p dP (ω) ≥

∫

A
λp dP (ω)

= λp

∫

A
dP (ω) = λpP (A) = λpP (|X| ≥ λ).

Dividing by λp leads to the desired result.

Theorem 1.12.9 (Tchebychev’s inequality) If X is a random variable with mean
µ and variance σ2, then

P (ω; |X(ω) − µ| ≥ λ) ≤ σ2

λ2
.

Proof: Let A = {ω; |X(ω) − µ| ≥ λ}. Then

σ2 = V ar(X) = E[(X − µ)2] =

∫

Ω
(X − µ)2 dP ≥

∫

A
(X − µ)2 dP

≥ λ2

∫

A
dP = λ2P (A) = λ2P (ω; |X(ω) − µ| ≥ λ).

Dividing by λ2 leads to the desired inequality.

The next result deals with exponentially decreasing bounds on tail distributions.

Theorem 1.12.10 (Chernoff bounds) Let X be a random variable. Then for any
λ > 0 we have

1. P (X ≥ λ) ≤ E[etX ]

eλt
, ∀t > 0;

2. P (X ≤ λ) ≤ E[etX ]

eλt
, ∀t < 0.

Proof: 1. Let t > 0 and denote Y = etX . By Markov’s inequality

P (Y ≥ eλt) ≤ E[Y ]

eλt
.

Then we have

P (X ≥ λ) = P (tX ≥ λt) = P (etX ≥ eλt)

= P (Y ≥ eλt) ≤ E[Y ]

eλt
=

E[etX ]

eλt
.
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2. The case t < 0 is similar.

In the following we shall present an application of the Chernoff bounds for the
normal distributed random variables.

Let X be a random variable normally distributed with mean µ and variance σ2. It
is known that its moment generating function is given by

m(t) = E[etX ] = eµt+
1
2
t2σ2

.

Using the first Chernoff bound we obtain

P (X ≥ λ) ≤ m(t)

eλt
= e(µ−λ)t+ 1

2
t2σ2

,∀t > 0,

which implies

P (X ≥ λ) ≤ e
min
t>0

[(µ− λ)t+
1

2
t2σ2]

.

It is easy to see that the quadratic function f(t) = (µ− λ)t+ 1
2t

2σ2 has the minimum

value reached for t =
λ− µ

σ2
. Since t > 0, λ needs to satisfy λ > µ. Then

min
t>0

f(t) = f
(λ− µ

σ2

)
= −(λ− µ)2

2σ2
.

Substituting into the previous formula, we obtain the following result:

Proposition 1.12.11 If X is a normally distributed variable, with X ∼ N(µ, σ2),
then for any λ > µ

P (X ≥ λ) ≤ e
−(λ− µ)2

2σ2 .

Exercise 1.12.12 Let X be a Poisson random variable with mean λ > 0.

(a) Show that the moment generating function of X is m(t) = eλ(e
t−1);

(b) Use a Chernoff bound to show that

P (X ≥ k) ≤ eλ(e
t−1)−tk, t > 0.

Markov’s, Tchebychev’s and Chernoff’s inequalities will be useful later when com-
puting limits of random variables.

The next inequality is called Tchebychev’s inequality for monotone sequences of
numbers.
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Lemma 1.12.13 Let (ai) and (bi) be two sequences of real numbers such that either

a1 ≤ a2 ≤ · · · ≤ an, b1 ≤ b2 ≤ · · · ≤ bn

or

a1 ≥ a2 ≥ · · · ≥ an, b1 ≥ b2 ≥ · · · ≥ bn

If (λi) is a sequence of non-negative numbers such that
n∑

i=1

λi = 1, then

( n∑

i=1

λiai

)( n∑

i=1

λibi

)
≤

n∑

i=1

λiaibi.

Proof: Since the sequences (ai) and (bi) are either both increasing or both decreasing

(ai − aj)(bi − bj) ≥ 0.

Multiplying by the positive quantity λiλj and summing over i and j we get

∑

i,j

λiλj(ai − aj)(bi − bj) ≥ 0.

Expanding yields

(∑

j

λj

)(∑

i

λiaibi

)
−
(∑

i

λiai

)(∑

j

λjbj

)
−
(∑

j

λjaj

)(∑

i

λibi

)

+
(∑

i

λi

)(∑

j

λjajbj

)
≥ 0.

Using
∑

j

λj = 1 the expression becomes

∑

i

λiaibi ≥
(∑

i

λiai

)(∑

j

λjbj

)
,

which ends the proof.

Next we present a meaningful application of the previous inequality.

Proposition 1.12.14 Let X be a random variable and f and g be two functions, both
increasing or both decreasing. Then

E[f(X)g(X)] ≥ E[f(X)]E[g(X)]. (1.12.4)
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Proof: If X is a discrete random variable, with outcomes {x1, · · · , xn}, inequality
(1.12.4) becomes

∑

j

f(xj)g(xj)p(xj) ≥
∑

j

f(xj)p(xj)
∑

j

g(xj)p(xj),

where p(xj) = P (X = xj). Denoting aj = f(xj), bj = g(xj), and λj = p(xj), the
inequality transforms into

∑

j

ajbjλj ≥
∑

j

ajλj

∑

j

bjλj ,

which holds true by Lemma 1.12.13.
If X is a continuous random variable with the density function p : I → R, the

inequality (1.12.4) can be written in the integral form

∫

I
f(x)g(x)p(x) dx ≥

∫

I
f(x)p(x) dx

∫

I
g(x)p(x) dx. (1.12.5)

Let x0 < x1 < · · · < xn be a partition of the interval I, with ∆x = xk+1 − xk. Using
Lemma 1.12.13 we obtain the following inequality between Riemann sums

∑

j

f(xj)g(xj)p(xj)∆x ≥
(∑

j

f(xj)p(xj)∆x
)(∑

j

g(xj)p(xj)∆x
)
,

where aj = f(xj), bj = g(xj), and λj = p(xj)∆x. Taking the limit ‖∆x‖ → 0 we obtain
(1.12.5), which leads to the desired result.

Exercise 1.12.15 Show the following inequalities:

(a) E[X2] ≥ E[X]2;

(b) E[X sinh(X)] ≥ E[X]E[sinh(X)];

(c) E[X6] ≥ E[X]E[X5];

(d) E[X6] ≥ E[X3]2.

Exercise 1.12.16 For any n, k ≥ 1, show that

E[X2(n+k+1)] ≥ E[X2k+1]E[X2n+1].

1.13 Limits of Sequences of Random Variables

Consider a sequence (Xn)n≥1 of random variables defined on the probability space
(Ω,F , P ). There are several ways of making sense of the limit expression X = lim

n→∞
Xn,

and they will be discussed in the following sections.
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Almost Certain Limit

The sequence Xn converges almost certainly to X, if for all states of the world ω, except
a set of probability zero, we have

lim
n→∞

Xn(ω) = X(ω).

More precisely, this means

P
(
ω; lim

n→∞
Xn(ω) = X(ω)

)
= 1,

and we shall write ac-lim
n→∞

Xn = X. An important example where this type of limit

occurs is the Strong Law of Large Numbers:

If Xn is a sequence of independent and identically distributed random variables with

the same mean µ, then ac-lim
n→∞

X1 + · · ·+Xn

n
= µ.

It is worth noting that this type of convergence is also known under the name of
strong convergence. This is the reason that the aforementioned theorem bares its name.

Example 1.13.1 Let Ω = {H,T} be the sample space obtained when a coin is flipped.
Consider the random variables Xn : Ω → {0, 1}, where Xn denotes the number of
heads obtained at the n-th flip. Obviously, Xn are i.i.d., with the distribution given
by P (Xn = 0) = P (Xn = 1) = 1/2, and the mean E[Xn] = 0 · 1

2 + 1 · 1
2 = 1

2 . Then
X1 + · · · +Xn is the number of heads obtained after n flips of the coin. By the law of
large numbers, 1

n(X1 + · · ·+Xn) tends to 1/2 strongly, as n → ∞.

Mean Square Limit

Another possibility of convergence is to look at the mean square deviation of Xn from
X. We say that Xn converges to X in the mean square if

lim
n→∞

E[(Xn −X)2] = 0.

More precisely, this should be interpreted as

lim
n→∞

∫

Ω

(
Xn(ω)−X(ω)

)2
dP (ω) = 0.

This limit will be abbreviated by ms-lim
n→∞

Xn = X. The mean square convergence is

useful when defining the Ito integral.

Example 1.13.1 Consider a sequence Xn of random variables such that there is a
constant k with E[Xn] → k and V ar(Xn) → 0 as n → ∞. Show that ms-lim

n→∞
Xn = k.
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Proof: Since we have

E[|Xn − k|2] = E[X2
n − 2kXn + k2] = E[X2

n]− 2kE[Xn] + k2

=
(
E[X2

n]− E[Xn]
2
)
+
(
E[Xn]

2 − 2kE[Xn] + k2
)

= V ar(Xn) +
(
E[Xn]− k

)2
,

the right side tends to 0 when taking the limit n → ∞.

Exercise 1.13.2 Show the following relation

E[(X − Y )2] = V ar[X] + V ar[Y ] +
(
E[X]− E[Y ]

)2 − 2Cov(X,Y ).

Exercise 1.13.3 If Xn tends to X in mean square, with E[X2] < ∞, show that:

(a) E[Xn] → E[X] as n → ∞;

(b) E[X2
n] → E[X2] as n → ∞;

(c) V ar[Xn] → V ar[X] as n → ∞;

(d) Cov(Xn,X) → V ar[X] as n → ∞.

Exercise 1.13.4 If Xn tends to X in mean square, show that E[Xn|H] tends to
E[X|H] in mean square.

Limit in Probability or Stochastic Limit

The random variable X is the stochastic limit of Xn if for n large enough the probability
of deviation from X can be made smaller than any arbitrary ǫ. More precisely, for any
ǫ > 0

lim
n→∞

P
(
ω; |Xn(ω)−X(ω)| ≤ ǫ

)
= 1.

This can be written also as

lim
n→∞

P
(
ω; |Xn(ω)−X(ω)| > ǫ

)
= 0.

This limit is denoted by st-lim
n→∞

Xn = X.

It is worth noting that both almost certain convergence and convergence in mean
square imply the stochastic convergence. Hence, the stochastic convergence is weaker
than the aforementioned two convergence cases. This is the reason that it is also called
the weak convergence. One application is the Weak Law of Large Numbers:

If X1,X2, . . . are identically distributed with expected value µ and if any finite num-

ber of them are independent, then st-lim
n→∞

X1 + · · ·+Xn

n
= µ.

Proposition 1.13.5 The convergence in the mean square implies the stochastic con-
vergence.
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Proof: Let ms-lim
n→∞

Yn = Y . Let ǫ > 0 be arbitrarily fixed. Applying Markov’s

inequality with X = Yn − Y , p = 2 and λ = ǫ, yields

0 ≤ P (|Yn − Y | ≥ ǫ) ≤ 1

ǫ2
E[|Yn − Y |2].

The right side tends to 0 as n → ∞. Applying the Squeeze Theorem we obtain

lim
n→∞

P (|Yn − Y | ≥ ǫ) = 0,

which means that Yn converges stochastically to Y .

Example 1.13.6 Let Xn be a sequence of random variables such that E[|Xn|] → 0 as
n → ∞. Prove that st-lim

n→∞
Xn = 0.

Proof: Let ǫ > 0 be arbitrarily fixed. We need to show

lim
n→∞

P
(
ω; |Xn(ω)| ≥ ǫ

)
= 0. (1.13.6)

From Markov’s inequality (see Exercise 1.12.8) we have

0 ≤ P
(
ω; |Xn(ω)| ≥ ǫ

)
≤ E[|Xn|]

ǫ
.

Using Squeeze Theorem we obtain (1.13.6).

Remark 1.13.7 The conclusion still holds true even in the case when there is a p > 0
such that E[|Xn|p] → 0 as n → ∞.

Limit in Distribution

We say the sequence Xn converges in distribution to X if for any continuous bounded
function ϕ(x) we have

lim
n→∞

ϕ(Xn) = ϕ(X).

This type of limit is even weaker than the stochastic convergence, i.e. it is implied by
it.

An application of the limit in distribution is obtained if we consider ϕ(x) = eitx. In
this case, if Xn converges in distribution to X, then the characteristic function of Xn

converges to the characteristic function of X. In particular, the probability density of
Xn approaches the probability density of X.

It can be shown that the convergence in distribution is equivalent with

lim
n→∞

Fn(x) = F (x),

whenever F is continuous at x, where Fn and F denote the distribution functions of
Xn and X, respectively. This is the reason that this convergence bares its name.
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Remark 1.13.8 The almost certain convergence implies the stochastic convergence,
and the stochastic convergence implies the limit in distribution. The proof of these
statements is beyound the goal of this book. The interested reader can consult a graduate
text in probability theory.

1.14 Properties of Limits

Lemma 1.14.1 If ms-lim
n→∞

Xn = 0 and ms-lim
n→∞

Yn = 0, then

1. ms-lim
n→∞

(Xn + Yn) = 0

2. ms-lim
n→∞

(XnYn) = 0.

Proof: Since ms-lim
n→∞

Xn = 0, then lim
n→∞

E[X2
n] = 0. Applying the Squeeze Theorem

to the inequality7

0 ≤ E[Xn]
2 ≤ E[X2

n]

yields lim
n→∞

E[Xn] = 0. Then

lim
n→∞

V ar[Xn] = lim
n→∞

(
E[X2

n]− lim
n→∞

E[Xn]
2
)

= lim
n→∞

E[X2
n]− lim

n→∞
E[Xn]

2

= 0.

Similarly, we have lim
n→∞

E[Y 2
n ] = 0, lim

n→∞
E[Yn] = 0 and lim

n→∞
V ar[Yn] = 0. Then

lim
n→∞

σ
Xn

= lim
n→∞

σ
Yn

= 0. Using the correlation definition formula of two random

variables Xn and Yn

Corr(Xn, Yn) =
Cov(Xn, Yn)

σ
Xn

σ
Yn

,

and the fact that |Corr(Xn, Yn)| ≤ 1, yields

0 ≤ |Cov(Xn, Yn)| ≤ σ
Xn

σ
Yn
.

Since lim
n→∞

σ
Xn

σ
Xn

= 0, from the Squeeze Theorem it follows that

lim
n→∞

Cov(Xn, Yn) = 0.

Taking n → ∞ in the relation

Cov(Xn, Yn) = E[Xn Yn]− E[Xn]E[Yn]

7This follows from the fact that V ar[Xn] ≥ 0.
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yields lim
n→∞

E[XnYn] = 0. Using the previous relations, we have

lim
n→∞

E[(Xn + Yn)
2] = lim

n→∞
E[X2

n + 2XnYn + Y 2
n ]

= lim
n→∞

E[X2
n] + 2 lim

n→∞
E[XnYn] + lim

n→∞
E[Y 2

n ]

= 0,

which means ms-lim
n→∞

(Xn + Yn) = 0.

Proposition 1.14.2 If the sequences of random variables Xn and Yn converge in the
mean square, then

1. ms-lim
n→∞

(Xn + Yn) = ms-lim
n→∞

Xn +ms-lim
n→∞

Yn

2. ms-lim
n→∞

(cXn) = c ·ms-lim
n→∞

Xn, ∀c ∈ R.

Proof: 1. Let ms-lim
n→∞

Xn = L and ms-lim
n→∞

Yn = M . Consider the sequences X ′
n =

Xn−L and Y ′
n = Yn−M . Then ms-lim

n→∞
X ′

n = 0 and ms-lim
n→∞

Y ′
n = 0. Applying Lemma

1.14.1 yields
ms-lim

n→∞
(X ′

n + Y ′
n) = 0.

This is equivalent with
ms-lim

n→∞
(Xn − L+ Yn −M) = 0,

which becomes
ms-lim

n→∞
(Xn + Yn) = L+M .

1.15 Stochastic Processes

A stochastic process on the probability space (Ω,F , P ) is a family of random variables
Xt parameterized by t ∈ T, where T ⊂ R. If T is an interval we say that Xt is a
stochastic process in continuous time. If T = {1, 2, 3, . . . } we shall say that Xt is a
stochastic process in discrete time. The latter case describes a sequence of random vari-
ables. The aforementioned types of convergence can be easily extended to continuous
time. For instance, Xt converges in the strong sense to X as t → ∞ if

P
(
ω; lim

t→∞
Xt(ω) = X(ω)

)
= 1.

The evolution in time of a given state of the world ω ∈ Ω given by the function
t 7−→ Xt(ω) is called a path or realization of Xt. The study of stochastic processes
using computer simulations is based on retrieving information about the process Xt

given a large number of it realizations.
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Consider that all the information accumulated until time t is contained by the σ-
field Ft. This means that Ft contains the information of which events have already
occurred until time t, and which did not. Since the information is growing in time, we
have

Fs ⊂ Ft ⊂ F
for any s, t ∈ T with s ≤ t. The family Ft is called a filtration.

A stochastic process Xt is called adapted to the filtration Ft if Xt is Ft- predictable,
for any t ∈ T.

Example 1.15.1 Here there are a few examples of filtrations:
1. Ft represents the information about the evolution of a stock until time t, with

t > 0.
2. Ft represents the information about the evolution of a Black-Jack game until

time t, with t > 0.

Example 1.15.2 If X is a random variable, consider the conditional expectation

Xt = E[X|Ft].

From the definition of conditional expectation, the random variable Xt is Ft-predictable,
and can be regarded as the measurement of X at time t using the information Ft.
If the accumulated knowledge Ft increases and eventually equals the σ-field F , then
X = E[X|F ], i.e. we obtain the entire random variable. The process Xt is adapted to
Ft.

Example 1.15.3 Don Joe is asking a doctor how long he still has to live. The age
at which he will pass away is a random variable, denoted by X. Given his medical
condition today, which is contained in Ft, the doctor infers that Mr. Joe will die at the
age of Xt = E[X|Ft]. The stochastic process Xt is adapted to the medical knowledge
Ft.

We shall define next an important type of stochastic process.8

Definition 1.15.4 A process Xt, t ∈ T, is called a martingale with respect to the
filtration Ft if

1. Xt is integrable for each t ∈ T;
2. Xt is adapted to the filtration Ft;
3. Xs = E[Xt|Fs], ∀s < t.

Remark 1.15.5 The first condition states that the unconditional forecast is finite

E[|Xt]] =

∫

Ω
|Xt| dP < ∞. Condition 2 says that the value Xt is known, given the

information set Ft. This can be also stated by saying that Xt is Ft-predictable. The
third relation asserts that the best forecast of unobserved future values is the last obser-
vation on Xt.

8The concept of martingale was introduced by Lévy in 1934.
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Remark 1.15.6 If the third condition is replaced by
3′. Xs ≤ E[Xt|Fs], ∀s ≤ t

then Xt is called a submartingale; and if it is replaced by
3′′. Xs ≥ E[Xt|Fs], ∀s ≤ t

then Xt is called a supermartingale.
It is worth noting that Xt is a submartingale if and only if −Xt is a supermartingale.

Example 1.15.1 Let Xt denote Mr. Li Zhu’s salary after t years of work at the same
company. Since Xt is known at time t and it is bounded above, as all salaries are,
then the first two conditions hold. Being honest, Mr. Zhu expects today that his future
salary will be the same as today’s, i.e. Xs = E[Xt|Fs], for s < t. This means that Xt

is a martingale.

If Mr. Zhu is optimistic and believes as of today that his future salary will increase,
then Xt is a submartingale.

Exercise 1.15.7 If X is an integrable random variable on (Ω,F , P ), and Ft is a fil-
tration. Prove that Xt = E[X|Ft] is a martingale.

Exercise 1.15.8 Let Xt and Yt be martingales with respect to the filtration Ft. Show
that for any a, b, c ∈ R the process Zt = aXt + bYt + c is a Ft-martingale.

Exercise 1.15.9 Let Xt and Yt be martingales with respect to the filtration Ft.

(a) Is the process XtYt always a martingale with respect to Ft?

(b) What about the processes X2
t and Y 2

t ?

Exercise 1.15.10 Two processes Xt and Yt are called conditionally uncorrelated, given
Ft, if

E[(Xt −Xs)(Yt − Ys)|Fs] = 0, ∀ 0 ≤ s < t < ∞.

Let Xt and Yt be martingale processes. Show that the process Zt = XtYt is a martingale
if and only if Xt and Yt are conditionally uncorrelated. Assume that Xt, Yt and Zt are
integrable.

In the following, if Xt is a stochastic process, the minimum amount of information
resulted from knowing the process Xt until time t is denoted by Ft = σ(Xs; s ≤ t). In
the case of a discrete process, we have Fn = σ(Xk; k ≤ n).

Exercise 1.15.11 Let Xn, n ≥ 0 be a sequence of integrable independent random
variables, with E[Xn] < ∞, for all n ≥ 0. Let S0 = X0, Sn = X0 + · · ·+Xn. Show the
following:

(a) Sn − E[Sn] is an Fn-martingale.

(b) If E[Xn] = 0 and E[X2
n] < ∞, ∀n ≥ 0, then S2

n−V ar(Sn) is an Fn-martingale.

(c) If E[Xn] ≥ 0, then Sn is an Fn-submartingale.
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Exercise 1.15.12 Let Xn, n ≥ 0 be a sequence of independent, integrable random
variables such that E[Xn] = 1 for n ≥ 0. Prove that Pn = X0 · X1 · · · · Xn is an
Fn-martingale.

Exercise 1.15.13 (a) Let X be a normally distributed random variable with mean
µ 6= 0 and variance σ2. Prove that there is a unique θ 6= 0 such that E[eθX ] = 1.

(b) Let (Xi)i≥0 be a sequence of identically normally distributed random variables with
mean µ 6= 0. Consider the sum Sn =

∑n
j=0Xj . Show that Zn = eθSn is a martingale,

with θ defined in part (a).

In section 9.1 we shall encounter several processes which are martingales.



Chapter 2

Useful Stochastic Processes

This chapter deals with the most common used stochastic processes and their basic
properties. The two main basic processes are the Brownian motion and the Poisson
process. The other processes described in this chapter are derived from the previous
two.

2.1 The Brownian Motion

The observation made first by the botanist Robert Brown in 1827, that small pollen
grains suspended in water have a very irregular and unpredictable state of motion, led
to the definition of the Brownian motion, which is formalized in the following:

Definition 2.1.1 A Brownian motion process is a stochastic process Bt, t ≥ 0, which
satisfies

1. The process starts at the origin, B0 = 0;
2. Bt has stationary, independent increments;
3. The process Bt is continuous in t;
4. The increments Bt − Bs are normally distributed with mean zero and variance

|t− s|,
Bt −Bs ∼ N(0, |t − s|).

The process Xt = x + Bt has all the properties of a Brownian motion that starts
at x. Since Bt − Bs is stationary, its distribution function depends only on the time
interval t− s, i.e.

P (Bt+s −Bs ≤ a) = P (Bt −B0 ≤ a) = P (Bt ≤ a).

It is worth noting that even if Bt is continuous, it is nowhere differentiable. From
condition 4 we get that Bt is normally distributed with mean E[Bt] = 0 and V ar[Bt] = t

Bt ∼ N(0, t).

33
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This implies also that the second moment is E[B2
t ] = t. Let 0 < s < t. Since the

increments are independent, we can write

E[BsBt] = E[(Bs −B0)(Bt −Bs) +B2
s ] = E[Bs −B0]E[Bt −Bs] + E[B2

s ] = s.

Consequently, Bs and Bt are not independent.
Condition 4 has also a physical explanation. A pollen grain suspended in water is

kicked by a very large numbers of water molecules. The influence of each molecule on
the grain is independent of the other molecules. These effects are average out into a
resultant increment of the grain coordinate. According to the Central Limit Theorem,
this increment has to be normal distributed.

Proposition 2.1.2 A Brownian motion process Bt is a martingale with respect to the
information set Ft = σ(Bs; s ≤ t).

Proof: The integrability of Bt follows from Jensen’s inequality

E[|Bt|]2 ≤ E[B2
t ] = V ar(Bt) = |t| < ∞.

Bt is obviously Ft-predictable. Let s < t and write Bt = Bs + (Bt −Bs). Then

E[Bt|Fs] = E[Bs + (Bt −Bs)|Fs]

= E[Bs|Fs] + E[Bt −Bs|Fs]

= Bs + E[Bt −Bs] = Bs + E[Bt−s −B0] = Bs,

where we used that Bs is Fs-predictable (from where E[Bs|Fs] = Bs) and that the
increment Bt−Bs is independent of previous values of Bt contained in the information
set Ft = σ(Bs; s ≤ t).

A process with similar properties as the Brownian motion was introduced byWiener.

Definition 2.1.3 A Wiener process Wt is a process adapted to a filtration Ft such that
1. The process starts at the origin, W0 = 0;
2. Wt is an Ft-martingale with E[W 2

t ] < ∞ for all t ≥ 0 and

E[(Wt −Ws)
2] = t− s, s ≤ t;

3. The process Wt is continuous in t.

Since Wt is a martingale, its increments are unpredictable1and hence E[Wt−Ws] =
0; in particular E[Wt] = 0. It is easy to show that

V ar[Wt −Ws] = |t− s|, V ar[Wt] = t.

1This follows from E[Wt −Ws] = E[Wt −Ws|Fs] = E[Wt|Fs]−Ws =Ws −Ws = 0.
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Exercise 2.1.4 Show that a Brownian process Bt is a Winer process.

The only property Bt has and Wt seems not to have is that the increments are nor-
mally distributed. However, there is no distinction between these two processes, as the
following result states.

Theorem 2.1.5 (Lévy) A Wiener process is a Brownian motion process.

In stochastic calculus we often need to use infinitesimal notation and its properties.
If dWt denotes the infinitesimal increment of a Wiener process in the time interval dt,
the aforementioned properties become dWt ∼ N(0, dt), E[dWt] = 0, and E[(dWt)

2] =
dt.

Proposition 2.1.6 If Wt is a Wiener process with respect to the information set Ft,
then Yt = W 2

t − t is a martingale.

Proof: Yt is integrable since

E[|Yt|] ≤ E[W 2
t + t] = 2t < ∞, t > 0.

Let s < t. Using that the increments Wt −Ws and (Wt −Ws)
2 are independent of the

information set Fs and applying Proposition 1.11.4 yields

E[W 2
t |Fs] = E[(Ws +Wt −Ws)

2|Fs]

= E[W 2
s + 2Ws(Wt −Ws) + (Wt −Ws)

2|Fs]

= E[W 2
s |Fs] + E[2Ws(Wt −Ws)|Fs] + E[(Wt −Ws)

2|Fs]

= W 2
s + 2WsE[Wt −Ws|Fs] + E[(Wt −Ws)

2|Fs]

= W 2
s + 2WsE[Wt −Ws] + E[(Wt −Ws)

2]

= W 2
s + t− s,

and hence E[W 2
t − t|Fs] = W 2

s − s, for s < t.

The following result states the memoryless property of Brownian motion2 Wt.

Proposition 2.1.7 The conditional distribution of Wt+s, given the present Wt and the
past Wu, 0 ≤ u < t, depends only on the present.

Proof: Using the independent increment assumption, we have

P (Wt+s ≤ c|Wt = x,Wu, 0 ≤ u < t)

= P (Wt+s −Wt ≤ c− x|Wt = x,Wu, 0 ≤ u < t)

= P (Wt+s −Wt ≤ c− x)

= P (Wt+s ≤ c|Wt = x).

2These type of processes are called Marcov processes.
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Since Wt is normally distributed with mean 0 and variance t, its density function is

φt(x) =
1√
2πt

e−
x2

2t .

Then its distribution function is

Ft(x) = P (Wt ≤ x) =
1√
2πt

∫ x

−∞
e−

u2

2t du

The probability that Wt is between the values a and b is given by

P (a ≤ Wt ≤ b) =
1√
2πt

∫ b

a
e−

u2

2t du, a < b.

Even if the increments of a Brownian motion are independent, their values are still
correlated.

Proposition 2.1.8 Let 0 ≤ s ≤ t. Then

1. Cov(Ws,Wt) = s;

2. Corr(Ws,Wt) =

√
s

t
.

Proof: 1. Using the properties of covariance

Cov(Ws,Wt) = Cov(Ws,Ws +Wt −Ws)

= Cov(Ws,Ws) + Cov(Ws,Wt −Ws)

= V ar(Ws) + E[Ws(Wt −Ws)]− E[Ws]E[Wt −Ws]

= s+E[Ws]E[Wt −Ws]

= s,

since E[Ws] = 0.

We can also arrive at the same result starting from the formula

Cov(Ws,Wt) = E[WsWt]− E[Ws]E[Wt] = E[WsWt].

Using that conditional expectations have the same expectation, factoring the pre-
dictable part out, and using that Wt is a martingale, we have

E[WsWt] = E[E[WsWt|Fs]] = E[WsE[Wt|Fs]]

= E[WsWs] = E[W 2
s ] = s,

so Cov(Ws,Wt) = s.
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2. The correlation formula yields

Corr(Ws,Wt) =
Cov(Ws,Wt)

σ(Wt)σ(Ws)
=

s√
s
√
t
=

√
s

t
.

Remark 2.1.9 Removing the order relation between s and t, the previous relations
can also be stated as

Cov(Ws,Wt) = min{s, t};

Corr(Ws,Wt) =

√
min{s, t}
max{s, t} .

The following exercises state the translation and the scaling invariance of the Brow-
nian motion.

Exercise 2.1.10 For any t0 ≥ 0, show that the process Xt = Wt+t0−Wt0 is a Brownian
motion. This can be also stated as saying that the Brownian motion is translation
invariant.

Exercise 2.1.11 For any λ > 0, show that the process Xt = 1√
λ
Wλt is a Brownian

motion. This says that the Brownian motion is invariant by scaling.

Exercise 2.1.12 Let 0 < s < t < u. Show the following multiplicative property

Corr(Ws,Wt)Corr(Wt,Wu) = Corr(Ws,Wu).

Exercise 2.1.13 Find the expectations E[W 3
t ] and E[W 4

t ].

Exercise 2.1.14 (a) Use the martingale property of W 2
t −t to find E[(W 2

t −t)(W 2
s −s)];

(b) Evaluate E[W 2
t W

2
s ];

(c) Compute Cov(W 2
t ,W

2
s );

(d) Find Corr(W 2
t ,W

2
s ).

Exercise 2.1.15 Consider the process Yt = tW 1
t
, t > 0, and define Y0 = 0.

(a) Find the distribution of Yt;
(b) Find the probability density of Yt;
(c) Find Cov(Ys, Yt);
(d) Find E[Yt − Ys] and V ar(Yt − Ys) for s < t.

It is worth noting that the process Yt = tW 1
t
, t > 0 with Y0 = 0 is a Brownian motion.
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Figure 2.1: a Three simulations of the Brownian motion process Wt; b Two simulations
of the geometric Brownian motion process eWt.

Exercise 2.1.16 The process Xt = |Wt| is called Brownian motion reflected at the
origin. Show that
(a) E[|Wt|] =

√
2t/π;

(b) V ar(|Wt|) = (1− 2
π )t.

Exercise 2.1.17 Let 0 < s < t. Find E[W 2
t |Fs].

Exercise 2.1.18 Let 0 < s < t. Show that

(a) E[W 3
t |Fs] = 3(t− s)Ws +W 3

s ;

(b) E[W 4
t |Fs] = 3(t− s)2 + 6(t− s)W 2

s +W 4
s .

Exercise 2.1.19 Show that the following processes are Brownian motions

(a) Xt = WT −WT−t, 0 ≤ t ≤ T ;

(b) Yt = −Wt, t ≥ 0.

2.2 Geometric Brownian Motion

The process Xt = eWt , t ≥ 0 is called geometric Brownian motion. A few simulations
of this process are contained in Fig.2.1 b. The following result will be useful in the
following.

Lemma 2.2.1 E[eαWt ] = eα
2t/2, for α ≥ 0.

Proof: Using the definition of expectation

E[eαWt ] =

∫
eαxφt(x) dx =

1√
2πt

∫
e−

x2

2t
+αx dx

= eα
2t/2,
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where we have used the integral formula

∫
e−ax2+bx dx =

√
π

a
e
b2

4a , a > 0

with a = 1
2t and b = α.

Proposition 2.2.2 The geometric Brownian motion Xt = eWt is log-normally dis-
tributed with mean et/2 and variance e2t − et.

Proof: Since Wt is normally distributed, then Xt = eWt will have a log-normal distri-
bution. Using Lemma 2.2.1 we have

E[Xt] = E[eWt ] = et/2

E[X2
t ] = E[e2Wt ] = e2t,

and hence the variance is

V ar[Xt] = E[X2
t ]− E[Xt]

2 = e2t − (et/2)2 = e2t − et.

The distribution function of Xt = eWt can be obtained by reducing it to the distri-
bution function of a Brownian motion.

FXt (x) = P (Xt ≤ x) = P (eWt ≤ x)

= P (Wt ≤ lnx) = F
Wt

(ln x)

=
1√
2πt

∫ lnx

−∞
e−

u2

2t du.

The density function of the geometric Brownian motion Xt = eWt is given by

p(x) =
d

dx
FXt (x) =





1

x
√
2πt

e−(ln x)2/(2t), if x > 0,

0, elsewhere.

Exercise 2.2.3 Show that

E[eWt−Ws ] = e
t−s
2 , s < t.

Exercise 2.2.4 Let Xt = eWt.
(a) Show that Xt is not a martingale.

(b) Show that e−
t
2Xt is a martingale.

(c) Show that for any constant c ∈ R, the process Yt = ecWt− 1
2
c2t is a martingale.
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Exercise 2.2.5 If Xt = eWt, find Cov(Xs,Xt)

(a) by direct computation;

(b) by using Exercise 2.2.4 (b).

Exercise 2.2.6 Show that

E[e2W
2
t ] =

{
(1− 4t)−1/2, 0 ≤ t < 1/4
∞, otherwise.

2.3 Integrated Brownian Motion

The stochastic process

Zt =

∫ t

0
Ws ds, t ≥ 0

is called integrated Brownian motion. Obviously, Z0 = 0.

Let 0 = s0 < s1 < · · · < sk < · · · sn = t, with sk = kt
n . Then Zt can be written as a

limit of Riemann sums

Zt = lim
n→∞

n∑

k=1

Wsk∆s = t lim
n→∞

Ws1 + · · · +Wsn

n
,

where ∆s = sk+1−sk = t
n . We are tempted to apply the Central Limit Theorem at this

point, but Wsk are not independent, so we first need to transform the sum into a sum
of independent normally distributed random variables. A straightforward computation
shows that

Ws1 + · · · +Wsn

= n(Ws1 −W0) + (n− 1)(Ws2 −Ws1) + · · ·+ (Wsn −Wsn−1)

= X1 +X2 + · · ·+Xn. (2.3.1)

Since the increments of a Brownian motion are independent and normally distributed,
we have

X1 ∼ N
(
0, n2∆s

)

X2 ∼ N
(
0, (n − 1)2∆s

)

X3 ∼ N
(
0, (n − 2)2∆s

)

...

Xn ∼ N
(
0,∆s

)
.

Recall now the following variant of the Central Limit Theorem:
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Theorem 2.3.1 If Xj are independent random variables normally distributed with
mean µj and variance σ2

j , then the sum X1 + · · · + Xn is also normally distributed

with mean µ1 + · · · + µn and variance σ2
1 + · · ·+ σ2

n.

Then

X1 + · · ·+Xn ∼ N
(
0, (1 + 22 + 32 + · · · + n2)∆s

)
= N

(
0,

n(n+ 1)(2n + 1)

6
∆s
)
,

with ∆s =
t

n
. Using (2.3.1) yields

t
Ws1 + · · ·+Wsn

n
∼ N

(
0,

(n + 1)(2n + 1)

6n2
t3
)
.

“Taking the limit” we get

Zt ∼ N
(
0,

t3

3

)
.

Proposition 2.3.2 The integrated Brownian motion Zt has a normal distribution with
mean 0 and variance t3/3.

Remark 2.3.3 The aforementioned limit was taken heuristically, without specifying
the type of the convergence. In order to make this to work, the following result is
usually used:

If Xn is a sequence of normal random variables that converges in mean square to X,
then the limit X is normal distributed, with E[Xn] → E[X] and V ar(Xn) → V ar(X),
as n → ∞.

The mean and the variance can also be computed in a direct way as follows. By
Fubini’s theorem we have

E[Zt] = E[

∫ t

0
Ws ds] =

∫

R

∫ t

0
Ws ds dP

=

∫ t

0

∫

R

Ws dP ds =

∫ t

0
E[Ws] ds = 0,

since E[Ws] = 0. Then the variance is given by

V ar[Zt] = E[Z2
t ]− E[Zt]

2 = E[Z2
t ]

= E[

∫ t

0
Wu du ·

∫ t

0
Wv dv] = E[

∫ t

0

∫ t

0
WuWv dudv]

=

∫ t

0

∫ t

0
E[WuWv] dudv =

∫∫

[0,t]×[0,t]
min{u, v} dudv

=

∫∫

D1

min{u, v} dudv +

∫∫

D2

min{u, v} dudv, (2.3.2)
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where

D1 = {(u, v);u > v, 0 ≤ u ≤ t}, D2 = {(u, v);u < v, 0 ≤ u ≤ t}
The first integral can be evaluated using Fubini’s theorem

∫∫

D1

min{u, v} dudv =

∫∫

D1

v dudv

=

∫ t

0

( ∫ u

0
v dv

)
du =

∫ t

0

u2

2
du =

t3

6
.

Similarly, the latter integral is equal to
∫∫

D2

min{u, v} dudv =
t3

6
.

Substituting in (2.3.2) yields

V ar[Zt] =
t3

6
+

t3

6
=

t3

3
.

Exercise 2.3.4 (a) Prove that the moment generating function of Zt is

m(u) = eu
2t3/6.

(b) Use the first part to find the mean and variance of Zt.

Exercise 2.3.5 Let s < t. Show that the covariance of the integrated Brownian motion
is given by

Cov
(
Zs, Zt

)
= s2

( t
2
− s

6

)
, s < t.

Exercise 2.3.6 Show that

(a) Cov(Zt, Zt − Zt−h) = 1
2 t

2h + o(h), where o(h) denotes a quantity such that
limh→0 o(h)/h = 0;

(b) Cov(Zt,Wt) =
t2

2
.

Exercise 2.3.7 Show that

E[eWs+Wu ] = e
u+s
2 emin{s,u}.

Exercise 2.3.8 Consider the process Xt =

∫ t

0
eWs ds.

(a) Find the mean of Xt;
(b) Find the variance of Xt.

Exercise 2.3.9 Consider the process Zt =

∫ t

0
Wu du, t > 0.

(a) Show that E[ZT |Ft] = Zt +Wt(T − t), for any t < T ;
(b) Prove that the process Mt = Zt − tWt is an Ft-martingale.
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2.4 Exponential Integrated Brownian Motion

If Zt =
∫ t
0 Ws ds denotes the integrated Brownian motion, the process

Vt = eZt

is called exponential integrated Brownian motion. The process starts at V0 = e0 = 1.
Since Zt is normally distributed, then Vt is log-normally distributed. We compute the
mean and the variance in a direct way. Using Exercises 2.2.5 and 2.3.4 we have

E[Vt] = E[eZt ] = m(1) = e
t3

6

E[V 2
t ] = E[e2Zt ] = m(2) = e

4t3

6 = e
2t3

3

V ar(Vt) = E[V 2
t ]− E[Vt]

2 = e
2t3

3 − e
t3

3

Cov(Vs, Vt) = e
t+3s

2 .

Exercise 2.4.1 Show that E[VT |Ft] = Vte
(T−t)Wt+

(T−t)3

3 for t < T .

2.5 Brownian Bridge

The process Xt = Wt − tW1 is called the Brownian bridge fixed at both 0 and 1. Since
we can also write

Xt = Wt − tWt − tW1 + tWt

= (1− t)(Wt −W0)− t(W1 −Wt),

using that the increments Wt − W0 and W1 − Wt are independent and normally dis-
tributed, with

Wt −W0 ∼ N(0, t), W1 −Wt ∼ N(0, 1 − t),

it follows that Xt is normally distributed with

E[Xt] = (1− t)E[(Wt −W0)]− tE[(W1 −Wt)] = 0

V ar[Xt] = (1− t)2V ar[(Wt −W0)] + t2V ar[(W1 −Wt)]

= (1− t)2(t− 0) + t2(1− t)

= t(1− t).

This can be also stated by saying that the Brownian bridge tied at 0 and 1 is a Gaussian
process with mean 0 and variance t(1− t), so Xt ∼ N

(
0, t(1 − t)

)
.

Exercise 2.5.1 Let Xt = Wt − tW1, 0 ≤ t ≤ 1 be a Brownian bridge fixed at 0 and 1.
Let Yt = X2

t . Show that Y0 = Y1 = 0 and find E[Yt] and V ar(Yt).
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2.6 Brownian Motion with Drift

The process Yt = µt+Wt, t ≥ 0, is called Brownian motion with drift. The process Yt

tends to drift off at a rate µ. It starts at Y0 = 0 and it is a Gaussian process with mean

E[Yt] = µt+ E[Wt] = µt

and variance

V ar[Yt] = V ar[µt+Wt] = V ar[Wt] = t.

Exercise 2.6.1 Find the distribution and the density functions of the process Yt.

2.7 Bessel Process

This section deals with the process satisfied by the Euclidean distance from the origin
to a particle following a Brownian motion in Rn. More precisely, ifW1(t), · · · ,Wn(t) are
independent Brownian motions, let W (t) = (W1(t), · · · ,Wn(t)) be a Brownian motion
in Rn, n ≥ 2. The process

Rt = dist(O,W (t)) =
√

W1(t)2 + · · ·+Wn(t)2

is called n-dimensional Bessel process.

The probability density of this process is given by the following result.

Proposition 2.7.1 The probability density function of Rt, t > 0 is given by

pt(ρ) =





2
(2t)n/2 Γ(n/2)

ρn−1e−
ρ2

2t , ρ ≥ 0;

0, ρ < 0

with

Γ
(n
2

)
=





(n2 − 1)! for n even;

(n2 − 1)(n2 − 2) · · · 32 1
2

√
π, for n odd.

Proof: Since the Brownian motions W1(t), . . . ,Wn(t) are independent, their joint
density function is

f
W1···Wn

(t) = f
W1

(t) · · · f
Wn

(t)

=
1

(2πt)n/2
e−(x2

1+···+x2
n)/(2t), t > 0.

In the next computation we shall use the following formula of integration that
follows from the use of polar coordinates



45

∫

{|x|≤ρ}
f(x) dx = σ(Sn−1)

∫ ρ

0
rn−1g(r) dr, (2.7.3)

where f(x) = g(|x|) is a function on Rn with spherical symmetry, and where

σ(Sn−1) =
2πn/2

Γ(n/2)

is the area of the (n− 1)-dimensional sphere in Rn.

Let ρ ≥ 0. The distribution function of Rt is

F
R
(ρ) = P (Rt ≤ ρ) =

∫

{Rt≤ρ}
f
W1···Wn

(t) dx1 · · · dxn

=

∫

x2
1+···+x2

n≤ρ2

1

(2πt)n/2
e−(x2

1+···+x2
n)/(2t) dx1 · · · dxn

=

∫ ρ

0
rn−1

(∫

S(0,1)

1

(2πt)n/2
e−(x2

1+···+x2
n)/(2t) dσ

)
dr

=
σ(Sn−1)

(2πt)n/2

∫ ρ

0
rn−1 e−r2/(2t) dr.

Differentiating yields

pt(ρ) =
d

dρ
F
R
(ρ) =

σ(Sn−1)

(2πt)n/2
ρn−1e−

ρ2

2t

=
2

(2t)n/2Γ(n/2)
ρn−1e−

ρ2

2t , ρ > 0, t > 0.

It is worth noting that in the 2-dimensional case the aforementioned density becomes
a particular case of a Weibull distribution with parameters m = 2 and α = 2t, called
Wald’s distribution

pt(x) =
1

t
xe−

x2

2t , x > 0, t > 0.

Exercise 2.7.2 Let P (Rt ≤ t) be the probability of a 2-dimensional Brownian motion
to be inside of the disk D(0, ρ) at time t > 0. Show that

ρ2

2t

(
1− ρ2

4t

)
< P (Rt ≤ t) <

ρ2

2t
.

Exercise 2.7.3 Let Rt be a 2-dimensional Bessel process. Show that

(a) E[Rt] =
√
2πt/2;

(b) V ar(Rt) = 2t
(
1− π

4

)
.
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Exercise 2.7.4 Let Xt =
Rt

t
, t > 0, where Rt is a 2-dimensional Bessel process. Show

that Xt → 0 as t → ∞ in mean square.

2.8 The Poisson Process

A Poisson process describes the number of occurrences of a certain event before time t,
such as: the number of electrons arriving at an anode until time t; the number of cars
arriving at a gas station until time t; the number of phone calls received on a certain
day until time t; the number of visitors entering a museum on a certain day until time
t; the number of earthquakes that occurred in Chile during the time interval [0, t]; the
number of shocks in the stock market from the beginning of the year until time t; the
number of twisters that might hit Alabama from the beginning of the century until
time t.

The definition of a Poisson process is stated more precisely in the following.

Definition 2.8.1 A Poisson process is a stochastic process Nt, t ≥ 0, which satisfies
1. The process starts at the origin, N0 = 0;

2. Nt has stationary, independent increments;

3. The process Nt is right continuous in t, with left hand limits;
4. The increments Nt − Ns, with 0 < s < t, have a Poisson distribution with

parameter λ(t− s), i.e.

P (Nt −Ns = k) =
λk(t− s)k

k!
e−λ(t−s).

It can be shown that condition 4 in the previous definition can be replaced by the
following two conditions:

P (Nt −Ns = 1) = λ(t− s) + o(t− s) (2.8.4)

P (Nt −Ns ≥ 2) = o(t− s), (2.8.5)

where o(h) denotes a quantity such that limh→0 o(h)/h = 0. Then the probability
that a jump of size 1 occurs in the infinitesimal interval dt is equal to λdt, and the
probability that at least 2 events occur in the same small interval is zero. This implies
that the random variable dNt may take only two values, 0 and 1, and hence satisfies

P (dNt = 1) = λdt (2.8.6)

P (dNt = 0) = 1− λdt. (2.8.7)

Exercise 2.8.2 Show that if condition 4 is satisfied, then conditions (2.8.4 − 2.8.5)
hold.
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Exercise 2.8.3 Which of the following expressions are o(h)?

(a) f(h) = 3h2 + h;

(b) f(h) =
√
h+ 5;

(c) f(h) = h ln |h|;
(d) f(h) = heh.

The fact that Nt −Ns is stationary can be stated as

P (Nt+s −Ns ≤ n) = P (Nt −N0 ≤ n) = P (Nt ≤ n) =
n∑

k=0

(λt)k

k!
e−λt.

From condition 4 we get the mean and variance of increments

E[Nt −Ns] = λ(t− s), V ar[Nt −Ns] = λ(t− s).

In particular, the random variable Nt is Poisson distributed with E[Nt] = λt and
V ar[Nt] = λt. The parameter λ is called the rate of the process. This means that the
events occur at the constant rate λ.

Since the increments are independent, we have for 0 < s < t

E[NsNt] = E[(Ns −N0)(Nt −Ns) +N2
s ]

= E[Ns −N0]E[Nt −Ns] + E[N2
s ]

= λs · λ(t− s) + (V ar[Ns] + E[Ns]
2)

= λ2st+ λs. (2.8.8)

As a consequence we have the following result:

Proposition 2.8.4 Let 0 ≤ s ≤ t. Then

1. Cov(Ns, Nt) = λs;

2. Corr(Ns, Nt) =

√
s

t
.

Proof: 1. Using (2.8.8) we have

Cov(Ns, Nt) = E[NsNt]− E[Ns]E[Nt]

= λ2st+ λs− λsλt

= λs.

2. Using the formula for the correlation yields

Corr(Ns, Nt) =
Cov(Ns, Nt)

(V ar[Ns]V ar[Nt])1/2
=

λs

(λsλt)1/2
=

√
s

t
.

It worth noting the similarity with Proposition 2.1.8.
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Proposition 2.8.5 Let Nt be Ft-adapted. Then the process Mt = Nt − λt is an Ft-
martingale.

Proof: Let s < t and write Nt = Ns + (Nt −Ns). Then

E[Nt|Fs] = E[Ns + (Nt −Ns)|Fs]

= E[Ns|Fs] +E[Nt −Ns|Fs]

= Ns + E[Nt −Ns]

= Ns + λ(t− s),

where we used that Ns is Fs-predictable (and hence E[Ns|Fs] = Ns) and that the
increment Nt−Ns is independent of previous values of Ns and the information set Fs.
Subtracting λt yields

E[Nt − λt|Fs] = Ns − λs,

or E[Mt|Fs] = Ms. Since it is obvious that Mt is integrable and Ft-adapted, it follows
that Mt is a martingale.

It is worth noting that the Poisson process Nt is not a martingale. The martingale
process Mt = Nt − λt is called the compensated Poisson process.

Exercise 2.8.6 Compute E[N2
t |Fs] for s < t. Is the process N2

t an Fs-martingale?

Exercise 2.8.7 (a) Show that the moment generating function of the random variable
Nt is

m
Nt
(x) = eλt(e

x−1).

(b) Deduct the expressions for the first few moments

E[Nt] = λt

E[N2
t ] = λ2t2 + λt

E[N3
t ] = λ3t3 + 3λ2t2 + λt

E[N4
t ] = λ4t4 + 6λ3t3 + 7λ2t2 + λt.

(c) Show that the first few central moments are given by

E[Nt − λt] = 0

E[(Nt − λt)2] = λt

E[(Nt − λt)3] = λt

E[(Nt − λt)4] = 3λ2t2 + λt.

Exercise 2.8.8 Find the mean and variance of the process Xt = eNt.
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Exercise 2.8.9 (a) Show that the moment generating function of the random variable
Mt is

m
Mt

(x) = eλt(e
x−x−1).

(b) Let s < t. Verify that

E[Mt −Ms] = 0,

E[(Mt −Ms)
2] = λ(t− s),

E[(Mt −Ms)
3] = λ(t− s),

E[(Mt −Ms)
4] = λ(t− s) + 3λ2(t− s)2.

Exercise 2.8.10 Let s < t. Show that

V ar[(Mt −Ms)
2] = λ(t− s) + 2λ2(t− s)2.

2.9 Interarrival times

For each state of the world, ω, the path t → Nt(ω) is a step function that exhibits unit
jumps. Each jump in the path corresponds to an occurrence of a new event. Let T1

be the random variable which describes the time of the 1st jump. Let T2 be the time
between the 1st jump and the second one. In general, denote by Tn the time elapsed
between the (n− 1)th and nth jumps. The random variables Tn are called interarrival
times.

Proposition 2.9.1 The random variables Tn are independent and exponentially dis-
tributed with mean E[Tn] = 1/λ.

Proof: We start by noticing that the events {T1 > t} and {Nt = 0} are the same,
since both describe the situation that no events occurred until after time t. Then

P (T1 > t) = P (Nt = 0) = P (Nt −N0 = 0) = e−λt,

and hence the distribution function of T1 is

F
T1
(t) = P (T1 ≤ t) = 1− P (T1 > t) = 1− e−λt.

Differentiating yields the density function

f
T1
(t) =

d

dt
FT1(t) = λe−λt.

It follows that T1 is has an exponential distribution, with E[T1] = 1/λ.
In order to show that the random variables T1 and T2 are independent, if suffices to
show that

P (T2 ≤ t) = P (T2 ≤ t|T1 = s),
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i.e. the distribution function of T2 is independent of the values of T1. We note first
that from the independent increments property

P
(
0 jumps in (s, s+ t], 1 jump in (0, s]

)
= P (Ns+t −Ns = 0, Ns −N0 = 1)

= P (Ns+t −Ns = 0)P (Ns −N0 = 1) = P
(
0 jumps in (s, s+ t]

)
P
(
1 jump in (0, s]

)
.

Then the conditional distribution of T2 is

F (t|s) = P (T2 ≤ t|T1 = s) = 1− P (T2 > t|T1 = s)

= 1− P (T2 > t, T1 = s)

P (T1 = s)

= 1− P
(
0 jumps in (s, s+ t], 1 jump in (0, s]

)

P (T1 = s)

= 1− P
(
0 jumps in (s, s+ t]

)
P
(
1 jump in (0, s]

)

P
(
1 jump in (0, s]

) = 1− P
(
0 jumps in (s, s + t]

)

= 1− P (Ns+t −Ns = 0) = 1− e−λt,

which is independent of s. Then T2 is independent of T1 and exponentially distributed.
A similar argument for any Tn leads to the desired result.

2.10 Waiting times

The random variable Sn = T1 + T2 + · · · + Tn is called the waiting time until the nth
jump. The event {Sn ≤ t} means that there are n jumps that occurred before or at
time t, i.e. there are at least n events that happened up to time t; the event is equal
to {Nt ≥ n}. Hence the distribution function of Sn is given by

FSn(t) = P (Sn ≤ t) = P (Nt ≥ n) = e−λt
∞∑

k=n

(λt)k

k!
·

Differentiating we obtain the density function of the waiting time Sn

fSn(t) =
d

dt
FSn(t) =

λe−λt(λt)n−1

(n− 1)!
·

Writing

fSn(t) =
tn−1e−λt

(1/λ)nΓ(n)
,

it turns out that Sn has a gamma distribution with parameters α = n and β = 1/λ. It
follows that

E[Sn] =
n

λ
, V ar[Sn] =

n

λ2
·



51

Figure 2.2: The Poisson process Nt and the waiting times S1, S2, · · ·Sn. The shaded
rectangle has area n(Sn+1 − t).

The relation lim
n→∞

E[Sn] = ∞ states that the expectation of the waiting time is un-

bounded as n → ∞.

Exercise 2.10.1 Prove that
d

dt
FSn(t) =

λe−λt(λt)n−1

(n − 1)!
·

Exercise 2.10.2 Using that the interarrival times T1, T2, · · · are independent and ex-
ponentially distributed, compute directly the mean E[Sn] and variance V ar(Sn).

2.11 The Integrated Poisson Process

The function u → Nu is continuous with the exception of a set of countable jumps of
size 1. It is known that such functions are Riemann integrable, so it makes sense to
define the process

Ut =

∫ t

0
Nu du,

called the integrated Poisson process. The next result provides a relation between the
process Ut and the partial sum of the waiting times Sk.

Proposition 2.11.1 The integrated Poisson process can be expressed as

Ut = tNt −
Nt∑

k=1

Sk.
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Let Nt = n. Since Nt is equal to k between the waiting times Sk and Sk+1, the process
Ut, which is equal to the area of the subgraph of Nu between 0 and t, can be expressed
as

Ut =

∫ t

0
Nu du = 1 · (S2 − S1) + 2 · (S3 − S2) + · · ·+ n(Sn+1 − Sn)− n(Sn+1 − t).

Since Sn < t < Sn+1, the difference of the last two terms represents the area of last
the rectangle, which has the length t − Sn and the height n. Using associativity, a
computation yields

1 · (S2 − S1) + 2 · (S3 − S2) + · · ·+ n(Sn+1 − Sn) = nSn+1 − (S1 + S2 + · · ·+ Sn).

Substituting in the aforementioned relation yields

Ut = nSn+1 − (S1 + S2 + · · · + Sn)− n(Sn+1 − t)

= nt− (S1 + S2 + · · ·+ Sn)

= tNt −
Nt∑

k=1

Sk,

where we replaced n by Nt.

The conditional distribution of the waiting times is provided by the following useful
result.

Theorem 2.11.2 Given that Nt = n, the waiting times S1, S2, · · · , Sn have the the
joint density function given by

f(s1, s2, · · · , sn) =
n!

tn
, 0 < s1 ≤ s2 ≤ · · · ≤ sn < t.

This is the same as the density of an ordered sample of size n from a uniform distribution
on the interval (0, t). A naive explanation of this result is as follows. If we know
that there will be exactly n events during the time interval (0, t), since the events
can occur at any time, each of them can be considered uniformly distributed, with
the density f(sk) = 1/t. Since it makes sense to consider the events independent,
taking into consideration all possible n! permutaions, the joint density function becomes

f(s1, · · · , sn) = n!f(s1) · · · f(sn) =
n!

tn
.

Exercise 2.11.3 Find the following means

(a) E[Ut].

(b) E
[ Nt∑

k=1

Sk

]
.
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Exercise 2.11.4 Show that V ar(Ut) =
λt3

3
.

Exercise 2.11.5 Can you apply a similar proof as in Proposition 2.3.2 to show that
the integrated Poisson process Ut is also a Poisson process?

Exercise 2.11.6 Let Y : Ω → N be a discrete random variable. Then for any random
variable X we have

E[X] =
∑

y≥0

E[X|Y = y]P (Y = y).

Exercise 2.11.7 Use Exercise 2.11.6 to solve Exercise 2.11.3 (b).

Exercise 2.11.8 (a) Let Tk be the kth interarrival time. Show that

E[e−σTk ] =
λ

λ+ σ
, σ > 0.

(b) Let n = Nt. Show that

Ut = nt− [nT1 + (n − 1)T2 + · · ·+ 2Tn−1 + Tn].

(c) Find the conditional expectation

E
[
e−σUt

∣∣∣Nt = n
]
.

(Hint: If know that there are exactly n jumps in the interval [0, T ], it makes sense
to consider the arrival time of the jumps Ti independent and uniformly distributed on
[0, T ]).
(d) Find the expectation

E
[
e−σUt

]
.

2.12 Submartingales

A stochastic process Xt on the probability space (Ω,F , P ) is called submartingale with
respect to the filtration Ft if:

(a)
∫
Ω |Xt| dP < ∞ (Xt integrable);

(b) Xt is known if Ft is given (Xt is adaptable to Ft);

(c) E[Xt+s|Ft] ≥ Xt,∀t, s ≥ 0 (future predictions exceed the present value).

Example 2.12.1 We shall prove that the process Xt = µt + σWt, with µ > 0 is a
submartingale.
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The integrability follows from the inequality |Xt(ω)| ≤ µt + |Wt(ω)| and integrability
of Wt. The adaptability of Xt is obvious, and the last property follows from the
computation:

E[Xt+s|Ft] = E[µt+ σWt+s|Ft] + µs > E[µt+ σWt+s|Ft]

= µt+ σE[Wt+s|Ft] = µt+ σWt = Xt,

where we used that Wt is a martingale.

Example 2.12.2 We shall show that the square of the Brownian motion, W 2
t , is a

submartingale.

Using that W 2
t − t is a martingale, we have

E[W 2
t+s|Ft] = E[W 2

t+s − (t+ s)|Ft] + t+ s = W 2
t − t+ t+ s

= W 2
t + s ≥ W 2

t .

The following result supplies examples of submatingales starting from martingales
or submartingales.

Proposition 2.12.3 (a) If Xt is a martingale and φ a convex function such that φ(Xt)
is integrable, then the process Yt = φ(Xt) is a submartingale.

(b) If Xt is a submartingale and φ an increasing convex function such that φ(Xt) is
integrable, then the process Yt = φ(Xt) is a submartingale.

(c) If Xt is a martingale and f(t) is an increasing, integrable function, then Yt =
Xt + f(t) is a submartingale.

Proof: (a) Using Jensen’s inequality for conditional probabilities, Exercise 1.12.6, we
have

E[Yt+s|Ft] = E[φ(Xt+s)|Ft] ≥ φ
(
E[Xt+s|Ft]

)
= φ(Xt) = Yt.

(b) From the submatingale property and monotonicity of φ we have

φ
(
E[Xt+s|Ft]

)
≥ φ(Xt).

Then apply a similar computation as in part (a).
(c) We shall check only the forcast property, since the other are obvious.

E[Yt+s|Ft] = E[Xt+s + f(t+ s)|Ft] = E[Xt+s|Ft] + f(t+ s)

= Xt + f(t+ s) ≥ Xt + f(t) = Yt, ∀s, t > 0.
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Corollary 2.12.4 (a) Let Xt be a martingale. Then X2
t , |Xt|, eXt are submartingales.

(b) Let µ > 0. Then eµt+σWt is a submartingale.

Proof: (a) Results from part (a) of Proposition 2.12.3.

(b) It follows from Example 2.12 and part (b) of Proposition 2.12.3.

The following result provides important inequalities involving submartingales.

Proposition 2.12.5 (Doob’s Submartingale Inequality) (a) Let Xt be a non-negative
submartingale. Then

P (sup
s≤t

Xs ≥ x) ≤ E[Xt]

x
, ∀x > 0.

(b) If Xt is a right continuous submartingale, then for any x > 0

P (sup
s≤t

Xt ≥ x) ≤ E[X+
t ]

x
,

where X+
t = max{Xt, 0}.

Exercise 2.12.6 Let x > 0. Show the inequalities:

(a) P (sup
s≤t

W 2
s ≥ x) ≤ t

x
.

(b) P (sup
s≤t

|Ws| ≥ x) ≤
√
2t/π

x
.

Exercise 2.12.7 Show that st-lim
t→∞

sups≤t |Ws|
t

= 0.

Exercise 2.12.8 Show that for any martingale Xt we have the inequality

P (sup
s≤t

X2
t > x) ≤ E[X2

t ]

x
, ∀x > 0.

It is worth noting that Doob’s inequality implies Markov’s inequality. Since sup
s≤t

Xs ≥
Xt, then P (Xt ≥ x) ≤ P (sup

s≤t
Xs ≥ x). Then Doob’s inequality

P (sup
s≤t

Xs ≥ x) ≤ E[Xt]

x

implies Markov’s inequality (see Theorem 1.12.8)

P (Xt ≥ x) ≤ E[Xt]

x
.
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Exercise 2.12.9 Let Nt denote the Poisson process and consider the information set
Ft = σ{Ns; s ≤ t}.

(a) Show that Nt is a submartingale;

(b) Is N2
t a submartingale?

Exercise 2.12.10 It can be shown that for any 0 < σ < τ we have the inequality

E
[ ∑

σ≤t≤τ

(Nt

t
− λ

)2]
≤ 4τλ

σ2
·

Using this inequality prove that ms–lim
t→∞

Nt

t
= λ.



Chapter 3

Properties of Stochastic
Processes

3.1 Stopping Times

Consider the probability space (Ω,F , P ) and the filtration (Ft)t≥0, i.e.

Ft ⊂ Fs ⊂ F , ∀t < s.

Assume that the decision to stop playing a game before or at time t is determined by
the information Ft available at time t. Then this decision can be modeled by a random
variable τ : Ω → [0,∞] which satisfies

{ω; τ(ω) ≤ t} ∈ Ft.

This means that given the information set Ft, we know whether the event {ω; τ(ω) ≤ t}
had occurred or not. We note that the possibility τ = ∞ is included, since the decision
to continue the game for ever is also a possible event. However, we ask the condition
P (τ < ∞) = 1. A random variable τ with the previous properties is called a stopping
time.

The next example illustrates a few cases when a decision is or is not a stopping time.
In order to accomplish this, think of the situation that τ is the time when some random
event related to a given stochastic process occurs first.

Example 3.1.1 Let Ft be the information available until time t regarding the evolution
of a stock. Assume the price of the stock at time t = 0 is $50 per share. The following
decisions are stopping times:

(a) Sell the stock when it reaches for the first time the price of $100 per share;

(b) Buy the stock when it reaches for the first time the price of $10 per share;

(c) Sell the stock at the end of the year;

57
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(d) Sell the stock either when it reaches for the first time $80 or at the end of the
year.

(e) Keep the stock either until the initial investment doubles or until the end of the
year;

The following decisions are not stopping times:

(f) Sell the stock when it reaches the maximum level it will ever be;

(g) Keep the stock until the initial investment at least doubles.

Part (f) is not a stopping time because it requires information about the future that is
not contained in Ft. For part (g), since the initial stock price is S0 = $50, the general
theory of stock prices state

P (St ≥ 2S0) = P (St ≥ 100) < 1,

i.e. there is a positive probability that the stock never doubles its value. This contra-
dicts the condition P (τ = ∞) = 0. In part (e) there are two conditions; the latter one
has the occurring probability equal to 1.

Exercise 3.1.2 Show that any positive constant, τ = c, is a stopping time with respect
to any filtration.

Exercise 3.1.3 Let τ(ω) = inf{t > 0; |Wt(ω)| > K}, with K > 0 constant. Show that
τ is a stopping time with respect to the filtration Ft = σ(Ws; s ≤ t).

The random variable τ is called the first exit time of the Brownian motion Wt from the
interval (−K,K). In a similar way one can define the first exit time of the process Xt

from the interval (a, b):

τ(ω) = inf{t > 0;Xt(ω) /∈ (a, b)} = inf{t > 0;Xt(ω) > b or Xt(ω) < a)}.

Let X0 < a. The first entry time of Xt in the interval (a, b) is defined as

τ(ω) = inf{t > 0;Xt(ω) ∈ (a, b)} = inf{t > 0;Xt(ω) > a or Xt(ω) < b)}.

If let b = ∞, we obtain the first hitting time of the level a

τ(ω) = inf{t > 0;Xt(ω) > a)}.

We shall deal with hitting times in more detail in section 3.3.

Exercise 3.1.4 Let Xt be a continuous stochastic process. Prove that the first exit
time of Xt from the interval (a, b) is a stopping time.

We shall present in the following some properties regarding operations with stopping
times. Consider the notations τ1 ∨ τ2 = max{τ1, τ2}, τ1 ∧ τ2 = min{τ1, τ2}, τ̄n =
supn≥1 τn and τn = infn≥1 τn.
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Proposition 3.1.5 Let τ1 and τ2 be two stopping times with respect to the filtration
Ft. Then

1. τ1 ∨ τ2

2. τ1 ∧ τ2

3. τ1 + τ2

are stopping times.

Proof: 1. We have

{ω; τ1 ∨ τ2 ≤ t} = {ω; τ1 ≤ t} ∩ {ω; τ2 ≤ t} ∈ Ft,

since {ω; τ1 ≤ t} ∈ Ft and {ω; τ2 ≤ t} ∈ Ft. From the subadditivity of P we get

P
(
{ω; τ1 ∨ τ2 = ∞}

)
= P

(
{ω; τ1 = ∞} ∪ {ω; τ2 = ∞}

)

≤ P
(
{ω; τ1 = ∞}

)
+ P

(
{ω; τ2 = ∞}

)
.

Since
P
(
{ω; τi = ∞}

)
= 1− P

(
{ω; τi < ∞}

)
= 0, i = 1, 2,

it follows that P
(
{ω; τ1 ∨ τ2 = ∞}

)
= 0 and hence P

(
{ω; τ1 ∨ τ2 < ∞}

)
= 1. Then

τ1 ∨ τ2 is a stopping time.

2. The event {ω; τ1 ∧ τ2 ≤ t} ∈ Ft if and only if {ω; τ1 ∧ τ2 > t} ∈ Ft.

{ω; τ1 ∧ τ2 > t} = {ω; τ1 > t} ∩ {ω; τ2 > t} ∈ Ft,

since {ω; τ1 > t} ∈ Ft and {ω; τ2 > t} ∈ Ft (the σ-algebra Ft is closed to complements).
The fact that τ1 ∧ τ2 < ∞ almost surely has a similar proof.

3. We note that τ1 + τ2 ≤ t if there is a c ∈ (0, t) such that

τ1 ≤ c, τ2 ≤ t− c.

Using that the rational numbers are dense in R, we can write

{ω; τ1 + τ2 ≤ t} =
⋃

0<c<t,c∈Q

(
{ω; τ1 ≤ c} ∩ {ω; τ2 ≤ t− c}

)
∈ Ft,

since
{ω; τ1 ≤ c} ∈ Fc ⊂ Ft, {ω; τ2 ≤ t− c} ∈ Ft−c ⊂ Ft.

Writing
{ω; τ1 + τ2 = ∞} = {ω; τ1 = ∞} ∪ {ω; τ2 = ∞}

yields

P
(
{ω; τ1 + τ2 = ∞}

)
≤ P

(
{ω; τ1 = ∞}

)
+ P

(
{ω; τ2 = ∞}

)
= 0,
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Hence P
(
{ω; τ1 + τ2 < ∞}

)
= 1. It follows that τ1 + τ2 is a stopping time.

A filtration Ft is called right-continuous if Ft =

∞⋂

n=1

Ft+ 1
n
, for t > 0. This means

that the information available at time t is a good approximation for any future in-
finitesimal information Ft+ǫ; or, equivalently, nothing more can be learned by peeking
infinitesimally far into the future.

Exercise 3.1.6 (a) Let Ft = σ{Ws; s ≤ t}, where Wt is a Brownian motion. Show
that Ft is right-continuous.

(b) Let Nt = σ{Ns; s ≤ t}, where Nt is a Poisson motion. Is Nt right-continuous?

Proposition 3.1.7 Let Ft be right-continuous and (τn)n≥1 be a sequence of bounded
stopping times.

(a) Then supn τ and inf τn are stopping times.

(b) If the sequence (τn)n≥1 converges to τ , τ 6= 0, then τ is a stopping time.

Proof: (a) The fact that τ̄n is a stopping time follows from

{ω; τ̄n ≤ t} ⊂
⋂

n≥1

{ω; τn ≤ t} ∈ Ft,

and from the boundedness, which implies P (τn < ∞) = 1.
In order to show that τn is a stopping time we shall proceed as in the following.

Using that Ft is right-continuous and closed to complements, it suffices to show that
{ω; τn ≥ t} ∈ Ft. This follows from

{ω; τn ≥ t} =
⋂

n≥1

{ω; τn > t} ∈ Ft.

(b) Let lim
n→∞

τn = τ . Then there is an increasing (or decreasing) subsequence τnk of

stopping times that tends to τ , so sup τnk = τ (or inf τnk = τ). Since τnk are stopping
times, by part (a), it follows that τ is a stopping time.

The condition that τn is bounded is significant, since if take τn = n as stopping
times, then supn τn = ∞ with probability 1, which does not satisfy the stopping time
definition.

Exercise 3.1.8 Let τ be a stopping time.

(a) Let c ≥ 1 be a constant. Show that cτ is a stopping time.

(b) Let f : [0,∞) → R be a continuous, increasing function satisfying f(t) ≥ t.
Prove that f(τ) is a stopping time.

(c) Show that eτ is a stopping time.
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Exercise 3.1.9 Let τ be a stopping time and c > 0 a constant. Prove that τ + c is a
stopping time.

Exercise 3.1.10 Let a be a constant and define τ = inf{t ≥ 0;Wt = a}. Is τ a
stopping time?

Exercise 3.1.11 Let τ be a stopping time. Consider the following sequence τn =
(m + 1)2−n if m2−n ≤ τ < (m + 1)2−n (stop at the first time of the form k2−n after
τ). Prove that τn is a stopping time.

3.2 Stopping Theorem for Martingales

The next result states that in a fair game, the expected final fortune of a gambler, who
is using a stopping time to quit the game, is the same as the expected initial fortune.
From the financially point of view, the theorem says that if you buy an asset at some
initial time and adopt a strategy of deciding when to sell it, then the expected price at
the selling time is the initial price; so one cannot make money by buying and selling an
asset whose price is a martingale. Fortunately, the price of a stock is not a martingale,
and people can still expect to make money buying and selling stocks.

If (Mt)t≥0 is an Ft-martingale, then taking the expectation in

E[Mt|Fs] = Ms, ∀s < t

and using Example 1.11.2 yields

E[Mt] = E[Ms], ∀s < t.

In particular, E[Mt] = E[M0], for any t > 0. The next result states necessary conditions
under which this identity holds if t is replaced by any stopping time τ .

Theorem 3.2.1 (Optional Stopping Theorem) Let (Mt)t≥0 be a right continuous
Ft-martingale and τ be a stopping time with respect to Ft. If either one of the following
conditions holds:

1. τ is bounded, i.e. ∃N < ∞ such that τ ≤ N ;

2. ∃c > 0 such that E[|Mt|] ≤ c, ∀t > 0,
then E[Mτ ] = E[M0]. If Mt is an Ft-submartingale, then E[Mτ ] ≥ E[M0].

Proof: We shall sketch the proof for the first case only. Taking the expectation in
relation

Mτ = Mτ∧t + (Mτ −Mt)1{τ>t},

see Exercise 3.2.3, yields

E[Mτ ] = E[Mτ∧t] + E[Mτ1{τ>t}]− E[Mt1{τ>t}].
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SinceMτ∧t is a martingale, see Exercise 3.2.4 (b), then E[Mτ∧t] = E[M0]. The previous
relation becomes

E[Mτ ] = E[M0] + E[Mτ1{τ>t}]− E[Mt1{τ>t}], ∀t > 0.

Taking the limit yields

E[Mτ ] = E[M0] + lim
t→∞

E[Mτ1{τ>t}]− lim
t→∞

E[Mt1{τ>t}]. (3.2.1)

We shall show that both limits are equal to zero.
Since |Mτ1{τ>t}| ≤ |Mτ |, ∀t > 0, and Mτ is integrable, see Exercise 3.2.4 (a), by

the dominated convergence theorem we have

lim
t→∞

E[Mτ1{τ>t}] = lim
t→∞

∫

Ω
Mτ1{τ>t} dP =

∫

Ω
lim
t→∞

Mτ1{τ>t} dP = 0.

For the second limit

lim
t→∞

E[Mt1{τ>t}] = lim
t→∞

∫

Ω
Mt1{τ>t} dP = 0,

since for t > N the integrand vanishes. Hence relation (3.2.1) yields E[Mτ ] = E[M0].

It is worth noting that the previous theorem is a special case of the more general
Optional Stopping Theorem of Doob:

Theorem 3.2.2 Let Mt be a right continuous martingale and σ, τ be two bounded
stopping times, with σ ≤ τ . Then Mσ, Mτ are integrable and

E[Mτ |Fσ] = Mσ a.s.

In particular, taking expectations, we have

E[Mτ ] = E[Mσ] a.s.

In the case when Mt is a submartingale then E[Mτ ] ≥ E[Mσ] a.s.

Exercise 3.2.3 Show that

Mτ = Mτ∧t + (Mτ −Mt)1{τ>t},

where

1{τ>t}(ω) =

{
1, τ(ω) > t;
0, τ(ω) ≤ t

is the indicator function of the set {τ > t}.
Exercise 3.2.4 Let Mt be a right continuous martingale and τ be a stopping time.
Show that

(a) Mτ is integrable;

(b) Mτ∧t is a martingale.

Exercise 3.2.5 Show that if let σ = 0 in Theorem 3.2.2 yields Theorem 3.2.1.
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Figure 3.1: The first hitting time Ta given by WTa = a.

3.3 The First Passage of Time

The first passage of time is a particular type of hitting time, which is useful in finance
when studying barrier options and lookback options. For instance, knock-in options
enter into existence when the stock price hits for the first time a certain barrier before
option maturity. A lookback option is priced using the maximum value of the stock
until the present time. The stock price is not a Brownian motion, but it depends on
one. Hence the need for studying the hitting time for the Brownian motion.

The first result deals with the first hitting time for a Brownian motion to reach the
barrier a ∈ R, see Fig.3.1.

Lemma 3.3.1 Let Ta be the first time the Brownian motion Wt hits a. Then the
distribution function of Ta is given by

P (Ta ≤ t) =
2√
2π

∫ ∞

|a|/
√
t
e−y2/2 dy.

Proof: If A and B are two events, then

P (A) = P (A ∩B) + P (A ∩B)

= P (A|B)P (B) + P (A|B)P (B). (3.3.2)

Let a > 0. Using formula (3.3.2) for A = {ω;Wt(ω) ≥ a} and B = {ω;Ta(ω) ≤ t}
yields

P (Wt ≥ a) = P (Wt ≥ a|Ta ≤ t)P (Ta ≤ t)

+P (Wt ≥ a|Ta > t)P (Ta > t) (3.3.3)

If Ta > t, the Brownian motion did not reach the barrier a yet, so we must have Wt < a.
Therefore

P (Wt ≥ a|Ta > t) = 0.
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If Ta ≤ t, then WTa = a. Since the Brownian motion is a Markov process, it starts
fresh at Ta. Due to symmetry of the density function of a normal variable, Wt has
equal chances to go up or go down after the time interval t− Ta. It follows that

P (Wt ≥ a|Ta ≤ t) =
1

2
.

Substituting into (3.3.3) yields

P (Ta ≤ t) = 2P (Wt ≥ a)

=
2√
2πt

∫ ∞

a
e−x2/(2t) dx =

2√
2π

∫ ∞

a/
√
t
e−y2/2 dy.

If a < 0, symmetry implies that the distribution of Ta is the same as that of T−a, so
we get

P (Ta ≤ t) = P (T−a ≤ t) =
2√
2π

∫ ∞

−a/
√
t
e−y2/2 dy.

Remark 3.3.2 The previous proof is based on a more general principle called the Re-
flection Principle: If τ is a stopping time for the Brownian motion Wt, then the Brow-
nian motion reflected at τ is also a Brownian motion.

Theorem 3.3.3 Let a ∈ R be fixed. Then the Brownian motion hits a (in a finite
amount of time) with probability 1.

Proof: The probability that Wt hits a (in a finite amount of time) is

P (Ta < ∞) = lim
t→∞

P (Ta ≤ t) = lim
t→∞

2√
2π

∫ ∞

|a|/
√
t
e−y2/2 dy

=
2√
2π

∫ ∞

0
e−y2/2 dy = 1,

where we used the well known integral
∫ ∞

0
e−y2/2 dy =

1

2

∫ ∞

−∞
e−y2/2 dy =

1

2

√
2π.

The previous result stated that the Brownian motion hits the barrier a almost
surely. The next result shows that the expected time to hit the barrier is infinite.

Proposition 3.3.4 The random variable Ta has a Pearson 5 distribution given by

p(t) =
|a|√
2π

e−
a2

2t t−
3
2 , t > 0.

It has the mean E[Ta] = ∞ and the mode
a2

3
.
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Figure 3.2: The distribution of the first hitting time Ta.

Proof: Differentiating in the formula of distribution function1

FTa(t) = P (Ta ≤ t) =
2√
2π

∫ ∞

a/
√
t
e−y2/2 dy

yields the following probability density function

p(t) =
dFTa(t)

dt
=

a√
2π

e−
a2

2t t−
3
2 , t > 0.

This is a Pearson 5 distribution with parameters α = 1/2 and β = a2/2. The expecta-
tion is

E[Ta] =

∫ ∞

0
tp(t) dt =

a√
2π

∫ ∞

0

1√
t
e−

a2

2t dt.

Using the inequality e−
a2

2t > 1− a2

2t
, t > 0, we have the estimation

E[Ta] >
a√
2π

∫ ∞

0

1√
t
dt− a3

2
√
2π

∫ ∞

0

1

t3/2
dt = ∞, (3.3.4)

since
∫∞
0

1√
t
dt is divergent and

∫∞
0

1
t3/2

dt is convergent.

The mode of Ta is given by

β

α+ 1
=

a2

2(12 + 1)
=

a2

3
.

1One may use Leibnitz’s formula
d

dt

∫ ψ(t)

ϕ(t)

f(u) du = f(ψ(t))ψ′(t)− f(ϕ(t))ϕ′(t).
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Remark 3.3.5 The distribution has a peak at a2/3. Then if we need to pick a small
time interval [t− dt, t+ dt] in which the probability that the Brownian motion hits the
barrier a is maximum, we need to choose t = a2/3.

Remark 3.3.6 Formula (3.3.4) states that the expected waiting time for Wt to reach
the barrier a is infinite. However, the expected waiting time for the Brownian motion
Wt to hit either a or −a is finite, see Exercise 3.3.9.

Corollary 3.3.7 A Brownian motion process returns to the origin in a finite amount
time with probability 1.

Proof: Choose a = 0 and apply Theorem 3.3.3.

Exercise 3.3.8 Try to apply the proof of Lemma 3.3.1 for the following stochastic
processes

(a) Xt = µt+ σWt, with µ, σ > 0 constants;

(b) Xt =

∫ t

0
Ws ds.

Where is the difficulty?

Exercise 3.3.9 Let a > 0 and consider the hitting time

τa = inf{t > 0;Wt = a or Wt = −a} = inf{t > 0; |Wt| = a}.

Prove that E[τa] = a2.

Exercise 3.3.10 (a) Show that the distribution function of the process

Xt = max
s∈[0,t]

Ws

is given by

P (Xt ≤ a) =
2√
2π

∫ a/
√
t

0
e−y2/2 dy.

(b) Show that E[Xt] =
√

2t/π and V ar(Xt) = t
(
1− 2

π

)
.

Exercise 3.3.11 (a) Find the distribution of Yt = |Wt|, t ≥ 0;

(b) Show that E
[
max
0≤t≤T

|Wt|
]
=

√
πT

2
.

The fact that a Brownian motion returns to the origin or hits a barrier almost surely
is a property characteristic to the first dimension only. The next result states that in
larger dimensions this is no longer possible.
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Theorem 3.3.12 Let (a, b) ∈ R2. The 2-dimensional Brownian motion W (t) =(
W1(t),W2(t)

)
(with W1(t) and W2(t) independent) hits the point (a, b) with proba-

bility zero. The same result is valid for any n-dimensional Brownian motion, with
n ≥ 2.

However, if the point (a, b) is replaced by the disk Dǫ(x0) = {x ∈ R2; |x−x0| ≤ ǫ},
there is a difference in the behavior of the Brownian motion from n = 2 to n > 2.

Theorem 3.3.13 The 2-dimensional Brownian motion W (t) =
(
W1(t),W2(t)

)
hits

the disk Dǫ(x0) with probability one.

Theorem 3.3.14 Let n > 2. The n-dimensional Brownian motion W (t) =
(
W1(t), · · ·Wn(t)

)

hits the ball Dǫ(x0) with probability

P =
( |x0|

ǫ

)2−n
< 1.

The previous results can be stated by saying that that Brownian motion is transient
in Rn, for n > 2. If n = 2 the previous probability equals 1. We shall come back with
proofs to the aforementioned results in a later chapter.

Remark 3.3.15 If life spreads according to a Brownian motion, the aforementioned
results explain why life is more extensive on earth rather than in space. The probability
for a form of life to reach a planet of radius R situated at distance d is R

d . Since d is
large the probability is very small, unlike in the plane, where the probability is always
1.

Exercise 3.3.16 Is the one-dimensional Brownian motion transient or recurrent in
R?

3.4 The Arc-sine Laws

In this section we present a few results which provide certain probabilities related with
the behavior of a Brownian motion in terms the arc-sine of a quotient of two time
instances. These results are generally known under the name of law of arc-sines.

The following result will be used in the proof of the first law of Arc-sine.

Proposition 3.4.1 (a) If X : Ω → N is a discrete random variable, then for any
subset A ⊂ Ω, we have

P (A) =
∑

x∈N
P (A|X = x)P (X = x).

(b) If X : Ω → R is a continuous random variable, then

P (A) =

∫
P (A|X = x)dP =

∫
P (A|X = x)fX(x) dx.
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Figure 3.3: The event A(a; t1, t2) in the Law of Arc-sine.

Proof: (a) The sets X−1(x) = {X = x} = {ω;X(ω) = x} form a partition of the
sample space Ω, i.e.:

(i) Ω =
⋃

xX
−1(x);

(ii) X−1(x) ∩X−1(y) = Ø for x 6= y.

Then A =
⋃

x

(
A ∩X−1(x)

)
=
⋃

x

(
A ∩ {X = x}

)
, and hence

P (A) =
∑

x

P
(
A ∩ {X = x}

)

=
∑

x

P (A ∩ {X = x})
P ({X = x}) P ({X = x})

=
∑

x

P (A|X = x)P (X = x).

(b) In the case when X is continuous, the sum is replaced by an integral and the
probability P ({X = x}) by fX(x)dx, where fX is the density function of X.

The zero set of a Brownian motion Wt is defined by {t ≥ 0;Wt = 0}. Since Wt is
continuous, the zero set is closed with no isolated points almost surely. The next result
deals with the probability that the zero set does not intersect the interval (t1, t2).

Theorem 3.4.2 (The law of Arc-sine) The probability that a Brownian motion Wt

does not have any zeros in the interval (t1, t2) is equal to

P (Wt 6= 0, t1 ≤ t ≤ t2) =
2

π
arcsin

√
t1
t2
.

Proof: Let A(a; t1, t2) denote the event that the Brownian motion Wt takes on the
value a between t1 and t2. In particular, A(0; t1, t2) denotes the event that Wt has (at
least) a zero between t1 and t2. Substituting A = A(0; t1, t2) and X = Wt1 into the
formula provided by Proposition 3.4.1
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P (A) =

∫
P (A|X = x)fX (x) dx

yields

P
(
A(0; t1, t2)

)
=

∫
P
(
A(0; t1, t2)|Wt1 = x

)
f
Wt1

(x) dx (3.4.5)

=
1√
2πt1

∫ ∞

−∞
P
(
A(0; t1, t2)|Wt1 = x

)
e
− x2

2t1 dx

Using the properties of Wt with respect to time translation and symmetry we have

P
(
A(0; t1, t2)|Wt1 = x

)
= P

(
A(0; 0, t2 − t1)|W0 = x

)

= P
(
A(−x; 0, t2 − t1)|W0 = 0

)

= P
(
A(|x|; 0, t2 − t1)|W0 = 0

)

= P
(
A(|x|; 0, t2 − t1)

)

= P
(
T|x| ≤ t2 − t1

)
,

the last identity stating that Wt hits |x| before t2 − t1. Using Lemma 3.3.1 yields

P
(
A(0; t1, t2)|Wt1 = x

)
=

2√
2π(t2 − t1)

∫ ∞

|x|
e
− y2

2(t2−t1) dy.

Substituting into (3.4.5) we obtain

P
(
A(0; t1, t2)

)
=

1√
2πt1

∫ ∞

−∞

( 2√
2π(t2 − t1)

∫ ∞

|x|
e
− y2

2(t2−t1) dy
)
e
− x2

2t1 dx

=
1

π
√

t1(t2 − t1)

∫ ∞

0

∫ ∞

|x|
e
− y2

2(t2−t1)
− x2

2t1 dydx.

The above integral can be evaluated to get (see Exercise 3.4.3 )

P
(
A(0; t1, t2)

)
= 1− 2

π
arcsin

√
t1
t2
.

Using P (Wt 6= 0, t1 ≤ t ≤ t2) = 1−P
(
A(0; t1, t2)

)
we obtain the desired result.

Exercise 3.4.3 Use polar coordinates to show

1

π
√

t1(t2 − t1)

∫ ∞

0

∫ ∞

|x|
e
− y2

2(t2−t1)
− x2

2t1 dydx = 1− 2

π
arcsin

√
t1
t2
.

Exercise 3.4.4 Find the probability that a 2-dimensional Brownian motion W (t) =(
W1(t),W2(t)

)
stays in the same quadrant for the time interval t ∈ (t1, t2).
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Exercise 3.4.5 Find the probability that a Brownian motion Wt does not take the
value a in the interval (t1, t2).

Exercise 3.4.6 Let a 6= b. Find the probability that a Brownian motion Wt does not
take any of the values {a, b} in the interval (t1, t2). Formulate and prove a generaliza-
tion.

We provide below without proof a few similar results dealing with arc-sine probabilities.
The first result deals with the amount of time spent by a Brownian motion on the
positive half-axis.

Theorem 3.4.7 (Arc-sine Law of Lévy) Let L+
t =

∫ t
0 sgn

+Ws ds be the amount of
time a Brownian motion Wt is positive during the time interval [0, t]. Then

P (L+
t ≤ τ) =

2

π
arcsin

√
τ

t
.

The next result deals with the Arc-sine law for the last exit time of a Brownian
motion from 0.

Theorem 3.4.8 (Arc-sine Law of exit from 0) Let γt = sup{0 ≤ s ≤ t;Ws = 0}.
Then

P (γt ≤ τ) =
2

π
arcsin

√
τ

t
, 0 ≤ τ ≤ t.

The Arc-sine law for the time the Brownian motion attains its maximum on the
interval [0, t] is given by the next result.

Theorem 3.4.9 (Arc-sine Law of maximum) Let Mt = max
0≤s≤t

Ws and define

θt = sup{0 ≤ s ≤ t;Ws = Mt}.

Then

P (θt ≤ s) =
2

π
arcsin

√
s

t
, 0 ≤ s ≤ t, t > 0.

3.5 More on Hitting Times

In this section we shall deal with results regarding hitting times of Brownian motion
with drift. They will be useful in the sequel when pricing barrier options.

Theorem 3.5.1 Let Xt = µt+Wt denote a Brownian motion with nonzero drift rate
µ, and consider α, β > 0. Then

P (Xt goes up to α before down to − β) =
e2µβ − 1

e2µβ − e−2µα
.
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Proof: Let T = inf{t > 0;Xt = α or Xt = −β} be the first exit time of Xt from the
interval (−β, α), which is a stopping time, see Exercise 3.1.4. The exponential process

Mt = ecWt− c2

2
t, t ≥ 0

is a martingale, see Exercise 2.2.4(c). Then E[Mt] = E[M0] = 1. By the Optional
Stopping Theorem (see Theorem 3.2.1), we get E[MT ] = 1. This can be written as

1 = E[ecWT− 1
2
c2T ] = E[ecXT−(cµ+ 1

2
c2)T ]. (3.5.6)

Choosing c = −2µ yields E[e−2µXT ] = 1. Since the random variable XT takes only the
values α and −β, if let pα = P (XT = α), the previous relation becomes

e−2µαpα + e2µβ(1− pα) = 1.

Solving for pα yields

pα =
e2µβ − 1

e2µβ − e−2µα
. (3.5.7)

Noting that
pα = P (Xt goes up to α before down to − β)

leads to the desired answer.

It is worth noting how the previous formula changes in the case when the drift rate
is zero, i.e. when µ = 0, and Xt = Wt. The previous probability is computed by taking
the limit µ → 0 and using L’Hospital’s rule

lim
µ→0

e2µβ − 1

e2µβ − e−2µα
= lim

µ→0

2βe2µβ

2βe2µβ + 2αe−2µα
=

β

α+ β
.

Hence

P (Wt goes up to α before down to − β) =
β

α+ β
.

Taking the limit β → ∞ we recover the following result

P (Wt hits α) = 1.

If α = β we obtain

P (Wt goes up to α before down to − α) =
1

2
,

which shows that the Brownian motion is equally likely to go up or down an amount
α in a given time interval.

If Tα and Tβ denote the times when the process Xt reaches α and β, respectively,
then the aforementioned probabilities can be written using inequalities. For instance
the first identity becomes

P (Tα ≤ T−β) =
e2µβ − 1

e2µβ − e−2µα
.
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Exercise 3.5.2 Let Xt = µt+Wt denote a Brownian motion with nonzero drift rate
µ, and consider α > 0.

(a) If µ > 0 show that

P (Xt goes up to α) = 1.

(b) If µ < 0 show that
P (Xt goes up to α) = e2µα < 1.

Formula (a) can be written equivalently as

P (sup
t≥0

(Wt + µt) ≥ α) = 1, µ ≥ 0,

while formula (b) becomes

P (sup
t≥0

(Wt + µt) ≥ α) = e2µα, µ < 0,

or

P (sup
t≥0

(Wt − γt) ≥ α) = e−2γα, γ > 0,

which is known as one of the Doob’s inequalities. This can be also described in terms
of stopping times as follows. Define the stopping time τα = inf{t > 0;Wt − γt ≥ α}.
Using

P (τα < ∞) = P
(
sup
t≥0

(Wt − γt) ≥ α
)

yields the identities

P (τα < ∞) = e−2αγ , γ > 0,

P (τα < ∞) = 1, γ ≤ 0.

Exercise 3.5.3 Let Xt = µt+Wt denote a Brownian motion with nonzero drift rate
µ, and consider β > 0. Show that the probability that Xt never hits −β is given by

{
1− e−2µβ , if µ > 0
0, if µ < 0.

Recall that T is the first time when the process Xt hits α or −β.

Exercise 3.5.4 (a) Show that

E[XT ] =
αe2µβ + βe−2µα − α− β

e2µβ − e−2µα
.

(b) Find E[X2
T ];

(c) Compute V ar(XT ).
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The next result deals with the time one has to wait (in expectation) for the process
Xt = µt+Wt to reach either α or −β.

Proposition 3.5.5 The expected value of T is

E[T ] =
αe2µβ + βe−2µα − α− β

µ(e2µβ − e−2µα)
.

Proof: Using that Wt is a martingale, with E[Wt] = E[W0] = 0, applying the Optional
Stopping Theorem, Theorem 3.2.1, yields

0 = E[WT ] = E[XT − µT ] = E[XT ]− µE[T ].

Then by Exercise 3.5.4(a) we get

E[T ] =
E[XT ]

µ
=

αe2µβ + be−2µα − α− β

µ(e2µβ − e−2µα)
.

Exercise 3.5.6 Take the limit µ → 0 in the formula provided by Proposition 3.5.5 to
find the expected time for a Brownian motion to hit either α or −β.

Exercise 3.5.7 Find E[T 2] and V ar(T ).

Exercise 3.5.8 (Wald’s identities) Let T be a finite stopping time for the Brownian
motion Wt. Show that

(a) E[WT ] = 0;

(b) E[W 2
T ] = E[T ].

The previous techniques can be also applied to right continuous martingales. Let
a > 0 and consider the hitting time of the Poisson process of the barrier a

τ = inf{t > 0;Nt ≥ a}.

Proposition 3.5.9 The expected waiting time for Nt to reach the barrier a is E[τ ] = a
λ .

Proof: Since Mt = Nt−λt is a right continuous martingale, by the Optional Stopping
Theorem E[Mτ ] = E[M0] = 0. Then E[Nτ − λτ ] = 0 and hence E[τ ] = 1

λE[Nτ ] =
a
λ .
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3.6 The Inverse Laplace Transform Method

In this section we shall use the Optional Stopping Theorem in conjunction with the
inverse Laplace transform to obtain the probability density for hitting times.

A. The case of standard Brownian motion Let x > 0. The first hitting time
τ = Tx = inf{t > 0;Wt = x} is a stopping time. Since Mt = ecWt− 1

2
c2t, t ≥ 0, is a

martingale, with E[Mt] = E[M0] = 1, by the Optional Stopping Theorem, see Theorem
3.2.1, we have

E[Mτ ] = 1.

This can be written equivalently as E[ecWτ e−
1
2
c2τ ] = 1. Using Wτ = x, we get

E[e−
1
2
c2τ ] = e−cx.

It is worth noting that c > 0. This is implied from the fact that e−
1
2
c2τ < 1 and

τ, x > 0.
Substituting s = 1

2c
2, the previous relation becomes

E[e−sτ ] = e−
√
2sx. (3.6.8)

This relation has a couple of useful applications.

Proposition 3.6.1 The moments of the first hitting time are all infinite E[τn] = ∞,
n ≥ 1.

Proof: The nth moment of τ can be obtained by differentiating and taking s = 0

dn

dsn
E[e−sτ ]∣∣

s=0

= E[(−τ)ne−sτ ]∣∣
s=0

= (−1)nE[τn].

Using (3.6.8) yields

E[τn] = (−1)n
dn

dsn
e−

√
2sx ∣∣

s=0

.

Since by induction we have

dn

dsn
e−

√
2sx = (−1)ne−

√
2sx

n−1∑

k=0

Mk

2rk/2
xn−k

s(n+k)/2
,

with Mk, rk positive integers, it easily follows that E[τn] = ∞.
For instance, in the case n = 1 we have

E[τ ] = − d

ds
e−

√
2sx∣∣

s=0

= lim
s→0+

e−
√
2sx x

2
√
2sx

= +∞.

Another application involves the inverse Laplace transform to get the probability
density. This way we can retrieve the result of Proposition 3.3.4.
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Proposition 3.6.2 The probability density of the hitting time τ is given by

p(t) =
|x|√
2πt3

e−
x2

2t , t > 0. (3.6.9)

Proof: Let x > 0. The expectation

E[e−sτ ] =

∫ ∞

0
e−sτp(τ) dτ = L{p(τ)}(s)

is the Laplace transform of p(τ). Applying the inverse Laplace transform yields

p(τ) = L−1{E[e−sτ ]}(τ) = L−1{e−
√
2sx}(τ)

=
x√
2πτ3

e−
x2

2τ , τ > 0.

In the case x < 0 we obtain

p(τ) =
−x√
2πτ3

e−
x2

2τ , τ > 0,

which leads to (3.6.9).

The computation on the inverse Laplace transform L−1{e−
√
2sx}(τ) is beyound the

goal of this book. The reader can obtain the value of this inverse Laplace transform
using the Mathematica software. However, the more mathematical interested reader
is reffered to consult the method of complex integration in a book on inverse Laplace
transforms.

Another application of formula (3.6.8) is the following inequality.

Proposition 3.6.3 (Chernoff bound) Let τ denote the first hitting time when the
Brownian motion Wt hits the barrier x, x > 0. Then

P (τ ≤ λ) ≤ e−
x2

2λ , ∀λ > 0.

Proof: Let s = −t in the part 2 of Theorem 1.12.10 and use (3.6.8) to get

P (τ ≤ λ) ≤ E[etX ]

eλt
=

E[e−sX ]

e−λs
= eλs−x

√
2s, ∀s > 0.

Then P (τ ≤ λ) ≤ emins>0 f(s), where f(s) = λs − x
√
2s. Since f ′(s) = λ − x√

2s
, then

f(s) reaches its minimum at the critical point s0 =
x2

2λ2 . The minimum value is

min
s>0

f(s) = f(s0) = −x2

2λ
.

Substituting in the previous inequality leads to the required result.
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B. The case of Brownian motion with drift
Consider the Brownian motion with drift Xt = µt+ σWt, with µ, σ > 0. Let

τ = inf{t > 0;Xt = x}

denote the first hitting time of the barrier x, with x > 0. We shall compute the
distribution of the random variable τ and its first two moments.

Applying the Optional Stopping Theorem (Theorem 3.2.1) to the martingale Mt =

ecWt− 1
2
c2t yields

E[Mτ ] = E[M0] = 1.

Using that Wτ = 1
σ (Xτ − µτ) and Xτ = x, the previous relation becomes

E[e−( cµ
σ
+ 1

2
c2)τ ] = e−

c
σ
x. (3.6.10)

Substituting s =
cµ

σ
+

1

2
c2 and completing to a square yields

2s+
µ2

σ2
=
(
c+

µ

σ

)2
.

Solving for c we get the solutions

c = −µ

σ
+

√
2s+

µ2

σ2
, c = −µ

σ
−
√

2s+
µ2

σ2
.

Assume c < 0. Then substituting the second solution into (3.6.10) yields

E[e−sτ ] = e
1
σ2

(µ+
√

2sσ2+µ2)x.

This relation is contradictory since e−sτ < 1 while e
1
σ2

(µ+
√

2sσ+µ2)x > 1, where we used
that s, x, τ > 0. Hence it follows that c > 0. Substituting the first solution into (3.6.10)
leads to

E[e−sτ ] = e
1
σ2

(µ−
√

2sσ2+µ2)x.

We arrived at the following result:

Proposition 3.6.4 Assume µ, x > 0. Let τ be the time the process Xt = µt + σWt

hits x for the first time. Then we have

E[e−sτ ] = e
1
σ2

(µ−
√

2sσ2+µ2)x, s > 0. (3.6.11)

Proposition 3.6.5 Let τ be the time the process Xt = µt + σWt hits x, with x > 0
and µ > 0.

(a) Then the density function of τ is given by

p(τ) =
x

σ
√
2πτ3/2

e−
(x−µτ)2

2τσ2 , τ > 0. (3.6.12)
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(b) The mean and variance of τ are

E[τ ] =
x

µ
, V ar(τ) =

xσ2

µ3
.

Proof: (a) Let p(τ) be the density function of τ . Since

E[e−sτ ] =

∫ ∞

0
e−sτp(τ) dτ = L{p(τ)}(s)

is the Laplace transform of p(τ), applying the inverse Laplace transform yields

p(τ) = L−1{E[e−sτ ]} = L−1{e
1
σ2

(µ−
√

2sσ2+µ2)x}

=
x

σ
√
2πτ3/2

e−
(x−µτ)2

2τσ2 , τ > 0.

It is worth noting that the computation of the previous inverse Laplace transform is
non-elementary; however, it can be easily computed using the Mathematica software.

(b) The moments are obtained by differentiating the moment generating function
and taking the value at s = 0

E[τ ] = − d

ds
E[e−sτ ]∣∣

s=0

= − d

ds
e

1
σ2

(µ−
√

2sσ2+µ2)x∣∣
s=0

=
x√

µ2 + 2sµ
e

1
σ2

(µ−
√

2sσ2+µ2)x∣∣
s=0

=
x

µ
.

E[τ2] = (−1)2
d2

ds2
E[e−sτ ]∣∣

s=0

=
d2

ds2
e

1
σ2

(µ−
√

2sσ2+µ2)x∣∣
s=0

=
x(σ2 + x

√
µ2 + 2sσ2)

(µ2 + 2sσ2)3/2
e

1
σ2

(µ−
√

2sσ2+µ2)x∣∣
s=0

=
xσ2

µ3
+

x2

µ2
.

Hence

V ar(τ) = E[τ2]− E[τ ]2 =
xσ2

µ3
.

It is worth noting that we can arrive at the formula E[τ ] = x
µ in the following heuristic

way. Taking the expectation in the equation µτ + σWτ = x yields µE[τ ] = x, where
we used that E[Wτ ] = 0 for any finite stopping time τ (see Exercise 3.5.8 (a)). Solving
for E[τ ] yields the aforementioned formula.

Even if the computations are more or less similar with the previous result, we shall
treat next the case of the negative barrier in its full length. This is because of its
particular importance in being useful in pricing perpetual American puts.
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Proposition 3.6.6 Assume µ, x > 0. Let τ be the time the process Xt = µt + σWt

hits −x for the first time.

(a) We have

E[e−sτ ] = e
−1
σ2

(µ+
√

2sσ2+µ2)x, s > 0. (3.6.13)

(b) Then the density function of τ is given by

p(τ) =
x

σ
√
2πτ3/2

e−
(x+µτ)2

2τσ2 , τ > 0. (3.6.14)

(c) The mean of τ is

E[τ ] =
x

µ
e−

2µx

σ2 .

Proof: (a) Consider the stopping time τ = inf{t > 0;Xt = −x}. By the Optional

Stopping Theorem (Theorem 3.2.1) applied to the martingale Mt = ecWt− c2

2
t yields

1 = M0 = E[Mτ ] = E
[
ecWτ− c2

2
τ
]
= E

[
e
c
σ
(Xτ−µτ)− c2

2
τ
]

= E
[
e−

c
σ
x− cµ

σ
τ− c2

2
τ
]
= e−

c
σ
xE
[
e−( cµ

σ
+ c2

2
)τ
]
.

Therefore

E
[
e−( cµ

σ
+ c2

2
)τ
]
= e

c
σ
x. (3.6.15)

If let s = cµ
σ + c2

2 , then solving for c yields c = −µ
σ ±

√
2s+ µ2

σ2 , but only the negative

solution works out; this comes from the fact that both terms of the equation (3.6.15)
have to be less than 1. Hence (3.6.15) becomes

E[e−sτ ] = e
−1
σ2

(µ+
√

2sσ2+µ2)x, s > 0.

(b) Relation (3.6.13) can be written equivalently as

L
(
p(τ)

)
= e

−1
σ2

(µ+
√

2sσ2+µ2)x.

Taking the inverse Laplace transform, and using Mathematica software to compute it,
we obtain

p(τ) = L−1
(
e

−1
σ2

(µ+
√

2sσ2+µ2)x
)
(τ) =

x

σ
√
2πτ3/2

e−
(x+µτ)2

2τσ2 , τ > 0.

(c) Differentiating and evaluating at s = 0 we obtain

E[τ ] = − d

ds
E[e−sτ ]∣∣

s=0

= e−
2µ

σ2
x x

σ2

σ2

√
µ2

=
x

µ
e−

2µx

σ2 .
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Exercise 3.6.7 Assume the hypothesis of Proposition 3.6.6 satisfied. Find V ar(τ).

Exercise 3.6.8 Find the modes of distributions (3.6.12) and (3.6.14). What do you
notice?

Exercise 3.6.9 Let Xt = 2t+ 3Wt and Yt = 6t+Wt.

(a) Show that the expected times for Xt and Yt to reach any barrier x > 0 are the
same.

(b) If Xt and Yt model the prices of two stocks, which one would you like to own?

Exercise 3.6.10 Does 4t+ 2Wt hit 9 faster (in expectation) than 5t+ 3Wt hits 14?

Exercise 3.6.11 Let τ be the first time the Brownian motion with drift Xt = µt+Wt

hits x, where µ, x > 0. Prove the inequality

P (τ ≤ λ) ≤ e−
x2+λ2µ2

2λ
+µx, ∀λ > 0.

C. The double barrier case
In the following we shall consider the case of double barrier. Consider the Brownian

motion with drift Xt = µt+Wt, µ > 0. Let α, β > 0 and define the stopping time

T = inf{t > 0;Xt = α or Xt = −β}.

Relation (3.5.6) states

E[ecXT e−(cµ+ 1
2
c2)T ] = 1.

Since the random variables T and XT are independent (why?), we have

E[ecXT ]E[e−(cµ+ 1
2
c2)T ] = 1.

Using E[ecXT ] = ecαpα + e−cβ(1− pα), with pα given by (3.5.7), then

E[e−(cµ+ 1
2
c2)T ] =

1

ecαpα + e−cβ(1− pα)
·

If substitute s = cµ+ 1
2c

2, then

E[e−sT ] =
1

e(−µ+
√

2s+µ2)αpα + e−(−µ+
√

2s+µ2)β(1− pα)
· (3.6.16)

The probability density of the stopping time T is obtained by taking the inverse Laplace
transform of the right side expression

p(T ) = L−1
{ 1

e(−µ+
√

2s+µ2)αpα + e−(−µ+
√

2s+µ2)β(1− pα)

}
(τ),

an expression which is not feasible for having closed form solution. However, expression
(3.6.16) would be useful for computing the price for double barrier derivatives.
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Exercise 3.6.12 Use formula (3.6.16) to find the expectation E[T ].

Exercise 3.6.13 Denote by Mt = Nt − λt the compensated Poisson process and let
c > 0 be a constant.

(a) Show that

Xt = ecMt−λt(ec−c−1)

is an Ft-martingale, with Ft = σ(Nu;u ≤ t).

(b) Let a > 0 and T = inf{t > 0;Mt > a} be the first hitting time of the level a. Use
the Optional Stopping Theorem to show that

E[e−λsT ] = e−ϕ(s)a, s > 0,

where ϕ : [0,∞) → [0,∞) is the inverse function of f(x) = ex − x− 1.

(c) Show that E[T ] = ∞.

(d) Can you use the inverse Laplace transform to find the probability density function
of T?

3.7 Limits of Stochastic Processes

Let (Xt)t≥0 be a stochastic process. We can make sense of the limit expression X =
lim
t→∞

Xt, in a similar way as we did in section 1.13 for sequences of random variables.

We shall rewrite the definitions for the continuous case.

Almost Certain Limit

The process Xt converges almost certainly to X, if for all states of the world ω, except
a set of probability zero, we have

lim
t→∞

Xt(ω) = X(ω).

We shall write ac-lim
t→∞

Xt = X. It is also sometimes called strong convergence.

Mean Square Limit

We say that the process Xt converges to X in the mean square if

lim
t→∞

E[(Xt −X)2] = 0.

In this case we write ms-lim
t→∞

Xt = X.
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Limit in Probability or Stochastic Limit

The stochastic process Xt converges in stochastic limit to X if

lim
t→∞

P
(
ω; |Xt(ω)−X(ω)| > ǫ

)
= 0.

This limit is abbreviated by st-lim
t→∞

Xt = X.

It is worth noting that, like in the case of sequences of random variables, both almost
certain convergence and convergence in mean square imply the stochastic convergence,
which implies the limit in distribution.

Limit in Distribution

We say that Xt converges in distribution to X if for any continuous bounded function
ϕ(x) we have

lim
t→∞

ϕ(Xt) = ϕ(X).

It is worth noting that the stochastic convergence implies the convergence in distribu-
tion.

3.8 Convergence Theorems

The following property is a reformulation of Exercise 1.13.1 in the continuous setup.

Proposition 3.8.1 Consider a stochastic process Xt such that E[Xt] → k, a constant,
and V ar(Xt) → 0 as t → ∞. Then ms-lim

t→∞
Xt = k.

It is worthy to note that the previous statement holds true if the limit to infinity is
replaced by a limit to any other number.

Next we shall provide a few applications.

Application 3.8.2 If α > 1/2, then

ms-lim
t→∞

Wt

tα
= 0.

Proof: Let Xt =
Wt

tα
. Then E[Xt] =

E[Wt]

tα
= 0, and V ar[Xt] =

1

t2α
V ar[Wt] =

t

t2α
=

1

t2α−1
, for any t > 0. Since

1

t2α−1
→ 0 as t → ∞, applying Proposition 3.8.1 yields

ms-lim
t→∞

Wt

tα
= 0.

Corollary 3.8.3 ms-lim
t→∞

Wt

t
= 0.
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Application 3.8.4 Let Zt =
∫ t
0 Ws ds. If β > 3/2, then

ms-lim
t→∞

Zt

tβ
= 0.

Proof: Let Xt =
Zt

tβ
. Then E[Xt] =

E[Zt]

tβ
= 0, and V ar[Xt] =

1

t2β
V ar[Zt] =

t3

3t2β
=

1

3t2β−3
, for any t > 0. Since

1

3t2β−3
→ 0 as t → ∞, applying Proposition 3.8.1 leads to

the desired result.

Application 3.8.5 For any p > 0, c ≥ 1 we have

ms-lim
t→∞

eWt−ct

tp
= 0.

Proof: Consider the process Xt =
eWt−ct

tp
=

eWt

tpect
. Since

E[Xt] =
E[eWt ]

tpect
=

et/2

tpect
=

1

e(c−
1
2
)t

1

tp
→ 0, as t → ∞

V ar[Xt] =
V ar[eWt ]

t2pe2ct
=

e2t − et

t2pe2ct
=

1

t2p

( 1

e2t(c−1)
− 1

et(2c−1)

)
→ 0,

as t → ∞, Proposition 3.8.1 leads to the desired result.

Application 3.8.6 Show that

ms-lim
t→∞

max
0≤s≤t

Ws

t
= 0.

Proof: Let Xt =

max
0≤s≤t

Ws

t
. Since by Exercise 3.3.10

E[ max
0≤s≤t

Ws] = 0

V ar( max
0≤s≤t

Ws) = 2
√
t,

then

E[Xt] = 0

V ar[Xt] =
2
√
t

t2
→ 0, t → ∞.

Apply Proposition 3.8.1 to get the desired result.
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Remark 3.8.7 One of the strongest result regarding limits of Brownian motions is
called the law of iterated logarithms and was first proved by Lamperti:

lim
t→∞

sup
Wt√

2t ln(ln t)
= 1,

almost certainly.

Exercise 3.8.8 Use the law of iterated logarithms to show

lim
t→0+

Wt√
2t ln ln(1/t)

= 1.

Application 3.8.9 We shall show that ac-lim
t→∞

Wt

t
= 0.

From the law of iterated logarithms
Wt√

2t ln(ln t)
< 1 for t large. Then

Wt

t
=

Wt√
2t ln(ln t)

√
2 ln(ln t)√

t
<

√
2 ln(ln t)√

t
.

Let ǫt =

√
2 ln(ln t)√

t
. Then

Wt

t
< ǫt for t large. As an application of the l’Hospital

rule, it is not hard to see that ǫt satisfies the following limits

ǫt → 0, t → ∞
ǫt
√
t → ∞, t → ∞.

In order to show that ac-lim
t→∞

Wt

t
= 0, it suffices to prove

P
(
ω;
∣∣∣Wt(ω)

t

∣∣∣ < ǫt

)
→ 1, t → ∞. (3.8.17)

We have

P
(
ω;
∣∣∣Wt(ω)

t

∣∣∣ < ǫt

)
= P

(
ω;−tǫt < Wt(ω) < tǫt

)
=

∫ tǫt

−tǫt

1√
2πt

e−
u2

2t du

=

∫ ǫt
√
t

−ǫt
√
t

1√
2π

e−
v2

2 dv →
∫ ∞

−∞

1√
2π

e−
v2

2 dv = 1, t → ∞,

where we used ǫt
√
t → ∞, as t → ∞, which proves (3.8.17).

Proposition 3.8.10 Let Xt be a stochastic process. Then

ms-lim
t→∞

Xt = 0 ⇐⇒ ms-lim
t→∞

X2
t = 0.
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Proof: Left as an exercise.

Exercise 3.8.11 Let Xt be a stochastic process. Show that

ms-lim
t→∞

Xt = 0 ⇐⇒ ms-lim
t→∞

|Xt| = 0.

Another convergence result can be obtained if we consider the continuous analog of
Example 1.13.6:

Proposition 3.8.12 Let Xt be a stochastic process such that there is a p > 0 such that
E[|Xt|p] → 0 as t → ∞. Then st-lim

t→∞
Xt = 0.

Application 3.8.13 We shall show that for any α > 1/2

st-lim
t→∞

Wt

tα
= 0.

Proof: Consider the process Xt =
Wt

tα
. By Proposition 3.8.10 it suffices to show

ms-lim
t→∞

X2
t = 0. Since the mean square convergence implies the stochastic convergence,

we get st-lim
t→∞

X2
t = 0. Since

E[|Xt|2] = E[X2
t ] = E

[W 2
t

t2α

]
=

E[W 2
t ]

t2α
=

t

t2α
=

1

t2α−1
→ 0, t → ∞,

then Proposition 3.8.12 yields st-lim
t→∞

Xt = 0.

The following result can be regarded as the L’Hospital’s rule for sequences:

Lemma 3.8.14 (Cesaró-Stoltz) Let xn and yn be two sequences of real numbers,

n ≥ 1. If the limit lim
n→∞

xn+1 − xn
yn+1 − yn

exists and is equal to L, then the following limit

exists

lim
n→∞

xn
yn

= L.

Proof: (Sketch) Assume there are differentiable functions f and g such that f(n) = xn
and g(n) = yn. (How do you construct these functions?) From Cauchy’s theorem2

there is a cn ∈ (n, n+ 1) such that

L = lim
n→∞

xn+1 − xn
yn+1 − yn

= lim
n→∞

f(n+ 1)− f(n)

g(n + 1)− g(n)
= lim

n→∞
f ′(cn)
g′(cn)

.

2This says that if f and g are differentiable on (a, b) and continuous on [a, b], then there is a c ∈ (a, b)

such that
f(a)− f(b)

g(a)− g(b)
=
f ′(c)

g′(c)
.
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Since cn → ∞ as n → ∞, we can also write the aforementioned limit as

lim
t→∞

f ′(t)
g′(t)

= L.

(Here one may argue against this, but we recall the freedom of choice for the functions
f and g such that cn can be any number between n and n+1). By l’Hospital’s rule we
get

lim
t→∞

f(t)

g(t)
= L.

Making t = n yields lim
t→∞

xn
yn

= L.

The next application states that if a sequence is convergent, then the arithmetic
average of its terms is also convergent, and the sequences have the same limit.

Example 3.8.1 Let an be a convergent sequence with lim
n→∞

an = L. Let

An =
a1 + a2 + · · ·+ an

n

be the arithmetic average of the first n terms. Then An is convergent and

lim
n→∞

An = L.

Proof: This is an application of Cesaró-Stoltz lemma. Consider the sequences xn =
a1 + a2 + · · · + an and yn = n. Since

xn+1 − xn
yn+1 − yn

=
(a1 + · · ·+ an+1)− (a1 + · · ·+ an)

(n+ 1)− n
=

an+1

1
,

then

lim
n→∞

xn+1 − xn
yn+1 − yn

= lim
n→∞

an+1 = L.

Applying the Cesaró-Stoltz lemma yields

lim
n→∞

An = lim
n→∞

xn
yn

= L.

Exercise 3.8.15 Let bn be a convergent sequence with lim
n→∞

bn = L. Let

Gn = (b1 · b2 · · · · · bn)1/n

be the geometric average of the first n terms. Show that Gn is convergent and

lim
n→∞

Gn = L.
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The following result extends the Cesaró-Stoltz lemma to sequences of random vari-
ables.

Proposition 3.8.16 Let Xn be a sequence of random variables on the probability space
(Ω,F , P ), such that

ac- lim
n→∞

Xn+1 −Xn

Yn+1 − Yn
= L.

Then

ac- lim
n→∞

Xn

Yn
= L.

Proof: Consider the sets

A = {ω ∈ Ω; lim
n→∞

Xn+1(ω)−Xn(ω)

Yn+1(ω)− Yn(ω)
= L}

B = {ω ∈ Ω; lim
n→∞

Xn(ω)

Yn(ω)
= L}.

Since for any given state of the world ω, the sequences xn = Xn(ω) and yn = Yn(ω)
are numerical sequences, Lemma 3.8.14 yields the inclusion A ⊂ B. This implies
P (A) ≤ P (B). Since P (A) = 1, it follows that P (B) = 1, which leads to the desired
conclusion.

Example 3.8.17 Let Sn denote the price of a stock on day n, and assume that

ac-lim
n→∞

Sn = L.

Then

ac-lim
n→∞

S1 + · · ·+ Sn

n
= L and ac-lim

n→∞
(S1 · · · · · Sn)

1/n = L.

This says that if almost all future simulations of the stock price approach the steady
state limit L, the arithmetic and geometric averages converge to the same limit. The
statement is a consequence of Proposition 3.8.16 and follows a similar proof as Example
3.8.1. Asian options have payoffs depending on these type of averages, as we shall see
in Part II.

3.9 The Martingale Convergence Theorem

We state now, without proof, a result which is a powerful way of proving the almost
certain convergence. We start with the discrete version:

Theorem 3.9.1 Let Xn be a martingale with bounded means

∃M > 0 such that E[|Xn|] ≤ M, ∀n ≥ 1. (3.9.18)

Then there is L < ∞ such that ac- lim
n→∞

Xn = L, i.e.

P
(
ω; lim

n→∞
Xn(ω) = L

)
= 1.
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Since E[|Xn|]2 ≤ E[X2
n], the condition (3.9.18) can be replaced by its stronger version

∃M > 0 such that E[X2
n] ≤ M, ∀n ≥ 1.

The following result deals with the continuous version of the Martingale Conver-

gence Theorem. Denote the infinite knowledge by F∞ = σ
(
∪t Ft

)
.

Theorem 3.9.2 Let Xt be an Ft-martingale such that

∃M > 0 such that E[|Xt|] < M, ∀t > 0.

Then there is an F∞-measurable random variable X∞ such that Xt → X∞ a.c. as
t → ∞.

The next exrcise deals with a process that is a.c-convergent but is not ms-convergent.

Exercise 3.9.3 It is known that Xt = eWt−t/2 is a martingale. Since

E[|Xt|] = E[eWt−t/2] = e−t/2E[eWt ] = e−t/2et/2 = 1,

by the Martingale Convergence Theorem there is a number L such that Xt → L a.c. as
t → ∞.

(a) What is the limit L? How did you make your guess?

(b) Show that

E[|Xt − 1|2] = V ar(Xt) +
(
E(Xt)− 1

)2
.

(c) Show that Xt does not converge in the mean square to 1.

(d) Prove that the sequence Xt is a.c-convergent but it is not ms-convergent.

3.10 The Squeeze Theorem

The following result is the analog of the Squeeze Theorem from usual Calculus.

Theorem 3.10.1 Let Xn, Yn, Zn be sequences of random variables on the probability
space (Ω,F , P ) such that

Xn ≤ Yn ≤ Zn a.s. ∀n ≥ 1.

If Xn and Zn converge to L as n → ∞ almost certainly (or in mean square, or stochastic
or in distribution), then Yn converges to L in a similar mode.

Proof: For any state of the world ω ∈ Ω consider the sequences xn = Xn(ω), yn =
Yn(ω) and zn = Zn(ω) and apply the usual Squeeze Theorem to them.
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Remark 3.10.2 The previous theorem remains valid if n is replaced by a continuous
positive parameter t.

Example 3.10.1 Show that ac-lim
t→∞

Wt sin(Wt)

t
= 0.

Proof: Consider the sequences Xt = 0, Yt =
Wt sin(Wt)

t
and Zt =

Wt

t
. From

Application 3.8.9 we have ac-lim
t→∞

Zt = 0. Applying the Squeeze Theorem we obtain

the desired result.

Exercise 3.10.3 Use the Squeeze Theorem to find the following limits:

(a) ac-lim
t→∞

sin(Wt)

t
;

(b) ac-lim
t→0

t cosWt;

(c) ac- lim
t→−∞

et(sinWt)
2.

3.11 Quadratic Variations

For some stochastic processes the sum of squares of consecutive increments tends in
mean square to a finite number, as the norm of the partition decreases to zero. We
shall encounter in the following a few important examples that will be useful when
dealing with stochastic integrals.

3.11.1 The Quadratic Variation of Wt

The next result states that the quadratic variation of the Brownian motion Wt on the
interval [0, T ] is T . More precisely, we have:

Proposition 3.11.1 Let T > 0 and consider the equidistant partition 0 = t0 < t1 <
· · · tn−1 < tn = T . Then

ms- lim
n→∞

n−1∑

i=0

(Wti+1 −Wti)
2 = T. (3.11.19)

Proof: Consider the random variable

Xn =

n−1∑

i=0

(Wti+1 −Wti)
2.



89

Since the increments of a Brownian motion are independent, Proposition 4.2.1 yields

E[Xn] =

n−1∑

i=0

E[(Wti+1 −Wti)
2] =

n−1∑

i=0

(ti+1 − ti)

= tn − t0 = T ;

V ar(Xn) =

n−1∑

i=0

V ar[(Wti+1 −Wti)
2] =

n−1∑

i=0

2(ti+1 − ti)
2

= n · 2
(T
n

)2
=

2T 2

n
,

where we used that the partition is equidistant. Since Xn satisfies the conditions

E[Xn] = T, ∀n ≥ 1;

V ar[Xn] → 0, n → ∞,

by Proposition 3.8.1 we obtain ms-lim
n→∞

Xn = T , or

ms- lim
n→∞

n−1∑

i=0

(Wti+1 −Wti)
2 = T. (3.11.20)

Exercise 3.11.2 Prove that the quadratic variation of the Brownian motion Wt on
[a, b] is equal to b− a.

The Fundamental Relation dW 2
t = dt

The relation discussed in this section can be regarded as the fundamental relation of
Stochastic Calculus. We shall start by recalling relation (3.11.20)

ms- lim
n→∞

n−1∑

i=0

(Wti+1 −Wti)
2 = T. (3.11.21)

The right side can be regarded as a regular Riemann integral

T =

∫ T

0
dt,

while the left side can be regarded as a stochastic integral with respect to dW 2
t

∫ T

0
(dWt)

2 = ms- lim
n→∞

n−1∑

i=0

(Wti+1 −Wti)
2.
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Substituting into (3.11.21) yields

∫ T

0
(dWt)

2 =

∫ T

0
dt, ∀T > 0.

The differential form of this integral equation is

dW 2
t = dt.

In fact, this expression also holds in the mean square sense, as it can be inferred from
the next exercise.

Exercise 3.11.3 Show that

(a) E[dW 2
t − dt] = 0;

(b) V ar(dW 2
t − dt) = o(dt);

(c) ms-lim
dt→0

(dW 2
t − dt) = 0.

Roughly speaking, the process dW 2
t , which is the square of infinitesimal increments

of a Brownian motion, is totally predictable. This relation plays a central role in
Stochastic Calculus and will be useful when dealing with Ito’s lemma.

The following exercise states that dtdWt = 0, which is another important stochastic
relation useful in Ito’s lemma.

Exercise 3.11.4 Consider the equidistant partition 0 = t0 < t1 < · · · tn−1 < tn = T .
Then

ms- lim
n→∞

n−1∑

i=0

(Wti+1 −Wti)(ti+1 − ti) = 0. (3.11.22)

3.11.2 The Quadratic Variation of Nt − λt

The following result deals with the quadratic variation of the compensated Poisson
process Mt = Nt − λt.

Proposition 3.11.5 Let a < b and consider the partition a = t0 < t1 < · · · < tn−1 <
tn = b. Then

ms– lim
‖∆n‖→0

n−1∑

k=0

(Mtk+1
−Mtk)

2 = Nb −Na, (3.11.23)

where ‖∆n‖ := sup
0≤k≤n−1

(tk+1 − tk).
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Proof: For the sake of simplicity we shall use the following notations:

∆tk = tk+1 − tk, ∆Mk = Mtk+1
−Mtk , ∆Nk = Ntk+1

−Ntk .

The relation we need to prove can also be written as

ms-lim
n→∞

n−1∑

k=0

[
(∆Mk)

2 −∆Nk

]
= 0.

Let
Yk = (∆Mk)

2 −∆Nk = (∆Mk)
2 −∆Mk − λ∆tk.

It suffices to show that

E
[ n−1∑

k=0

Yk

]
= 0, (3.11.24)

lim
n→∞

V ar
[ n−1∑

k=0

Yk

]
= 0. (3.11.25)

The first identity follows from the properties of Poisson processes (see Exercise 2.8.9)

E
[ n−1∑

k=0

Yk

]
=

n−1∑

k=0

E[Yk] =

n−1∑

k=0

E[(∆Mk)
2]− E[∆Nk]

=
n−1∑

k=0

(λ∆tk − λ∆tk) = 0.

For the proof of the identity (3.11.25) we need to find first the variance of Yk.

V ar[Yk] = V ar[(∆Mk)
2 − (∆Mk + λ∆tk)] = V ar[(∆Mk)

2 −∆Mk]

= V ar[(∆Mk)
2] + V ar[∆Mk]− 2Cov[∆M2

k ,∆Mk]

= λ∆tk + 2λ2∆t2k + λ∆tk

−2
[
E[(∆Mk)

3]− E[(∆Mk)
2]E[∆Mk]

]

= 2λ2(∆tk)
2,

where we used Exercise 2.8.9 and the fact that E[∆Mk] = 0. Since Mt is a process
with independent increments, then Cov[Yk, Yj ] = 0 for i 6= j. Then

V ar
[ n−1∑

k=0

Yk

]
=

n−1∑

k=0

V ar[Yk] + 2
∑

k 6=j

Cov[Yk, Yj ] =

n−1∑

k=0

V ar[Yk]

= 2λ2
n−1∑

k=0

(∆tk)
2 ≤ 2λ2‖∆n‖

n−1∑

k=0

∆tk = 2λ2(b− a)‖∆n‖,
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and hence V ar
[ n−1∑

k=0

Yn

]
→ 0 as ‖∆n‖ → 0. According to the Example 1.13.1, we obtain

the desired limit in mean square.

The previous result states that the quadratic variation of the martingaleMt between
a and b is equal to the jump of the Poisson process between a and b.

The Fundamental Relation dM2
t = dNt

Recall relation (3.11.23)

ms- lim
n→∞

n−1∑

k=0

(Mtk+1
−Mtk)

2 = Nb −Na. (3.11.26)

The right side can be regarded as a Riemann-Stieltjes integral

Nb −Na =

∫ b

a
dNt,

while the left side can be regarded as a stochastic integral with respect to (dMt)
2

∫ b

a
(dMt)

2 := ms- lim
n→∞

n−1∑

k=0

(Mtk+1
−Mtk)

2.

Substituting in (3.11.26) yields

∫ b

a
(dMt)

2 =

∫ b

a
dNt,

for any a < b. The equivalent differential form is

(dMt)
2 = dNt. (3.11.27)

The Relations dt dMt = 0, dWt dMt = 0

In order to show that dt dMt = 0 in the mean square sense, we need to prove the limit

ms- lim
n→∞

n−1∑

k=0

(tk+1 − tk)(Mtk+1
−Mtk) = 0. (3.11.28)

This can be thought as a vanishing integral of the increment process dMt with respect
to dt ∫ b

a
dMt dt = 0, ∀a, b ∈ R.
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Denote

Xn =
n−1∑

k=0

(tk+1 − tk)(Mtk+1
−Mtk) =

n−1∑

k=0

∆tk∆Mk.

In order to show (3.11.28) it suffices to prove that

1. E[Xn] = 0;

2. lim
n→∞

V ar[Xn] = 0.

Using the additivity of the expectation and Exercise 2.8.9, (ii)

E[Xn] = E
[ n−1∑

k=0

∆tk∆Mk

]
=

n−1∑

k=0

∆tkE[∆Mk] = 0.

Since the Poisson process Nt has independent increments, the same property holds for
the compensated Poisson process Mt. Then ∆tk∆Mk and ∆tj∆Mj are independent
for k 6= j, and using the properties of variance we have

V ar[Xn] = V ar
[ n−1∑

k=0

∆tk∆Mk

]
=

n−1∑

k=0

(∆tk)
2V ar[∆Mk] = λ

n−1∑

k=0

(∆tk)
3,

where we used

V ar[∆Mk] = E[(∆Mk)
2]− (E[∆Mk])

2 = λ∆tk,

see Exercise 2.8.9 (ii). If we let ‖∆n‖ = max
k

∆tk, then

V ar[Xn] = λ
n−1∑

k=0

(∆tk)
3 ≤ λ‖∆n‖2

n−1∑

k=0

∆tk = λ(b− a)‖∆n‖2 → 0

as n → ∞. Hence we proved the stochastic differential relation

dt dMt = 0. (3.11.29)

For showing the relation dWt dMt = 0, we need to prove

ms- lim
n→∞

Yn = 0, (3.11.30)

where we have denoted

Yn =

n−1∑

k=0

(Wk+1 −Wk)(Mtk+1
−Mtk) =

n−1∑

k=0

∆Wk∆Mk.
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Since the Brownian motion Wt and the process Mt have independent increments and
∆Wk is independent of ∆Mk, we have

E[Yn] =
n−1∑

k=0

E[∆Wk∆Mk] =
n−1∑

k=0

E[∆Wk]E[∆Mk] = 0,

where we used E[∆Wk] = E[∆Mk] = 0. Using also E[(∆Wk)
2] = ∆tk, E[(∆Mk)

2] =
λ∆tk, and invoking the independence of ∆Wk and ∆Mk, we get

V ar[∆Wk∆Mk] = E[(∆Wk)
2(∆Mk)

2]− (E[∆Wk∆Mk])
2

= E[(∆Wk)
2]E[(∆Mk)

2]− E[∆Wk]
2E[∆Mk]

2

= λ(∆tk)
2.

Then using the independence of the terms in the sum, we get

V ar[Yn] =

n−1∑

k=0

V ar[∆Wk∆Mk] = λ

n−1∑

k=0

(∆tk)
2

≤ λ‖∆n‖
n−1∑

k=0

∆tk = λ(b− a)‖∆n‖ → 0,

as n → ∞. Since Yn is a random variable with mean zero and variance decreasing to
zero, it follows that Yn → 0 in the mean square sense. Hence we proved that

dWt dMt = 0. (3.11.31)

Exercise 3.11.6 Show the following stochastic differential relations:

(a) dt dNt = 0; (b) dWt dNt = 0; (c) dt dWt = 0;

(d) (dNt)
2 = dNt; (e) (dMt)

2 = dNt; (f) (dMt)
4 = dNt.

The relations proved in this section will be useful in the Part II when developing
the stochastic model of a stock price that exhibits jumps modeled by a Poisson process.



Chapter 4

Stochastic Integration

This chapter deals with one of the most useful stochastic integrals, called the Ito inte-
gral. This type of integral was introduced in 1944 by the Japanese mathematician K.
Ito, and was originally motivated by a construction of diffusion processes.

4.1 Nonanticipating Processes

Consider the Brownian motion Wt. A process Ft is called a nonanticipating process
if Ft is independent of any future increment Wt′ − Wt for any t and t′ with t < t′.
Consequently, the process Ft is independent of the behavior of the Brownian motion
in the future, i.e. it cannot anticipate the future. For instance, Wt, e

Wt , W 2
t −Wt + t

are examples of nonanticipating processes, while Wt+1 or 1
2 (Wt+1 −Wt)

2 are not.
Nonanticipating processes are important because the Ito integral concept applies

only to them.
If Ft denotes the information known until time t, where this information is generated

by the Brownian motion {Ws; s ≤ t}, then any Ft-adapted process Ft is nonanticipat-
ing.

4.2 Increments of Brownian Motions

In this section we shall discuss a few basic properties of the increments of a Brownian
motion, which will be useful when computing stochastic integrals.

Proposition 4.2.1 Let Wt be a Brownian motion. If s < t, we have

1. E[(Wt −Ws)
2] = t− s.

2. V ar[(Wt −Ws)
2] = 2(t− s)2.

Proof: 1. Using that Wt −Ws ∼ N(0, t− s), we have

E[(Wt −Ws)
2] = E[(Wt −Ws)

2]− (E[Wt −Ws])
2 = V ar(Wt −Ws) = t− s.

95
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2. Dividing by the standard deviation yields the standard normal random variable
Wt −Ws√

t− s
∼ N(0, 1). Its square,

(Wt −Ws)
2

t− s
is χ2-distributed with 1 degree of free-

dom.1 Its mean is 1 and its variance is 2. This implies

E
[(Wt −Ws)

2

t− s

]
= 1 =⇒ E[(Wt −Ws)

2] = t− s;

V ar
[(Wt −Ws)

2

t− s

]
= 2 =⇒ V ar[(Wt −Ws)

2] = 2(t− s)2.

Remark 4.2.2 The infinitesimal version of the previous result is obtained by replacing
t− s with dt

1. E[dW 2
t ] = dt;

2. V ar[dW 2
t ] = 2dt2.

We shall see in an upcoming section that in fact dW 2
t and dt are equal in a mean square

sense.

Exercise 4.2.3 Show that

(a) E[(Wt −Ws)
4] = 3(t− s)2;

(b) E[(Wt −Ws)
6] = 15(t− s)3.

4.3 The Ito Integral

The Ito integral is defined in a way that is similar to the Riemann integral. The
Ito integral is taken with respect to infinitesimal increments of a Brownian motion,
dWt, which are random variables, while the Riemann integral considers integration
with respect to the predictable infinitesimal changes dt. It is worth noting that the Ito
integral is a random variable, while the Riemann integral is just a real number. Despite
this fact, there are several common properties and relations between these two types
of integrals.

Consider 0 ≤ a < b and let Ft = f(Wt, t) be a nonanticipating process with

E
[ ∫ b

a
F 2
t dt

]
< ∞. (4.3.1)

The role of the previous condition will be made more clear when we shall discuss
about the martingale property of a the Ito integral. Divide the interval [a, b] into n
subintervals using the partition points

a = t0 < t1 < · · · < tn−1 < tn = b,

1A χ2-distributed random variable with n degrees of freedom has mean n and variance 2n.
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and consider the partial sums

Sn =
n−1∑

i=0

Fti(Wti+1 −Wti).

We emphasize that the intermediate points are the left endpoints of each interval, and
this is the way they should be always chosen. Since the process Ft is nonanticipative,
the random variables Fti and Wti+1 −Wti are independent; this is an important feature
in the definition of the Ito integral.

The Ito integral is the limit of the partial sums Sn

ms-lim
n→∞

Sn =

∫ b

a
Ft dWt,

provided the limit exists. It can be shown that the choice of partition does not influence
the value of the Ito integral. This is the reason why, for practical purposes, it suffices
to assume the intervals equidistant, i.e.

ti+1 − ti =
(b− a)

n
, i = 0, 1, · · · , n− 1.

The previous convergence is in the mean square sense, i.e.

lim
n→∞

E
[(

Sn −
∫ b

a
Ft dWt

)2]
= 0.

Existence of the Ito integral

It is known that the Ito stochastic integral

∫ b

a
Ft dWt exists if the process Ft = f(Wt, t)

satisfies the following properties:

1. The paths t → Ft(ω) are continuous on [a, b] for any state of the world ω ∈ Ω;
2. The process Ft is nonanticipating for t ∈ [a, b];

3. E
[ ∫ b

a
F 2
t dt

]
< ∞.

For instance, the following stochastic integrals exist:

∫ T

0
W 2

t dWt,

∫ T

0
sin(Wt) dWt,

∫ b

a

cos(Wt)

t
dWt.

4.4 Examples of Ito integrals

As in the case of the Riemann integral, using the definition is not an efficient way of
computing integrals. The same philosophy applies to Ito integrals. We shall compute
in the following two simple Ito integrals. In later sections we shall introduce more
efficient methods for computing Ito integrals.
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4.4.1 The case Ft = c, constant

In this case the partial sums can be computed explicitly

Sn =

n−1∑

i=0

Fti(Wti+1 −Wti) =

n−1∑

i=0

c(Wti+1 −Wti)

= c(Wb −Wa),

and since the answer does not depend on n, we have

∫ b

a
c dWt = c(Wb −Wa).

In particular, taking c = 1, a = 0, and b = T , since the Brownian motion starts at 0,
we have the following formula:

∫ T

0
dWt = WT .

4.4.2 The case Ft = Wt

We shall integrate the process Wt between 0 and T . Considering an equidistant parti-

tion, we take tk =
kT

n
, k = 0, 1, · · · , n− 1. The partial sums are given by

Sn =
n−1∑

i=0

Wti(Wti+1 −Wti).

Since

xy =
1

2
[(x+ y)2 − x2 − y2],

letting x = Wti and y = Wti+1 −Wti yields

Wti(Wti+1 −Wti) =
1

2
W 2

ti+1
− 1

2
W 2

ti −
1

2
(Wti+1 −Wti)

2.

Then after pair cancelations the sum becomes

Sn =
1

2

n−1∑

i=0

W 2
ti+1

− 1

2

n−1∑

i=0

W 2
ti −

1

2

n−1∑

i=0

(Wti+1 −Wti)
2

=
1

2
W 2

tn −
1

2

n−1∑

i=0

(Wti+1 −Wti)
2.

Using tn = T , we get

Sn =
1

2
W 2

T − 1

2

n−1∑

i=0

(Wti+1 −Wti)
2.
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Since the first term on the right side is independent of n, using Proposition 3.11.1, we
have

ms- lim
n→∞

Sn =
1

2
W 2

T −ms- lim
n→∞

1

2

n−1∑

i=0

(Wti+1 −Wti)
2 (4.4.2)

=
1

2
W 2

T − 1

2
T. (4.4.3)

We have now obtained the following explicit formula of a stochastic integral:

∫ T

0
Wt dWt =

1

2
W 2

T − 1

2
T.

In a similar way one can obtain

∫ b

a
Wt dWt =

1

2
(W 2

b −W 2
a )−

1

2
(b− a).

It is worth noting that the right side contains random variables depending on the limits
of integration a and b.

Exercise 4.4.1 Show the following identities:

(a) E[
∫ T
0 dWt] = 0;

(b) E[
∫ T
0 WtdWt] = 0;

(c) V ar[

∫ T

0
WtdWt] =

T 2

2
.

4.5 Properties of the Ito Integral

We shall start with some properties which are similar with those of the Riemannian
integral.

Proposition 4.5.1 Let f(Wt, t), g(Wt, t) be nonanticipating processes and c ∈ R.
Then we have

1. Additivity:
∫ T

0
[f(Wt, t) + g(Wt, t)] dWt =

∫ T

0
f(Wt, t) dWt +

∫ T

0
g(Wt, t) dWt.

2. Homogeneity: ∫ T

0
cf(Wt, t) dWt = c

∫ T

0
f(Wt, t) dWt.

3. Partition property:
∫ T

0
f(Wt, t) dWt =

∫ u

0
f(Wt, t) dWt +

∫ T

u
f(Wt, t) dWt, ∀0 < u < T.
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Proof: 1. Consider the partial sum sequences

Xn =

n−1∑

i=0

f(Wti , ti)(Wti+1 −Wti)

Yn =

n−1∑

i=0

g(Wti , ti)(Wti+1 −Wti).

Since ms-lim
n→∞

Xn =

∫ T

0
f(Wt, t) dWt and ms-lim

n→∞
Yn =

∫ T

0
g(Wt, t) dWt, using Propo-

sition 1.14.2 yields

∫ T

0

(
f(Wt, t) + g(Wt, t)

)
dWt

= ms-lim
n→∞

n−1∑

i=0

(
f(Wti , ti) + g(Wti , ti)

)
(Wti+1 −Wti)

= ms-lim
n→∞

[ n−1∑

i=0

(
f(Wti , ti)(Wti+1 −Wti) +

n−1∑

i=0

g(Wti , ti)(Wti+1 −Wti)
]

= ms-lim
n→∞

(Xn + Yn) = ms-lim
n→∞

Xn +ms-lim
n→∞

Yn

=

∫ T

0
f(Wt, t) dWt +

∫ T

0
g(Wt, t) dWt.

The proofs of parts 2 and 3 are left as an exercise for the reader.

Some other properties, such as monotonicity, do not hold in general. It is possible
to have a nonnegative random variable Ft for which the random variable

∫ T
0 Ft dWt has

negative values. More precisely, let Ft = 1. Then Ft > 0 but
∫ T
0 1 dWt = WT it is not

always positive. The probability to be negative is P (WT < 0) = 1/2.

Some of the random variable properties of the Ito integral are given by the following
result:

Proposition 4.5.2 We have
1. Zero mean:

E
[ ∫ b

a
f(Wt, t) dWt

]
= 0.

2. Isometry:

E
[( ∫ b

a
f(Wt, t) dWt

)2]
= E

[ ∫ b

a
f(Wt, t)

2 dt
]
.

3. Covariance:

E
[(∫ b

a
f(Wt, t) dWt

)( ∫ b

a
g(Wt, t) dWt

)]
= E

[ ∫ b

a
f(Wt, t)g(Wt, t) dt

]
.
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We shall discuss the previous properties giving rough reasons why they hold true.
The detailed proofs are beyond the goal of this book.

1. The Ito integral I =
∫ b
a f(Wt, t) dWt is the mean square limit of the partial sums

Sn =
∑n−1

i=0 fti(Wti+1 − Wti), where we denoted fti = f(Wti , ti). Since f(Wt, t) is a
nonanticipative process, then fti is independent of the increments Wti+1 − Wti , and
hence we have

E[Sn] = E
[ n−1∑

i=0

fti(Wti+1 −Wti)
]
=

n−1∑

i=0

E[fti(Wti+1 −Wti)]

=

n−1∑

i=0

E[fti ]E[(Wti+1 −Wti)] = 0,

because the increments have mean zero. Applying the Squeeze Theorem in the double
inequality

0 ≤
(
E[Sn − I]

)2
≤ E[(Sn − I)2] → 0, n → ∞

yields E[Sn]− E[I] → 0. Since E[Sn] = 0 it follows that E[I] = 0, i.e. the Ito integral
has zero mean.

2. Since the square of the sum of partial sums can be written as

S2
n =

( n−1∑

i=0

fti(Wti+1 −Wti)
)2

=
n−1∑

i=0

f2
ti(Wti+1 −Wti)

2 + 2
∑

i 6=j

fti(Wti+1 −Wti)ftj (Wtj+1 −Wtj ),

using the independence yields

E[S2
n] =

n−1∑

i=0

E[f2
ti ]E[(Wti+1 −Wti)

2]

+2
∑

i 6=j

E[fti ]E[(Wti+1 −Wti)]E[ftj ]E[(Wtj+1 −Wtj )]

=

n−1∑

i=0

E[f2
ti ](ti+1 − ti),

which are the Riemann sums of the integral

∫ b

a
E[f2

t ] dt = E
[ ∫ b

a
f2
t dt

]
, where the last

identity follows from Fubini’s theorem. Hence E[S2
n] converges to the aforementioned

integral.
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3. Consider the partial sums

Sn =
n−1∑

i=0

fti(Wti+1 −Wti), Vn =
n−1∑

j=0

gtj (Wtj+1 −Wtj ).

Their product is

SnVn =
( n−1∑

i=0

fti(Wti+1 −Wti)
)( n−1∑

j=0

gtj (Wtj+1 −Wtj )
)

=
n−1∑

i=0

ftigti(Wti+1 −Wti)
2 +

n−1∑

i 6=j

ftigtj (Wti+1 −Wti)(Wtj+1 −Wtj )

Using that ft and gt are nonanticipative and that

E[(Wti+1 −Wti)(Wtj+1 −Wtj )] = E[Wti+1 −Wti ]E[Wtj+1 −Wtj ] = 0, i 6= j

E[(Wti+1 −Wti)
2] = ti+1 − ti,

it follows that

E[SnVn] =
n−1∑

i=0

E[ftigti ]E[(Wti+1 −Wti)
2]

=
n−1∑

i=0

E[ftigti ](ti+1 − ti),

which is the Riemann sum for the integral
∫ b
a E[ftgt] dt.

From 1 and 2 it follows that the random variable
∫ b
a f(Wt, t) dWt has mean zero

and variance

V ar
[ ∫ b

a
f(Wt, t) dWt

]
= E

[ ∫ b

a
f(Wt, t)

2 dt
]
.

From 1 and 3 it follows that

Cov
[ ∫ b

a
f(Wt, t) dWt,

∫ b

a
g(Wt, t) dWt

]
=

∫ b

a
E[f(Wt, t)g(Wt, t)] dt.

Corollary 4.5.3 (Cauchy’s integral inequality) Let ft = f(Wt, t) and gt = g(Wt, t).
Then ( ∫ b

a
E[ftgt] dt

)2
≤
( ∫ b

a
E[f2

t ] dt
)( ∫ b

a
E[g2t ] dt

)
.
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Proof: It follows from the previous theorem and from the correlation formula |Corr(X,Y )| =
|Cov(X,Y )|

[V ar(X)V ar(Y )]1/2
≤ 1.

Let Ft be the information set at time t. This implies that fti and Wti+1 −Wti are

known at time t, for any ti+1 ≤ t. It follows that the partial sum Sn =

n−1∑

i=0

fti(Wti+1 −

Wti) is Ft-predictable. The following result, whose proof is omited for technical reasons,
states that this is also valid after taking the limit in the mean square:

Proposition 4.5.4 The Ito integral
∫ t
0 fs dWs is Ft-predictable.

The following two results state that if the upper limit of an Ito integral is replaced
by the parameter t we obtain a continuous martingale.

Proposition 4.5.5 For any s < t we have

E
[ ∫ t

0
f(Wu, u) dWu|Fs

]
=

∫ s

0
f(Wu, u) dWu.

Proof: Using part 3 of Proposition 4.5.2 we get

E
[ ∫ t

0
f(Wu, u) dWu|Fs

]

= E
[ ∫ s

0
f(Wu, u) dWu +

∫ t

s
f(Wu, u) dWu|Fs

]

= E
[ ∫ s

0
f(Wu, u) dWu|Fs

]
+ E

[ ∫ t

s
f(Wu, u) dWu|Fs

]
. (4.5.4)

Since
∫ s
0 f(Wu, u) dWu is Fs-predictable (see Proposition 4.5.4), by part 2 of Proposition

1.11.4

E
[ ∫ s

0
f(Wu, u) dWu|Fs

]
=

∫ s

0
f(Wu, u) dWu.

Since
∫ t
s f(Wu, u) dWu contains only information between s and t, it is independent of

the information set Fs, so we can drop the condition in the expectation; using that Ito
integrals have zero mean we obtain

E
[ ∫ t

s
f(Wu, u) dWu|Fs

]
= E

[ ∫ t

s
f(Wu, u) dWu

]
= 0.

Substituting into (4.5.4) yields the desired result.

Proposition 4.5.6 Consider the process Xt =
∫ t
0 f(Ws, s) dWs. Then Xt is continu-

ous, i.e. for almost any state of the world ω ∈ Ω, the path t → Xt(ω) is continuous.
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Proof: A rigorous proof is beyond the purpose of this book. We shall provide a rough
sketch. Assume the process f(Wt, t) satisfies E[f(Wt, t)

2] < M , for some M > 0. Let
t0 be fixed and consider h > 0. Consider the increment Yh = Xt0+h −Xt0 . Using the
aforementioned properties of the Ito integral we have

E[Yh] = E[Xt0+h −Xt0 ] = E
[ ∫ t0+h

t0

f(Wt, t) dWt

]
= 0

E[Y 2
h ] = E

[(∫ t0+h

t0

f(Wt, t) dWt

)2]
=

∫ t0+h

t0

E[f(Wt, t)
2] dt

< M

∫ t0+h

t0

dt = Mh.

The process Yh has zero mean for any h > 0 and its variance tends to 0 as h → 0.
Using a convergence theorem yields that Yh tends to 0 in mean square, as h → 0. This
is equivalent with the continuity of Xt at t0.

Proposition 4.5.7 Let Xt =
∫ t
0 f(Ws, s) dWs, with E

[ ∫∞
0 f2(s,Ws) ds

]
< ∞. Then

Xt is a continuous Ft-martingale.

Proof: We shall check in the following the properties of a martingale.
Integrability: Using properties of Ito integrals

E[X2
t ] = E

[( ∫ t

0
f(Ws, s) dWs

)2]
= E

[ ∫ t

0
f2(Ws, s) ds

]
< E

[ ∫ ∞

0
f2(Ws, s) ds

]
< ∞,

and then from the inequality E[|Xt|]2 ≤ E[X2
t ] we obtain E[|Xt|] < ∞, for all t ≥ 0.

Predictability: Xt is Ft-predictable from Proposition 4.5.4.
Forecast: E[Xt|Fs] = Xs for s < t by Proposition 4.5.5.
Continuity: See Proposition 4.5.6.

4.6 The Wiener Integral

The Wiener integral is a particular case of the Ito stochastic integral. It is obtained by
replacing the nonanticipating stochastic process f(Wt, t) by the deterministic function

f(t). The Wiener integral
∫ b
a f(t) dWt is the mean square limit of the partial sums

Sn =

n−1∑

i=0

f(ti)(Wti+1 −Wti).

All properties of Ito integrals also hold for Wiener integrals. The Wiener integral is a
random variable with zero mean

E
[ ∫ b

a
f(t) dWt

]
= 0
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and variance

E
[(∫ b

a
f(t) dWt

)2]
=

∫ b

a
f(t)2 dt.

However, in the case of Wiener integrals we can say something about their distribution.

Proposition 4.6.1 The Wiener integral I(f) =
∫ b
a f(t) dWt is a normal random vari-

able with mean 0 and variance

V ar[I(f)] =

∫ b

a
f(t)2 dt := ‖f‖2L2 .

Proof: Since incrementsWti+1−Wti are normally distributed with mean 0 and variance
ti+1 − ti, then

f(ti)(Wti+1 −Wti) ∼ N(0, f(ti)
2(ti+1 − ti)).

Since these random variables are independent, by the Central Limit Theorem (see
Theorem 2.3.1), their sum is also normally distributed, with

Sn =
n−1∑

i=0

f(ti)(Wti+1 −Wti) ∼ N
(
0,

n−1∑

i=0

f(ti)
2(ti+1 − ti)

)
.

Taking n → ∞ and max
i

‖ti+1 − ti‖ → 0, the normal distribution tends to

N
(
0,

∫ b

a
f(t)2 dt

)
.

The previous convergence holds in distribution, and it still needs to be shown in the
mean square. However, we shall omit this essential proof detail.

Exercise 4.6.2 Show that the random variable X =
∫ T
1

1√
t
dWt is normally distributed

with mean 0 and variance lnT .

Exercise 4.6.3 Let Y =
∫ T
1

√
t dWt. Show that Y is normally distributed with mean

0 and variance (T 2 − 1)/2.

Exercise 4.6.4 Find the distribution of the integral
∫ t
0 e

t−s dWs.

Exercise 4.6.5 Show that Xt =
∫ t
0 (2t−u) dWu and Yt =

∫ t
0 (3t−4u) dWu are Gaussian

processes with mean 0 and variance 7
3t

3.

Exercise 4.6.6 Show that ms- lim
t→0

1

t

∫ t

0
u dWu = 0.

Exercise 4.6.7 Find all constants a, b such that Xt =
∫ t
0

(
a + bu

t

)
dWu is normally

distributed with variance t.
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Exercise 4.6.8 Let n be a positive integer. Prove that

Cov
(
Wt,

∫ t

0
un dWu

)
=

tn+1

n+ 1
.

Formulate and prove a more general result.

4.7 Poisson Integration

In this section we deal with the integration with respect to the compensated Poisson
process Mt = Nt−λt, which is a martingale. Consider 0 ≤ a < b and let Ft = F (t,Mt)

be a nonanticipating process with

E
[ ∫ b

a
F 2
t dt

]
< ∞.

Consider the partition

a = t0 < t1 < · · · < tn−1 < tn = b

of the interval [a, b], and associate the partial sums

Sn =

n−1∑

i=0

Fti−(Mti+1 −Mti),

where Fti− is the left-hand limit at ti−. For predictability reasons, the intermediate
points are the left-handed limit to the endpoints of each interval. Since the process Ft

is nonanticipative, the random variables Fti− and Mti+1 −Mti are independent.

The integral of Ft− with respect to Mt is the mean square limit of the partial sum
Sn

ms-lim
n→∞

Sn =

∫ T

0
Ft− dMt,

provided the limit exists. More precisely, this convergence means that

lim
n→∞

E
[(

Sn −
∫ b

a
Ft− dMt

)2]
= 0.

Exercise 4.7.1 Let c be a constant. Show that

∫ b

a
c dMt = c(Mb −Ma).
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4.8 An Work Out Example: the case Ft = Mt

We shall integrate the process Mt− between 0 and T with respect to Mt. Consider the

equidistant partition points tk =
kT

n
, k = 0, 1, · · · , n − 1. Then the partial sums are

given by

Sn =
n−1∑

i=0

Mti−(Mti+1 −Mti).

Using xy =
1

2
[(x+ y)2 − x2 − y2], by letting x = Mti− and y = Mti+1 −Mti , we get

Mti−(Mti+1 −Mti) =
1

2
(Mti+1 −Mti +Mti−)

2 − 1

2
M2

ti− − 1

2
(Mti+1 −Mti)

2.

Let J be the set of jump instances between 0 and T . Using that Mti = Mti− for ti /∈ J ,
and Mti = 1 +Mti− for ti ∈ J yields

Mti+1 −Mti +Mti− =

{
Mti+1 , if ti /∈ J
Mti+1 − 1, if ti ∈ J.

Splitting the sum, canceling in pairs, and applying the difference of squares formula we
have

Sn =
1

2

n−1∑

i=0

(Mti+1 −Mti +Mti−)
2 − 1

2

n−1∑

i=0

M2
ti− − 1

2

n−1∑

i=0

(Mti+1 −Mti)
2

=
1

2

∑

ti∈J
(Mti+1 − 1)2 +

1

2

∑

ti /∈J
M2

ti+1
− 1

2

∑

ti /∈J
M2

ti −
1

2

∑

ti∈J
M2

ti− − 1

2

n−1∑

i=0

(Mti+1 −Mti)
2

=
1

2

∑

ti∈J

(
(Mti+1 − 1)2 −M2

ti−

)
+

1

2
M2

tn − 1

2

n−1∑

i=0

(Mti+1 −Mti)
2

=
1

2

∑

ti∈J
(Mti+1 − 1−Mti−︸ ︷︷ ︸

=0

)(Mti+1 − 1 +Mti−) +
1

2
M2

tn −
1

2

n−1∑

i=0

(Mti+1 −Mti)
2

=
1

2
M2

tn −
1

2

n−1∑

i=0

(Mti+1 −Mti)
2.

Hence we have arrived at the following formula

∫ T

0
Mt− dMt =

1

2
M2

T − 1

2
NT .

Similarly, one can obtain

∫ b

a
Mt− dMt =

1

2
(M2

b −M2
a )−

1

2
(Nb −Na).
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Exercise 4.8.1 (a) Show that E
[ ∫ b

a
Mt− dMt

]
= 0,

(b) Find V ar
[ ∫ b

a
Mt dMt

]
.

Remark 4.8.2 (a) Let ω be a fixed state of the world and assume the sample path
t → Nt(ω) has a jump in the interval (a, b). Even if beyound the scope of this book,
one can be shown that the integral

∫ b

a
Nt(ω) dNt

does not exist in the Riemann-Stieltjes sense.

(b) Let Nt− denote the left-hand limit of Nt. It can be shown that Nt− is predictable,
while Nt is not.

The previous remarks provide the reason why in the following we shall work with

Mt− instead of Mt: the integral

∫ b

a
Mt dNt might not exist, while

∫ b

a
Mt− dNt does

exist.

Exercise 4.8.3 Show that

∫ T

0
Nt− dMt =

1

2
(N2

t −Nt)− λ

∫ t

0
Nt dt.

Exercise 4.8.4 Find the variance of

∫ T

0
Nt− dMt.

The following integrals with respect to a Poisson process Nt are considered in the
Riemann-Stieltjes sense.

Proposition 4.8.5 For any continuous function f we have

(a) E
[ ∫ t

0
f(s) dNs

]
= λ

∫ t

0
f(s) ds;

(b) E
[(∫ t

0
f(s) dNs

)2]
= λ

∫ t

0
f(s)2 ds+ λ2

( ∫ t

0
f(s) ds

)2
;

(c) E
[
e
∫ t
0
f(s) dNs

]
= eλ

∫ t
0
(ef(s)−1) ds.

Proof: (a) Consider the equidistant partition 0 = s0 < s1 < · · · < sn = t, with
sk+1 − sk = ∆s. Then
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E
[ ∫ t

0
f(s) dNs

]
= lim

n→∞
E
[ n−1∑

i=0

f(si)(Nsi+1 −Nsi)
]
= lim

n→∞

n−1∑

i=0

f(si)E
[
Nsi+1 −Nsi

]

= λ lim
n→∞

n−1∑

i=0

f(si)(si+1 − si) = λ

∫ t

0
f(s) ds.

(b) Using that Nt is stationary and has independent increments, we have respectively

E[(Nsi+1 −Nsi)
2] = E[N2

si+1−si ] = λ(si+1 − si) + λ2(si+1 − si)
2

= λ∆s+ λ2(∆s)2,

E[(Nsi+1 −Nsi)(Nsj+1 −Nsj )] = E[(Nsi+1 −Nsi)]E[(Nsj+1 −Nsj)]

= λ(si+1 − si)λ(sj+1 − sj) = λ2(∆s)2.

Applying the expectation to the formula

( n−1∑

i=0

f(si)(Nsi+1 −Nsi)
)2

=

n−1∑

i=0

f(si)
2(Nsi+1 −Nsi)

2

+2
∑

i 6=j

f(si)f(sj)(Nsi+1 −Nsi)(Nsj+1 −Nsj)

yields

E
[( n−1∑

i=0

f(si)(Nsi+1 −Nsi)
)2]

=

n−1∑

i=0

f(si)
2(λ∆s+ λ2(∆s)2) + 2

∑

i 6=j

f(si)f(sj)λ
2(∆s)2

= λ

n−1∑

i=0

f(si)
2∆s+ λ2

[ n−1∑

i=0

f(si)
2(∆s)2 + 2

∑

i 6=j

f(si)f(sj)(∆s)2
]

= λ
n−1∑

i=0

f(si)
2∆s+ λ2

( n−1∑

i=0

f(si)∆s
)2

→ λ

∫ t

0
f(s)2 ds+ λ2

( ∫ t

0
f(s) ds

)2
, as n → ∞.

(c) Using that Nt is stationary with independent increments and has the moment
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generating function E[ekNt ] = eλ(e
k−1)t, we have

E
[
e
∫ t
0 f(s) dNs

]
= lim

n→∞
E
[
e
∑n−1
i=0 f(si)(Nsi+1−Nsi )

]
= lim

n→∞
E
[ n−1∏

i=0

ef(si)(Nsi+1−Nsi)
]

= lim
n→∞

n−1∏

i=0

E
[
ef(si)(Nsi+1−Nsi )

]
= lim

n→∞

n−1∏

i=0

E
[
ef(si)(Nsi+1−si

)
]

= lim
n→∞

n−1∏

i=0

eλ(e
f(si)−1)(si+1−si) = lim

n→∞
eλ

∑n−1
i=0 (ef(si)−1)(si+1−si)

= eλ
∫ t
0
(ef(s)−1) ds.

Since f is continuous, the Poisson integral

∫ t

0
f(s) dNs can be computed in terms

of the waiting times Sk ∫ t

0
f(s) dNs =

Nt∑

k=1

f(Sk).

This formula can be used to give a proof for the previous result. For instance, taking
the expectation and using conditions over Nt = n, yields

E
[ ∫ t

0
f(s) dNs

]
= E

[ Nt∑

k=1

f(Sk)
]
=
∑

n≥0

E
[ n∑

k=1

f(Sk)|Nt = n
]
P (Nt = n)

=
∑

n≥0

n

t

∫ t

0
f(x) dx

(λt)n

n!
e−λt = e−λt

∫ t

0
f(x) dx

1

t

∑

n≥0

(λt)n

(n− 1)!

= e−λt

∫ t

0
f(x) dxλeλt = λ

∫ t

0
f(x) dx.

Exercise 4.8.6 Solve parts (b) and (c) of Proposition 4.8.5 using a similar idea with
the one presented above.

Exercise 4.8.7 Show that

E
[(∫ t

0
f(s) dMs

)2]
= λ

∫ t

0
f(s)2 ds,

where Mt = Nt − λt is the compensated Poisson process.

Exercise 4.8.8 Prove that

V ar
(∫ t

0
f(s) dNs

)
= λ

∫ t

0
f(s)2 dNs.
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Exercise 4.8.9 Find

E
[
e
∫ t
0 f(s) dMs

]
.

Proposition 4.8.10 Let Ft = σ(Ns; 0 ≤ s ≤ t). Then for any constant c, the process

Mt = ecNt+λ(1−ec)t, t ≥ 0

is an Ft-martingale.

Proof: Let s < t. Since Nt −Ns is independent of Fs and Nt is stationary, we have

E[ec(Nt−Ns)|Fs] = E[ec(Nt−Ns)] = E[ecNt−s ]

= eλ(e
c−1)(t−s).

On the other side, taking out the predictable part yields

E[ec(Nt−Ns)|Fs] = e−cNsE[ecNt |Fs].

Equating the last two relations we arrive at

E[ecNt+(1−ec)t|Fs] = ecNs+λ(1−ec)s,

which is equivalent with the martingale condition E[Mt|Fs] = Ms.

We shall present an application of the previous result. Consider the waiting time
until the nth jump, Sn = inf{t > 0;Nt = n}, which is a stopping time, and the filtration
Ft = σ(Ns; 0 ≤ s ≤ t). Since

Mt = ecNt+λ(1−ec)t

is an Ft-martingale, by the Optional Stopping Theorem (Theorem 3.2.1) we have
E[MSn ] = E[M0] = 1, which is equivalent with E[eλ(1−ec)Sn ] = e−cn. Substituting
s = −λ(1− ec), then c = ln(1+ s

λ). Since s, λ > 0, then c > 0. The previous expression
becomes

E[e−sSn ] = e−n ln(1+ s
λ
) =

( λ

λ+ s

)x
.

Since the expectation on the left side is the Laplace transform of the probability density
of Sn, then

p(Sn) = L−1{E[e−sSn ]} = L−1
{( λ

λ+ s

)x}

=
e−tλtn−1λn

Γ(n)
,

which shows that Sn has a gamma distribution.
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4.9 The distribution function of XT =
∫ T

0 g(t) dNt

In this section we consider the function g(t) continuous. Let S1 < S2 < · · · < SNt

denote the waiting times until time t. Since the increments dNt are equal to 1 at Sk

and 0 otherwise, the integral can be written as

XT =

∫ T

0
g(t) dNt = g(S1) + · · ·+ g(SNt).

The distribution function of the random variable XT =
∫ T
0 g(t) dNt can be obtained

conditioning over the Nt

P (XT ≤ u) =
∑

k≥0

P (XT ≤ u|NT = k)P (NT = k)

=
∑

k≥0

P (g(S1) + · · · + g(SNt) ≤ u|NT = k)P (NT = k)

=
∑

k≥0

P (g(S1) + · · · + g(Sk) ≤ u)P (NT = k). (4.9.5)

Considering S1, S2, · · · , Sk independent and uniformly distributed over the interval
[0, T ], we have

P
(
g(S1) + · · ·+ g(Sk) ≤ u

)
=

∫

Dk

1

T k
dx1 · · · dxk =

vol(Dk)

T k
,

where
Dk = {g(x1) + g(x2) + · · ·+ g(xk) ≤ u} ∩ {0 ≤ x1, · · · , xk ≤ T}.

Substituting back in (4.9.5) yields

P (XT ≤ u) =
∑

k≥0

P (g(S1) + · · · + g(Sk) ≤ u)P (NT = k)

=
∑

k≥0

vol(Dk)

T k

λkT k

k!
e−λT = e−λT

∑

k≥0

λkvol(Dk)

k!
. (4.9.6)

In general, the volume of the k-dimensional solid Dk is not obvious easy to obtain.
However, there are simple cases when this can be computed explicitly.

A Particular Case. We shall do an explicit computation of the partition function of
XT =

∫ T
0 s2 dNs. In this case the solid Dk is the intersection between the k-dimensional

ball of radius
√
u centered at the origin and the k-dimensional cube [0, T ]k. There are

three possible shapes for Dk, which depend on the size of
√
u:

(a) if 0 ≤ √
u < T , then Dk is a 1

2k
-part of a k-dimensional sphere;

(b) if T ≤ √
u < T

√
k, then Dk has a complicated shape;
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(c) if T
√
k ≤ √

u, then Dk is the entire k-dimensional cube, and then vol(Dk) = T k.

Since the volume of the k-dimensional ball of radius R is given by
πk/2Rk

Γ(k2 + 1)
, then

the volume of Dk in case (a) becomes

vol(Dk) =
πk/2uk/2

2kΓ(k2 + 1)
.

Substituting in (4.9.6) yields

P (XT ≤ u) = e−λT
∑

k≥0

(λ2πu)k/2

k!Γ(k2 + 1)
, 0 ≤ √

u < T.

It is worth noting that for u → ∞, the inequality T
√
k ≤ √

u is satisfied for all
k ≥ 0; hence relation (4.9.6) yields

lim
u→∞

P (XT ≤ u) = e−λT
∑

k≥0

λkT k

k!
= e−kT ekT = 1.

The computation in case (b) is more complicated and will be omitted.

Exercise 4.9.1 Calculate the expectation E
[ ∫ T

0 eks dNs

]
and the variance V ar

( ∫ T
0 eks dNs

)
.

Exercise 4.9.2 Compute the distribution function of Xt =
∫ T
0 s dNs.
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Chapter 5

Stochastic Differentiation

5.1 Differentiation Rules

Most stochastic processes are not differentiable. For instance, the Brownian motion
process Wt is a continuous process which is nowhere differentiable. Hence, derivatives
like dWt

dt do not make sense in stochastic calculus. The only quantities allowed to be
used are the infinitesimal changes of the process, in our case, dWt.

The infinitesimal change of a process
The change in the process Xt between instances t and t + ∆t is given by ∆Xt =
Xt+∆t −Xt. When ∆t is infinitesimally small, we obtain the infinitesimal change of a
process Xt

dXt = Xt+dt −Xt.

Sometimes it is useful to use the equivalent formula Xt+dt = Xt + dXt.

5.2 Basic Rules

The following rules are the analog of some familiar differentiation rules from elementary
Calculus.

The constant multiple rule
If Xt is a stochastic process and c is a constant, then

d(cXt) = c dXt.

The verification follows from a straightforward application of the infinitesimal change
formula

d(cXt) = cXt+dt − cXt = c(Xt+dt −Xt) = c dXt.
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The sum rule
If Xt and Yt are two stochastic processes, then

d(Xt + Yt) = dXt + dYt.

The verification is as in the following:

d(Xt + Yt) = (Xt+dt + Yt+dt)− (Xt + Yt)

= (Xt+dt −Xt) + (Yt+dt − Yt)

= dXt + dYt.

The difference rule
If Xt and Yt are two stochastic processes, then

d(Xt − Yt) = dXt − dYt.

The proof is similar to the one for the sum rule.

The product rule
If Xt and Yt are two stochastic processes, then

d(XtYt) = Xt dYt + Yt dXt + dXt dYt.

The proof is as follows:

d(Xt Yt) = Xt+dtYt+dt −XtYt

= Xt(Yt+dt − Yt) + Yt(Xt+dt −Xt) + (Xt+dt −Xt)(Yt+dt − Yt)

= Xt dYt + Yt dXt + dXt dYt,

where the second identity is verified by direct computation.

If the process Xt is replaced by the deterministic function f(t), then the aforemen-
tioned formula becomes

d(f(t)Yt) = f(t) dYt + Yt df(t) + df(t) dYt.

Since in most practical cases the process Yt is an Ito diffusion

dYt = a(t,Wt)dt+ b(t,Wt)dWt,

using the relations dt dWt = dt2 = 0, the last term vanishes

df(t) dYt = f ′(t)dtdYt = 0,

and hence
d(f(t)Yt) = f(t) dYt + Yt df(t).
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This relation looks like the usual product rule.

The quotient rule
If Xt and Yt are two stochastic processes, then

d
(Xt

Yt

)
=

YtdXt −XtdYt − dXtdYt

Y 2
t

+
Xt

Y 3
t

(dYt)
2.

The proof follows from Ito’s formula and will be addressed in section 5.3.3.
When the process Yt is replaced by the deterministic function f(t), and Xt is an

Ito diffusion, then the previous formula becomes

d
( Xt

f(t)

)
=

f(t)dXt −Xtdf(t)

f(t)2
.

Example 5.2.1 We shall show that

d(W 2
t ) = 2Wt dWt + dt.

Applying the product rule and the fundamental relation (dWt)
2 = dt, yields

d(W 2
t ) = Wt dWt +Wt dWt + dWt dWt = 2Wt dWt + dt.

Example 5.2.2 Show that

d(W 3
t ) = 3W 2

t dWt + 3Wtdt.

Applying the product rule and the previous exercise yields

d(W 3
t ) = d(Wt ·W 2

t ) = Wtd(W
2
t ) +W 2

t dWt + d(W 2
t ) dWt

= Wt(2Wt dWt + dt) +W 2
t dWt + dWt(2Wt dWt + dt)

= 2W 2
t dWt +Wt dt+W 2

t dWt + 2Wt(dWt)
2 + dt dWt

= 3W 2
t dWt + 3Wt dt,

where we used (dWt)
2 = dt and dt dWt = 0.

Example 5.2.3 Show that d(tWt) = Wt dt+ t dWt.

Using the product rule and dt dWt = 0, we get

d(tWt) = Wt dt+ t dWt + dt dWt

= Wt dt+ t dWt.

Example 5.2.4 Let Zt =
∫ t
0 Wu du be the integrated Brownian motion. Show that

dZt = Wt dt.
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The infinitesimal change of Zt is

dZt = Zt+dt − Zt =

∫ t+dt

t
Ws ds = Wt dt,

since Ws is a continuous function in s.

Example 5.2.5 Let At =
1
tZt =

1
t

∫ t
0 Wu du be the average of the Brownian motion on

the time interval [0, t]. Show that

dAt =
1

t

(
Wt −

1

t
Zt

)
dt.

We have

dAt = d
(1
t

)
Zt +

1

t
dZt + d

(1
t

)
dZt

=
−1

t2
Zt dt+

1

t
Wt dt+

−1

t2
Wt dt2︸︷︷︸

=0

=
1

t

(
Wt −

1

t
Zt

)
dt.

Exercise 5.2.1 Let Gt =
1
t

∫ t
0 e

Wu du be the average of the geometric Brownian motion
on [0, t]. Find dGt.

5.3 Ito’s Formula

Ito’s formula is the analog of the chain rule from elementary Calculus. We shall start
by reviewing a few concepts regarding function approximations.

Let f be a differentiable function of a real variable x. Let x0 be fixed and consider
the changes ∆x = x− x0 and ∆f(x) = f(x) − f(x0). It is known from Calculus that
the following second order Taylor approximation holds

∆f(x) = f ′(x)∆x+
1

2
f ′′(x)(∆x)2 +O(∆x)3.

When x is infinitesimally close to x0, we replace ∆x by the differential dx and obtain

df(x) = f ′(x)dx+
1

2
f ′′(x)(dx)2 +O(dx)3. (5.3.1)

In the elementary Calculus, all terms involving terms of equal or higher order to dx2

are neglected; then the aforementioned formula becomes

df(x) = f ′(x)dx.
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Now, if we consider x = x(t) to be a differentiable function of t, substituting into the
previous formula we obtain the differential form of the well known chain rule

df
(
x(t)

)
= f ′(x(t)

)
dx(t) = f ′(x(t)

)
x′(t) dt.

We shall present a similar formula for the stochastic environment. In this case the
deterministic function x(t) is replaced by a stochastic process Xt. The composition
between the differentiable function f and the process Xt is denoted by Ft = f(Xt).

Neglecting the increment powers higher than or equal to (dXt)
3, the expression

(5.3.1) becomes

dFt = f ′(Xt

)
dXt +

1

2
f ′′(Xt

)(
dXt

)2
. (5.3.2)

In the computation of dXt we may take into the account stochastic relations such as
dW 2

t = dt, or dt dWt = 0.

5.3.1 Ito’s formula for diffusions

The previous formula is a general case of Ito’s formula. However, in most cases the
increments dXt are given by some particular relations. An important case is when the
increment is given by

dXt = a(Wt, t)dt+ b(Wt, t)dWt.

A process Xt satisfying this relation is called an Ito diffusion.

Theorem 5.3.1 (Ito’s formula for diffusions) If Xt is an Ito diffusion, and Ft =
f(Xt), then

dFt =
[
a(Wt, t)f

′(Xt) +
b(Wt, t)

2

2
f ′′(Xt)

]
dt+ b(Wt, t)f

′(Xt) dWt. (5.3.3)

Proof: We shall provide a formal proof. Using relations dW 2
t = dt and dt2 = dWt dt =

0, we have

(dXt)
2 =

(
a(Wt, t)dt+ b(Wt, t)dWt

)2

= a(Wt, t)
2dt2 + 2a(Wt, t)b(Wt, t)dWtdt+ b(Wt, t)

2dW 2
t

= b(Wt, t)
2dt.

Substituting into (5.3.2) yields

dFt = f ′(Xt

)
dXt +

1

2
f ′′(Xt

)(
dXt

)2

= f ′(Xt

)(
a(Wt, t)dt+ b(Wt, t)dWt

)
+

1

2
f ′′(Xt

)
b(Wt, t)

2dt

=
[
a(Wt, t)f

′(Xt) +
b(Wt, t)

2

2
f ′′(Xt)

]
dt+ b(Wt, t)f

′(Xt) dWt.
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In the case Xt = Wt we obtain the following consequence:

Corollary 5.3.2 Let Ft = f(Wt). Then

dFt =
1

2
f ′′(Wt)dt+ f ′(Wt) dWt. (5.3.4)

Particular cases

1. If f(x) = xα, with α constant, then f ′(x) = αxα−1 and f ′′(x) = α(α−1)xα−2. Then
(5.3.4) becomes the following useful formula

d(Wα
t ) =

1

2
α(α− 1)Wα−2

t dt+ αWα−1
t dWt.

A couple of useful cases easily follow:

d(W 2
t ) = 2Wt dWt + dt

d(W 3
t ) = 3W 2

t dWt + 3Wtdt.

2. If f(x) = ekx, with k constant, f ′(x) = kekx, f ′′(x) = k2ekx. Therefore

d(ekWt) = kekWtdWt +
1

2
k2ekWt dt.

In particular, for k = 1, we obtain the increments of a geometric Brownian motion

d(eWt) = eWtdWt +
1

2
eWt dt.

3. If f(x) = sinx, then

d(sinWt) = cosWt dWt −
1

2
sinWt dt.

Exercise 5.3.3 Use the previous rules to find the following increments

(a) d(Wte
Wt)

(b) d(3W 2
t + 2e5Wt)

(c) d(et+W 2
t )

(d) d
(
(t+Wt)

n
)
.

(e) d
(1
t

∫ t

0
Wu du

)

(f) d
( 1

tα

∫ t

0
eWu du

)
, where α is a constant.
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In the case when the function f = f(t, x) is also time dependent, the analog of
(5.3.1) is given by

df(t, x) = ∂tf(t, x)dt+ ∂xf(t, x)dx+
1

2
∂2
xf(t, x)(dx)

2 +O(dx)3 +O(dt)2. (5.3.5)

Substituting x = Xt yields

df(t,Xt) = ∂tf(t,Xt)dt+ ∂xf(t,Xt)dXt +
1

2
∂2
xf(t,Xt)(dXt)

2. (5.3.6)

If Xt is an Ito diffusion we obtain an extra-term in formula (5.3.3)

dFt =
[
∂tf(t,Xt) + a(Wt, t)∂xf(t,Xt) +

b(Wt, t)
2

2
∂2
xf(t,Xt)

]
dt

+b(Wt, t)∂xf(t,Xt) dWt. (5.3.7)

Exercise 5.3.4 Show that

d(tW 2
t ) = (t+W 2

t )dt+ 2tWt dWt.

Exercise 5.3.5 Find the following increments

(a) d(tWt) (c) d(t2 cosWt)
(b) d(etWt) (d) d(sin tW 2

t ).

5.3.2 Ito’s formula for Poisson processes

Consider the process Ft = F (Mt), where Mt = Nt − λt is the compensated Poisson
process. Ito’s formula for the process Ft takes the following integral form. For a proof
the reader can consult Kuo [9].

Proposition 5.3.6 Let F be a twice differentiable function. Then for any a < t we
have

Ft = Fa +

∫ t

a
F ′(Ms−) dMs +

∑

a<s≤t

(
∆F (Ms)− F ′(Ms−)∆Ms

)
,

where ∆Ms = Ms −Ms− and ∆F (Ms) = F (Ms)− F (Ms−).

We shall apply the aforementioned result for the case Ft = F (Mt) = M2
t . We have

M2
t = M2

a + 2

∫ t

a
Ms− dMs +

∑

a<s≤t

(
M2

s −M2
s− − 2Ms−(Ms −Ms−)

)
. (5.3.8)
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Since the jumps in Ns are of size 1, we have (∆Ns)
2 = ∆Ns. Since the difference of the

processes Ms and Ns is continuous, then ∆Ms = ∆Ns. Using these formulas we have

(
M2

s −M2
s− − 2Ms−(Ms −Ms−)

)
= (Ms −Ms−)

(
Ms +Ms− − 2Ms−

)

= (Ms −Ms−)
2 = (∆Ms)

2 = (∆Ns)
2

= ∆Ns = Ns −Ns−.

Since the sum of the jumps between s and t is
∑

a<s≤t∆Ns = Nt−Na, formula (5.3.8)
becomes

M2
t = M2

a + 2

∫ t

a
Ms− dMs +Nt −Na. (5.3.9)

The differential form is

d(M2
t ) = 2Mt− dMt + dNt,

which is equivalent with

d(M2
t ) = (1 + 2Mt−) dMt + λdt,

since dNt = dMt + λdt.

Exercise 5.3.7 Show that

∫ T

0
Mt− dMt =

1

2
(M2

T −NT ).

Exercise 5.3.8 Use Ito’s formula for the Poison process to find the conditional expec-
tation E[M2

t |Fs] for s < t.

5.3.3 Ito’s multidimensional formula

If the process Ft depends on several Ito diffusions, say Ft = f(t,Xt, Yt), then a similar
formula to (5.3.7) leads to

dFt =
∂f

∂t
(t,Xt, Yt)dt+

∂f

∂x
(t,Xt, Yt)dXt +

∂f

∂y
(t,Xt, Yt)dYt

+
1

2

∂2f

∂x2
(t,Xt, Yt)(dXt)

2 +
1

2

∂2f

∂y2
(t,Xt, Yt)(dYt)

2

+
∂2f

∂x∂y
(t,Xt, Yt)dXt dYt.

Particular cases
In the case when Ft = f(Xt, Yt), with Xt = W 1

t , Yt = W 2
t independent Brownian



123

motions, we have

dFt =
∂f

∂x
dW 1

t +
∂f

∂y
dW 2

t +
1

2

∂2f

∂x2
(dW 1

t )
2 +

1

2

∂2f

∂y2
(dW 2

t )
2

+
1

2

∂2f

∂x∂y
dW 1

t dW 2
t

=
∂f

∂x
dW 1

t +
∂f

∂y
dW 2

t +
1

2

(∂2f

∂x2
+

∂2f

∂y2

)
dt

The expression

∆f =
1

2

(∂2f

∂x2
+

∂2f

∂y2

)

is called the Laplacian of f . We can rewrite the previous formula as

dFt =
∂f

∂x
dW 1

t +
∂f

∂y
dW 2

t +∆f dt

A function f with ∆f = 0 is called harmonic. The aforementioned formula in the case
of harmonic functions takes the simple form

dFt =
∂f

∂x
dW 1

t +
∂f

∂y
dW 2

t . (5.3.10)

Exercise 5.3.9 Let W 1
t ,W

2
t be two independent Brownian motions. If the function f

is harmonic, show that Ft = f(W 1
t ,W

2
t ) is a martingale. Is the converse true?

Exercise 5.3.10 Use the previous formulas to find dFt in the following cases

(a) Ft = (W 1
t )

2 + (W 2
t )

2

(b) Ft = ln[(W 1
t )

2 + (W 2
t )

2].

Exercise 5.3.11 Consider the Bessel process Rt =
√

(W 1
t )

2 + (W 2
t )

2, where W 1
t and

W 2
t are two independent Brownian motions. Prove that

dRt =
1

2Rt
dt+

W 1
t

Rt
dW 1

t +
W 2

t

Rt
dW 2

t .

Example 5.3.1 (The product rule) Let Xt and Yt be two processes. Show that

d(XtYt) = YtdXt +XtdYt + dXtdYt.

Consider the function f(x, y) = xy. Since ∂xf = y, ∂yf = x, ∂2
xf = ∂2

yf = 0, ∂x∂y = 1,
then Ito’s multidimensional formula yields

d(XtYt) = d
(
f(X,Yt)

)
= ∂xf dXt + ∂yf dYt

+
1

2
∂2
xf(dXt)

2 +
1

2
∂2
yf(dYt)

2 + ∂x∂yf dXtdYt

= YtdXt +XtdYt + dXtdYt.
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Example 5.3.2 (The quotient rule) Let Xt and Yt be two processes. Show that

d
(Xt

Yt

)
=

YtdXt −XtdYt − dXtdYt

Y 2
t

+
Xt

Y 2
t

(dYt)
2.

Consider the function f(x, y) = x
y . Since ∂xf = 1

y , ∂yf = − x
y2
, ∂2

xf = 0, ∂2
yf = − x

y2
,

∂x∂y = 1
y2
, then applying Ito’s multidimensional formula yields

d
(Xt

Yt

)
= d

(
f(X,Yt)

)
= ∂xf dXt + ∂yf dYt

+
1

2
∂2
xf(dXt)

2 +
1

2
∂2
yf(dYt)

2 + ∂x∂yf dXtdYt

=
1

Yt
dXt −

Xt

Y 2
t

dYt −
1

Y 2
t

dXtdYt

=
YtdXt −XtdYt − dXtdYt

Y 2
t

+
Xt

Y 2
t

(dYt)
2.



Chapter 6

Stochastic Integration Techniques

Computing a stochastic integral starting from the definition of the Ito integral is a
quite inefficient method. Like in the elementary Calculus, several methods can be
developed to compute stochastic integrals. In order to keep the analogy with the
elementary Calculus, we have called them Fundamental Theorem of Stochastic Calculus
and Integration by Parts. The integration by substitution is more complicated in the
stochastic environment and we have considered only a particular case of it, which we
called The method of heat equation.

6.1 Fundamental Theorem of Stochastic Calculus

Consider a process Xt whose increments satisfy the equation dXt = f(t,Wt)dWt. In-
tegrating formally between a and t yields

∫ t

a
dXs =

∫ t

a
f(s,Ws)dWs. (6.1.1)

The integral on the left side can be computed as in the following. If we consider the
partition 0 = t0 < t1 < · · · < tn−1 < tn = t, then

∫ t

a
dXs = ms-lim

n→∞

n−1∑

j=0

(Xtj+1 −Xtj ) = Xt −Xa,

since we canceled the terms in pairs. Substituting into formula (6.1.1) yields Xt =

Xa +

∫ t

a
f(s,Ws)dWs, and hence dXt = d

( ∫ t

a
f(s,Ws)dWs

)
, since Xa is a constant.

Theorem 6.1.1 (The Fundamental Theorem of Stochastic Calculus)

(i) For any a < t, we have

d
( ∫ t

a
f(s,Ws)dWs

)
= f(t,Wt)dWt.
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(ii) If Yt is a stochastic process, such that YtdWt = dFt, then

∫ b

a
Yt dWt = Fb − Fa.

We shall provide a few applications of the aforementioned theorem.

Example 6.1.1 Verify the stochastic formula
∫ t

0
Ws dWs =

W 2
t

2
− t

2
.

Let Xt =
∫ t
0 Ws dWs and Yt =

W 2
t

2
− t

2
. From Ito’s formula

dYt = d
(W 2

t

2

)
− d
( t
2

)
=

1

2
(2Wt dWt + dt)− 1

2
dt = Wt dWt,

and from the Fundamental Theorem of Stochastic Calculus

dXt = d
(∫ t

0
Ws dWs

)
= Wt dWt.

Hence dXt = dYt, or d(Xt − Yt) = 0. Since the process Xt − Yt has zero increments,
then Xt − Yt = c, constant. Taking t = 0, yields

c = X0 − Y0 =

∫ 0

0
Ws dWs −

(W 2
0

2
− 0

2

)
= 0,

and hence c = 0. It follows that Xt = Yt, which verifies the desired relation.

Example 6.1.2 Verify the formula
∫ t

0
sWs dWs =

t

2

(
W 2

t − t

2

)
− 1

2

∫ t

0
W 2

s ds.

Consider the stochastic processes Xt =
∫ t
0 sWs dWs, Yt =

t

2

(
W 2

t − 1
)
, and Zt =

1
2

∫ t
0 W

2
s ds. The Fundamental Theorem yields

dXt = tWt dWt

dZt =
1

2
W 2

t dt.

Applying Ito’s formula, we get

dYt = d
( t
2

(
W 2

t − t

2

))
=

1

2
d(tW 2

t )− d
( t2
4

)

=
1

2

[
(t+W 2

t )dt+ 2tWt dWt

]
− 1

2
tdt

=
1

2
W 2

t dt+ tWt dWt.
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We can easily see that

dXt = dYt − dZt.

This implies d(Xt−Yt+Zt) = 0, i.e. Xt−Yt+Zt = c, constant. SinceX0 = Y0 = Z0 = 0,
it follows that c = 0. This proves the desired relation.

Example 6.1.3 Show that

∫ t

0
(W 2

s − s) dWs =
1

3
W 3

t − tWt.

Consider the function f(t, x) = 1
3x

3 − tx, and let Ft = f(t,Wt). Since ∂tf = −x,
∂xf = x2 − t, and ∂2

xf = 2x, then Ito’s formula provides

dFt = ∂tf dt+ ∂xf dWt +
1

2
∂2
xf (dWt)

2

= −Wtdt+ (W 2
t − t) dWt +

1

2
2Wt dt

= (W 2
t − t)dWt.

From the Fundamental Theorem we get

∫ t

0
(W 2

s − s) dWs =

∫ t

0
dFs = Ft − F0 = Ft =

1

3
W 3

t − tWt.

6.2 Stochastic Integration by Parts

Consider the process Ft = f(t)g(Wt), with f and g differentiable. Using the product
rule yields

dFt = df(t) g(Wt) + f(t) dg(Wt)

= f ′(t)g(Wt)dt+ f(t)
(
g′(Wt)dWt +

1

2
g′′(Wt)dt

)

= f ′(t)g(Wt)dt+
1

2
f(t)g′′(Wt)dt+ f(t)g′(Wt)dWt.

Writing the relation in the integral form, we obtain the first integration by parts for-
mula:

∫ b

a
f(t)g′(Wt) dWt = f(t)g(Wt)

∣∣∣
b

a
−
∫ b

a
f ′(t)g(Wt) dt−

1

2

∫ b

a
f(t)g′′(Wt) dt.

This formula is to be used when integrating a product between a function of t and
a function of the Brownian motion Wt, for which an antiderivative is known. The
following two particular cases are important and useful in applications.
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1. If g(Wt) = Wt, the aforementioned formula takes the simple form

∫ b

a
f(t) dWt = f(t)Wt

∣∣∣
t=b

t=a
−
∫ b

a
f ′(t)Wt dt. (6.2.2)

It is worth noting that the left side is a Wiener integral.

2. If f(t) = 1, then the formula becomes

∫ b

a
g′(Wt) dWt = g(Wt)

∣∣∣
t=b

t=a
− 1

2

∫ b

a
g′′(Wt) dt. (6.2.3)

Application 1 Consider the Wiener integral IT =

∫ T

0
t dWt. From the general theory,

see Proposition 4.6.1, it is known that I is a random variable normally distributed with
mean 0 and variance

V ar[IT ] =

∫ T

0
t2 dt =

T 3

3
.

Recall the definition of integrated Brownian motion

Zt =

∫ t

0
Wu du.

Formula (6.2.2) yields a relationship between I and the integrated Brownian motion

IT =

∫ T

0
t dWt = TWT −

∫ T

0
Wt dt = TWT − ZT ,

and hence IT + ZT = TWT . This relation can be used to compute the covariance
between IT and ZT .

Cov(IT + ZT , IT + ZT ) = V ar[TWT ] ⇐⇒
V ar[IT ] + V ar[ZT ] + 2Cov(IT , ZT ) = T 2V ar[WT ] ⇐⇒

T 3/3 + T 3/3 + 2Cov(IT , ZT ) = T 3 ⇐⇒
Cov(IT , ZT ) = T 3/6,

where we used that V ar[ZT ] = T 3/3. The processes It and Zt are not independent.
Their correlation coefficient is 0.5 as the following calculation shows

Corr(IT , ZT ) =
Cov(IT , ZT )(

V ar[IT ]V ar[ZT ]
)1/2 =

T 3/6

T 3/3

= 1/2.
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Application 2 If we let g(x) = x2

2 in formula (6.2.3), we get

∫ b

a
Wt dWt =

W 2
b −W 2

a

2
− 1

2
(b− a).

It is worth noting that letting a = 0 and b = T , we retrieve a formula that was proved
by direct methods in chapter 2

∫ T

0
Wt dWt =

W 2
T

2
− T

2
.

Similarly, if we let g(x) = x3

3 in (6.2.3) yields

∫ b

a
W 2

t dWt =
W 3

t

3

∣∣∣
b

a
−
∫ b

a
Wt dt.

Application 3
Choosing f(t) = eαt and g(x) = cos x, we shall compute the stochastic integral∫ T
0 eαt cosWt dWt using the formula of integration by parts

∫ T

0
eαt cosWt dWt =

∫ T

0
eαt(sinWt)

′ dWt

= eαt sinWt

∣∣∣
T

0
−
∫ T

0
(eαt)′ sinWt dt−

1

2

∫ T

0
eαt(cosWt)

′′ dt

= eαT sinWT − α

∫ T

0
eαt sinWt dt+

1

2

∫ T

0
eαt sinWt dt

= eαT sinWT −
(
α− 1

2

) ∫ T

0
eαt sinWt dt.

The particular case α = 1
2 leads to the following exact formula of a stochastic integral

∫ T

0
e
t
2 cosWt dWt = e

T
2 sinWT . (6.2.4)

In a similar way, we can obtain an exact formula for the stochastic integral
∫ T
0 eβt sinWt dWt

as follows

∫ T

0
eβt sinWt dWt = −

∫ T

0
eβt(cosWt)

′ dWt

= −eβt cosWt

∣∣∣
T

0
+ β

∫ T

0
eβt cosWt dt−

1

2

∫ T

0
eβt cosWt dt.
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Taking β = 1
2 yields the closed form formula

∫ T

0
e
t
2 sinWt dWt = 1− e

T
2 cosWT . (6.2.5)

A consequence of the last two formulas and of Euler’s formula

eiWt = cosWt + i sinWt,

is ∫ T

0
e
t
2
+iWt dWt = i(1− e

T
2
+iWT ).

The proof details are left to the reader.

A general form of the integration by parts formula
In general, if Xt and Yt are two Ito diffusions, from the product formula

d(XtYt) = XtdYt + YtdXt + dXt dYt.

Integrating between the limits a and b

∫ b

a
d(XtYt) =

∫ b

a
XtdYt +

∫ b

a
YtdXt +

∫ b

a
dXt dYt.

From the Fundamental Theorem

∫ b

a
d(XtYt) = XbYb −XaYa,

so the previous formula takes the following form of integration by parts

∫ b

a
XtdYt = XbYb −XaYa −

∫ b

a
YtdXt −

∫ b

a
dXt dYt.

This formula is of theoretical value. In practice, the term dXt dYt needs to be computed
using the rules W 2

t = dt, and dt dWt = 0.

Exercise 6.2.1 (a) Use integration by parts to get

∫ T

0

1

1 +W 2
t

dWt = tan−1(WT ) +

∫ T

0

Wt

(1 +W 2
t )

2
dt, T > 0.

(b) Show that

E[tan−1(WT )] = −
∫ T

0
E
[ Wt

(1 +W 2
t )

2

]
dt.
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(c) Prove the double inequality

−3
√
3

16
≤ x

(1 + x2)2
≤ 3

√
3

16
, ∀x ∈ R.

(d) Use part (c) to obtain

−3
√
3

16
T ≤

∫ T

0

Wt

(1 +W 2
t )

2
dt ≤ 3

√
3

16
T.

(e) Use part (d) to get

−3
√
3

16
T ≤ E[tan−1(WT )] ≤

3
√
3

16
T.

(f) Does part (e) contradict the inequality

−π

2
< tan−1(WT ) <

π

2
?

Exercise 6.2.2 (a) Show the relation

∫ T

0
eWt dWt = eWT − 1− 1

2

∫ T

0
eWt dt.

(b) Use part (a) to find E[eWt ].

Exercise 6.2.3 (a) Use integration by parts to show

∫ T

0
Wte

Wt dWt = 1 +WT e
WT − eWT − 1

2

∫ T

0
eWt(1 +Wt) dt;

(b) Use part (a) to find E[Wte
Wt];

(c) Show that Cov(Wt, e
Wt) = tet/2;

(d) Prove that Corr(Wt, e
Wt) =

√
t

et − 1
, and compute the limits as t → 0 and t → ∞.

Exercise 6.2.4 (a) Let T > 0. Show the following relation using integration by parts

∫ T

0

2Wt

1 +W 2
t

dWt = ln(1 +W 2
T )−

∫ T

0

1−W 2
t

(1 +W 2
t )

2
dt.

(b) Show that for any real number x the following double inequality holds

−1

8
≤ 1− x2

(1 + x2)2
≤ 1.



132

(c) Use part (b) to show that

−1

8
T ≤

∫ T

0

1−W 2
t

(1 +W 2
t )

2
dt ≤ T.

(d) Use parts (a) and (c) to get

−T

8
≤ E[ln(1 +W 2

T )] ≤ T.

(e) Use Jensen’s inequality to get

E[ln(1 +W 2
T )] ≤ ln(1 + T ).

Does this contradict the upper bound provided in (d)?

6.3 The Heat Equation Method

In elementary Calculus, integration by substitution is the inverse application of the
chain rule. In the stochastic environment, this will be the inverse application of Ito’s
formula. This is difficult to apply in general, but there is a particular case of great
importance.

Let ϕ(t, x) be a solution of the equation

∂tϕ+
1

2
∂2
xϕ = 0. (6.3.6)

This is called the heat equation without sources. The non-homogeneous equation

∂tϕ+
1

2
∂2
xϕ = G(t, x) (6.3.7)

is called heat equation with sources. The function G(t, x) represents the density of heat
sources, while the function ϕ(t, x) is the temperature at point x at time t in a one-
dimensional wire. If the heat source is time independent, then G = G(x), i.e. G is a
function of x only.

Example 6.3.1 Find all solutions of the equation (6.3.6) of type ϕ(t, x) = a(t)+ b(x).

Substituting into equation (6.3.6) yields

1

2
b′′(x) = −a′(t).

Since the left side is a function of x only, while the right side is a function of variable
t, the only where the previous equation is satisfied is when both sides are equal to the
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same constant C. This is called a separation constant. Therefore a(t) and b(x) satisfy
the equations

a′(t) = −C,
1

2
b′′(x) = C.

Integrating yields a(t) = −Ct+C0 and b(x) = Cx2 + C1x+ C2. It follows that

ϕ(t, x) = C(x2 − t) + C1x+ C3,

with C0, C1, C2, C3 arbitrary constants.

Example 6.3.2 Find all solutions of the equation (6.3.6) of the type ϕ(t, x) = a(t)b(x).

Substituting into the equation and dividing by a(t)b(x) yields

a′(t)
a(t)

+
1

2

b′′(x)
b(x)

= 0.

There is a separation constant C such that
a′(t)
a(t)

= −C and
b′′(x)
b(x)

= 2C. There are

three distinct cases to discuss:

1. C = 0. In this case a(t) = a0 and b(x) = b1x+b0, with a0, a1, b0, b1 real constants.
Then

ϕ(t, x) = a(t)b(x) = c1x+ c0, c0, c1 ∈ R

is just a linear function in x.

2. C > 0. Let λ > 0 such that 2C = λ2. Then a′(t) = −λ2

2 a(t) and b′′(x) = λ2b(x),
with solutions

a(t) = a0e
−λ2t/2

b(x) = c1e
λx + c2e

−λx.

The general solution of (6.3.6) is

ϕ(t, x) = e−λ2t/2(c1e
λx + c2e

−λx), c1, c2 ∈ R.

3. C < 0. Let λ > 0 such that 2C = −λ2. Then a′(t) = λ2

2 a(t) and b′′(x) =
−λ2b(x). Solving yields

a(t) = a0e
λ2t/2

b(x) = c1 sin(λx) + c2 cos(λx).

The general solution of (6.3.6) in this case is

ϕ(t, x) = eλ
2t/2
(
c1 sin(λx) + c2 cos(λx)

)
, c1, c2 ∈ R.

In particular, the functions x, x2 − t, ex−t/2, e−x−t/2, et/2 sinx and et/2 cos x, or any
linear combination of them are solutions of the heat equation (6.3.6). However, there
are other solutions which are not of the previous type.
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Exercise 6.3.1 Prove that ϕ(t, x) = 1
3x

3−tx is a solution of the heat equation (6.3.6).

Exercise 6.3.2 Show that ϕ(t, x) = t−1/2e−x2/(2t) is a solution of the heat equation
(6.3.6) for t > 0.

Exercise 6.3.3 Let ϕ = u(λ), with λ =
x

2
√
t
, t > 0. Show that ϕ satisfies the heat

equation (6.3.6) if and only if u′′ + 2λu′ = 0.

Exercise 6.3.4 Let erfc(x) =
2√
π

∫ ∞

x
e−r2 dr. Show that ϕ = erfc(x/(2

√
t)) is a

solution of the equation (6.3.6).

Exercise 6.3.5 (the fundamental solution) Show that ϕ(t, x) = 1√
4πt

e−
x2

4t , t > 0

satisfies the equation (6.3.6).

Sometimes it is useful to generate new solutions for the heat equation from other
solutions. Below we present a few ways to accomplish this:

(i) by linear combination: if ϕ1 and ϕ2 are solutions, then a1ϕ1+a1ϕ2 is a solution,
where a1, a2 constants.

(ii) by translation: if ϕ(t, x) is a solution, then ϕ(t − τ, x− ξ) is a solution, where
(τ, ξ) is a translation vector.

(iii) by affine transforms: if ϕ(t, x) is a solution, then ϕ(λτ, λ2x) is a solution, for
any constant λ.

(iv) by differentiation: if ϕ(t, x) is a solution, then
∂n+m

∂nx∂mt
ϕ(t, x) is a solution.

(v) by convolution: if ϕ(t, x) is a solution, then so are

∫ b

a
ϕ(t, x− ξ)f(ξ) dξ

∫ b

a
ϕ(t− τ, x)g(τ) dt.

For more detail on the subject the reader can consult Widder [17] and Cannon [4].

Theorem 6.3.6 Let ϕ(t, x) be a solution of the heat equation (6.3.6) and denote
f(t, x) = ∂xϕ(t, x). Then

∫ b

a
f(t,Wt) dWt = ϕ(b,Wb)− ϕ(a,Wa).
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Proof: Let Ft = ϕ(t,Wt). Applying Ito’s formula we get

dFt = ∂xϕ(t,Wt) dWt +
(
∂tϕ+

1

2
∂2
xϕ
)
dt.

Since ∂tϕ+ 1
2∂

2
xϕ = 0 and ∂xϕ(t,Wt) = f(t,Wt), we have

dFt = f(t,Wt) dWt.

Applying the Fundamental Theorem yields

∫ b

a
f(t,Wt) dWt =

∫ b

a
dFt = Fb − Fa = ϕ(b,Wb)− ϕ(a,Wa).

Application 6.3.7 Show that

∫ T

0
Wt dWt =

1

2
W 2

T − 1

2
T.

Choose the solution of the heat equation (6.3.6) given by ϕ(t, x) = x2 − t. Then
f(t, x) = ∂xϕ(t, x) = 2x. Theorem 6.3.6 yields

∫ T

0
2Wt dWt =

∫ T

0
f(t,Wt) dWt = ϕ(t, x)

∣∣∣
T

0
= W 2

T − T.

Dividing by 2 leads to the desired result.

Application 6.3.8 Show that

∫ T

0
(W 2

t − t) dWt =
1

3
W 3

T − TWT .

Consider the function ϕ(t, x) = 1
3x

3 − tx, which is a solution of the heat equation
(6.3.6), see Exercise 6.3.1. Then f(t, x) = ∂xϕ(t, x) = x2 − t. Applying Theorem 6.3.6
yields

∫ T

0
(W 2

t − t) dWt =

∫ T

0
f(t,Wt) dWt = ϕ(t,Wt)

∣∣∣
T

0
=

1

3
W 3

T − TWT .

Application 6.3.9 Let λ > 0. Prove the identities

∫ T

0
e−

λ2t
2

±λWt dWt =
1

±λ

(
e−

λ2T
2

±λWT − 1
)
.
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Consider the function ϕ(t, x) = e−
λ2t
2

±λx, which is a solution of the homogeneous heat

equation (6.3.6), see Example 6.3.2. Then f(t, x) = ∂xϕ(t, x) = ±λe−
λ2t
2

±λx. Apply
Theorem 6.3.6 to get

∫ T

0
±λe−

λ2t
2

±λx dWt =

∫ T

0
f(t,Wt) dWt = ϕ(t,Wt)

∣∣∣
T

0
= e−

λ2T
2

±λWT − 1.

Dividing by the constant ±λ ends the proof.

In particular, for λ = 1 the aforementioned formula becomes

∫ T

0
e−

t
2
+Wt dWt = e−

T
2
+WT − 1. (6.3.8)

Application 6.3.10 Let λ > 0. Prove the identity

∫ T

0
e
λ2t
2 cos(λWt) dWt =

1

λ
e
λ2T
2 sin(λWT ).

From the Example 6.3.2 we know that ϕ(t, x) = e
λ2t
2 sin(λx) is a solution of the heat

equation. Applying Theorem 6.3.6 to the function f(t, x) = ∂xϕ(t, x) = λe
λ2t
2 cos(λx),

yields
∫ T

0
λe

λ2t
2 cos(λWt) dWt =

∫ T

0
f(t,Wt) dWt = ϕ(t,Wt)

∣∣∣
T

0

= e
λ2t
2 sin(λWt)

∣∣∣
T

0
= e

λ2T
2 sin(λWT ).

Divide by λ to end the proof.

If we choose λ = 1 we recover a result already familiar to the reader from section
6.2 ∫ T

0
e
t
2 cos(Wt) dWt = e

T
2 sinWT . (6.3.9)

Application 6.3.11 Let λ > 0. Show that

∫ T

0
e
λ2t
2 sin(λWt) dWt =

1

λ

(
1− e

λ2T
2 cos(λWT )

)
.

Choose ϕ(t, x) = e
λ2t
2 cos(λx) to be a solution of the heat equation. Apply Theorem

6.3.6 for the function f(t, x) = ∂xϕ(t, x) = −λe
λ2t
2 sin(λx) to get

∫ T

0
(−λ)e

λ2t
2 sin(λWt) dWt = ϕ(t,Wt)

∣∣∣
T

0

= e
λ2T
2 cos(λWt)

∣∣∣
T

0
= e

λ2T
2 cos(λWT )− 1,
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and then divide by −λ.

Application 6.3.12 Let 0 < a < b. Show that

∫ b

a
t−

3
2Wte

−W2
t

2t dWt = a−
1
2 e−

W2
a

2a − b−
1
2 e−

W2
b

2b . (6.3.10)

From Exercise 6.3.2 we have that ϕ(t, x) = t−1/2e−x2/(2t) is a solution of the homoge-
neous heat equation. Since f(t, x) = ∂xϕ(t, x) = −t−3/2xe−x2/(2t), applying Theorem
6.3.6 yields to the desired result. The reader can easily fill in the details.

Integration techniques will be used when solving stochastic differential equations in
the next chapter.

Exercise 6.3.13 Find the value of the following stochastic integrals

(a)

∫ 1

0
et cos(

√
2Wt) dWt

(b)

∫ 3

0
e2t cos(2Wt) dWt

(c)

∫ 4

0
e−t+

√
2Wt dWt.

Exercise 6.3.14 Let ϕ(t, x) be a solution of the following non-homogeneous heat equa-
tion with time-dependent and uniform heat source G(t)

∂tϕ+
1

2
∂2
xϕ = G(t).

Denote f(t, x) = ∂xϕ(t, x). Show that

∫ b

a
f(t,Wt) dWt = ϕ(b,Wb)− ϕ(a,Wa)−

∫ b

a
G(t) dt.

How does the formula change if the heat source G is constant?

6.4 Table of Usual Stochastic Integrals

Now we present a user-friendly table, which enlists identities that are among the most
important of our standard techniques. This table is far too complicated to be memo-
rized in full. However, the first couple of identities in this table are the most memorable,
and should be remembered.

Let a < b and 0 < T . Then we have:
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1.

∫ b

a
dWt = Wb −Wa;

2.

∫ T

0
Wt dWt =

W 2
T

2
− T

2
;

3.

∫ T

0
(W 2

t − t) dWt =
W 2

T

3
− TWT ;

4.

∫ T

0
t dWt = TWT −

∫ T

0
Wt dt, 0 < T ;

5.

∫ T

0
W 2

t dWt =
W 3

T

3
−
∫ T

0
Wt dt;

6.

∫ T

0
e
t
2 cosWt dWt = e

T
2 sinWT ;

7.

∫ T

0
e
t
2 sinWt dWt = 1− e

T
2 cosWT ;

8.

∫ T

0
e−

t
2
+Wt = e−

T
2
+WT − 1;

9.

∫ T

0
e
λ2t
2 cos(λWt) dWt =

1

λ
e
λ2T
2 sin(λWT );

10.

∫ T

0
e
λ2t
2 sin(λWt) dWt =

1

λ

(
1− e

λ2T
2 cos(λWT )

)
;

11.

∫ T

0
e−

λ2t
2

±λWt dWt =
1

±λ

(
e−

λ2T
2

±λWT − 1
)
;

12.

∫ b

a
t−

3
2Wte

−W2
t

2t dWt = a−
1
2 e−

W2
a

2a − b−
1
2 e−

W2
b

2b ;

13. d
( ∫ t

a
f(s,Ws) dWs

)
= f(t,Wt) dWt;

14.

∫ b

a
Yt dWt = Fb − Fa, if YtdWt = dFt;

15.

∫ b

a
f(t) dWt = f(t)Wt|ba −

∫ b

a
f ′(t)Wt dt;

16.

∫ b

a
g′(Wt) dWt = g(Wt)

∣∣∣
b

a
− 1

2

∫ b

a
g′′(Wt) dt.



Chapter 7

Stochastic Differential Equations

7.1 Definitions and Examples

Let Xt be a continuous stochastic process. If small changes in the process Xt can
be written as a linear combination of small changes in t and small increments of the
Brownian motion Wt, we may write

dXt = a(t,Wt,Xt)dt+ b(t,Wt,Xt) dWt (7.1.1)

and call it a stochastic differential equation. In fact, this differential relation has the
following integral meaning:

Xt = X0 +

∫ t

0
a(s,Ws,Xs) ds +

∫ t

0
b(s,Ws,Xs) dWs, (7.1.2)

where the last integral is taken in the Ito sense. Relation (7.1.2) is taken as the definition
for the stochastic differential equation (7.1.1). However, since it is convenient to use
stochastic differentials informally, we shall approach stochastic differential equations by
analogy with the ordinary differential equations, and try to present the same methods
of solving equations in the new stochastic environment.

The functions a(t,Wt,Xt) and b(t,Wt,Xt) are called drift rate and volatility, re-
spectively. A process Xt is called a (strong) solution for the stochastic equation (7.1.1)
if it satisfies the equation. We shall start with an example.

Example 7.1.1 (The Brownian bridge) Let a, b ∈ R. Show that the process

Xt = a(1− t) + bt+ (1− t)

∫ t

0

1

1− s
dWs, 0 ≤ t < 1

is a solution of the stochastic differential equation

dXt =
b−Xt

1− t
dt+ dWt, 0 ≤ t < 1,X0 = a.

139
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We shall perform a routine verification to show that Xt is a solution. First we compute

the quotient
b−Xt

1− t
:

b−Xt = b− a(1− t)− bt− (1− t)

∫ t

0

1

1− s
dWs

= (b− a)(1− t)− (1− t)

∫ t

0

1

1− s
dWs,

and dividing by 1− t yields

b−Xt

1− t
= b− a−

∫ t

0

1

1− s
dWs. (7.1.3)

Using

d
(∫ t

0

1

1− s
dWs

)
=

1

1− t
dWt,

the product rule yields

dXt = a d(1 − t) + bdt+ d(1 − t)

∫ t

0

1

1− s
dWs + (1− t)d

( ∫ t

0

1

1− s
dWs

)

=
(
b− a−

∫ t

0

1

1− s
dWs

)
dt+ dWt

=
b−Xt

1− t
dt+ dWt,

where the last identity comes from (7.1.3). We just verified that the process Xt is
a solution of the given stochastic equation. The question of how this solution was
obtained in the first place, is the subject of study for the next few sections.

7.2 Finding Mean and Variance from the Equation

For most practical purposes, the most important information one needs to know about
a process is its mean and variance. These can be found directly from the stochastic
equation in some particular cases without solving explicitly the equation. We shall deal
in the present section with this problem.

Taking the expectation in (7.1.2) and using the property of the Ito integral as a
zero mean random variable yields

E[Xt] = X0 +

∫ t

0
E[a(s,Ws,Xs)] ds. (7.2.4)

Applying the Fundamental Theorem of Calculus we obtain

d

dt
E[Xt] = E[a(t,Wt,Xt)].
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We note that Xt is not differentiable, but its expectation E[Xt] is. This equation can
be solved exactly in a few particular cases.

1. If a(t,Wt,Xt) = a(t), then d
dtE[Xt] = a(t) with the exact solution E[Xt] =

X0 +
∫ t
0 a(s) ds.

2. If a(t,Wt,Xt) = α(t)Xt + β(t), with α(t) and β(t) continuous deterministic
function, then

d

dt
E[Xt] = α(t)E[Xt] + β(t),

which is a linear differential equation in E[Xt]. Its solution is given by

E[Xt] = eA(t)
(
X0 +

∫ t

0
e−A(s)β(s) ds

)
, (7.2.5)

where A(t) =
∫ t
0 α(s) ds. It is worth noting that the expectation E[Xt] does not depend

on the volatility term b(t,Wt,Xt).

Exercise 7.2.1 If dXt = (2Xt + e2t)dt+ b(t,Wt,Xt)dWt, then

E[Xt] = e2t(X0 + t).

Proposition 7.2.2 Let Xt be a process satisfying the stochastic equation

dXt = α(t)Xtdt+ b(t)dWt.

Then the mean and variance of Xt are given by

E[Xt] = eA(t)X0

V ar[Xt] = e2A(t)

∫ t

0
e−A(s)b2(s) ds,

where A(t) =
∫ t
0 α(s) ds.

Proof: The expression of E[Xt] follows directly from formula (7.2.5) with β = 0. In
order to compute the second moment we first compute

(dXt)
2 = b2(t) dt;

d(X2
t ) = 2XtdXt + (dXt)

2

= 2Xt

(
α(t)Xtdt+ b(t)dWt

)
+ b2(t)dt

=
(
2α(t)X2

t + b2(t)
)
dt+ 2b(t)XtdWt,

where we used Ito’s formula. If we let Yt = X2
t , the previous equation becomes

dYt =
(
2α(t)Yt + b2(t)

)
dt+ 2b(t)

√
Yt dWt.
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Applying formula (7.2.5) with α(t) replaced by 2α(t) and β(t) by b2(t), yields

E[Yt] = e2A(t)
(
Y0 +

∫ t

0
e−2A(s)b2(s) ds

)
,

which is equivalent with

E[X2
t ] = e2A(t)

(
X2

0 +

∫ t

0
e−2A(s)b2(s) ds

)
.

It follows that the variance is

V ar[Xt] = E[X2
t ]− (E[Xt])

2 = e2A(t)

∫ t

0
e−2A(s)b2(s) ds.

Remark 7.2.3 We note that the previous equation is of linear type. This shall be
solved explicitly in a future section.

The mean and variance for a given stochastic process can be computed by working
out the associated stochastic equation. We shall provide next a few examples.

Example 7.2.1 Find the mean and variance of ekWt, with k constant.

From Ito’s formula

d(ekWt) = kekWtdWt +
1

2
k2ekWtdt,

and integrating yields

ekWt = 1 + k

∫ t

0
ekWs dWs +

1

2
k2
∫ t

0
ekWs ds.

Taking the expectations we have

E[ekWt ] = 1 +
1

2
k2
∫ t

0
E[ekWs ] ds.

If we let f(t) = E[ekWt ], then differentiating the previous relations yields the differential
equation

f ′(t) =
1

2
k2f(t)

with the initial condition f(0) = E[ekW0 ] = 1. The solution is f(t) = ek
2t/2, and hence

E[ekWt ] = ek
2t/2.

The variance is

V ar(ekWt) = E[e2kWt ]− (E[ekWt ])2 = e4k
2t/2 − ek

2t

= ek
2t(ek

2t − 1).
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Example 7.2.2 Find the mean of the process Wte
Wt.

We shall set up a stochastic differential equation for Wte
Wt . Using the product formula

and Ito’s formula yields

d(Wte
Wt) = eWtdWt +Wtd(e

Wt) + dWt d(e
Wt)

= eWtdWt + (Wt + dWt)(e
WtdWt +

1

2
eWtdt)

= (
1

2
Wte

Wt + eWt)dt+ (eWt +Wte
Wt)dWt.

Integrating and using that W0e
W0 = 0 yields

Wte
Wt =

∫ t

0
(
1

2
Wse

Ws + eWs) ds +

∫ t

0
(eWs +Wse

Ws) dWs.

Since the expectation of an Ito integral is zero, we have

E[Wte
Wt ] =

∫ t

0

(1
2
E[Wse

Ws ] + E[eWs ]
)
ds.

Let f(t) = E[Wte
Wt ]. Using E[eWs ] = es/2, the previous integral equation becomes

f(t) =

∫ t

0
(
1

2
f(s) + es/2) ds,

Differentiating yields the following linear differential equation

f ′(t) =
1

2
f(t) + et/2

with the initial condition f(0) = 0. Multiplying by e−t/2 yields the following exact
equation

(e−t/2f(t))′ = 1.

The solution is f(t) = tet/2. Hence we obtained that

E[Wte
Wt ] = tet/2.

Exercise 7.2.4 Find a E[W 2
t e

Wt ]; (b) E[Wte
kWt].

Example 7.2.3 Show that for any integer k ≥ 0 we have

E[W 2k
t ] =

(2k)!

2kk!
tk, E[W 2k+1

t ] = 0.

In particular, E[W 4
t ] = 3t2, E[W 6

t ] = 15t3.



144

From Ito’s formula we have

d(W n
t ) = nW n−1

t dWt +
n(n− 1)

2
W n−2

t dt.

Integrate and get

W n
t = n

∫ t

0
W n−1

s dWs +
n(n− 1)

2

∫ t

0
W n−2

s ds.

Since the expectation of the first integral on the right side is zero, taking the expectation
yields the following recursive relation

E[W n
t ] =

n(n− 1)

2

∫ t

0
E[W n−2

s ] ds.

Using the initial values E[Wt] = 0 and E[W 2
t ] = t, the method of mathematical induc-

tion implies that E[W 2k+1
t ] = 0 and E[W 2k

t ] = (2k)!
2kk!

tk.

Exercise 7.2.5 (a) Is W 4
t − 3t2 an Ft-martingale?

(b) What about W 3
t ?

Example 7.2.4 Find E[sinWt].

From Ito’s formula

d(sinWt) = cosWt dWt −
1

2
sinWt dt,

then integrating yields

sinWt =

∫ t

0
cosWs dWs −

1

2

∫ t

0
sinWs ds.

Taking expectations we arrive at the integral equation

E[sinWt] = −1

2

∫ t

0
E[sinWs] ds.

Let f(t) = E[sinWt]. Differentiating yields the equation f ′(t) = −1
2f(t) with f(0) =

E[sinW0] = 0. The unique solution is f(t) = 0. Hence

E[sinWt] = 0.

Exercise 7.2.6 Let σ be a constant. Show that

(a) E[sin(σWt)] = 0;

(b) E[cos(σWt)] = e−σ2t/2;

(c) E[sin(t+ σWt)] = e−σ2t/2 sin t;

(d) E[cos(t+ σWt)] = e−σ2t/2 cos t;
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Exercise 7.2.7 Use the previous exercise and the definition of expectation to show that

(a)

∫ ∞

−∞
e−x2

cos x dx =
π1/2

e1/4
;

(b)

∫ ∞

−∞
e−x2/2 cos x dx =

√
2π

e
.

Exercise 7.2.8 Using expectations show that

(a)

∫ ∞

−∞
xe−ax2+bx dx =

√
π

a

( b

2a

)
eb

2/(4a);

(b)

∫ ∞

−∞
x2e−ax2+bx dx =

√
π

a

1

2a

(
1 +

b2

2a

)
eb

2/(4a);

(c) Can you apply a similar method to find a close form expression for the integral
∫ ∞

−∞
xne−ax2+bx dx?

Exercise 7.2.9 Using the result given by Example 7.2.3 show that

(a) E[cos(tWt)] = e−t3/2;

(b) E[sin(tWt)] = 0;

(c) E[etWt ] = 0.

For general drift rates we cannot find the mean, but in the case of concave drift
rates we can find an upper bound for the expectation E[Xt]. The following result will
be useful.

Lemma 7.2.10 (Gronwall’s inequality) Let f(t) be a non-negative function satis-
fying the inequality

f(t) ≤ C +M

∫ t

0
f(s) ds

for 0 ≤ t ≤ T , with C,M constants. Then

f(t) ≤ CeMt, 0 ≤ t ≤ T.

Proposition 7.2.11 Let Xt be a continuous stochastic process such that

dXt = a(Xt)dt+ b(t,Wt,Xt) dWt,

with the function a(·) satisfying the following conditions

1. a(x) ≥ 0, for 0 ≤ x ≤ T ;

2. a′′(x) < 0, for 0 ≤ x ≤ T ;

3. a′(0) = M .

Then E[Xt] ≤ X0e
Mt, for 0 ≤ Xt ≤ T .
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Proof: From the mean value theorem there is ξ ∈ (0, x) such that

a(x) = a(x)− a(0) = (x− 0)a′(ξ) ≤ xa′(0) = Mx, (7.2.6)

where we used that a′(x) is a decreasing function. Applying Jensen’s inequality for
concave functions yields

E[a(Xt)] ≤ a(E[Xt]).

Combining with (7.2.6) we obtain E[a(Xt)] ≤ ME[Xt]. Substituting in the identity
(7.2.4) implies

E[Xt] ≤ X0 +M

∫ t

0
E[Xs] ds.

Applying Gronwall’s inequality we obtain E[Xt] ≤ X0e
Mt.

Exercise 7.2.12 State the previous result in the particular case when a(x) = sinx,
with 0 ≤ x ≤ π.

Not in all cases can the mean and the variance be obtained directly from the stochas-
tic equation. In these cases we need more powerful methods that produce closed form
solutions. In the next sections we shall discuss several methods of solving stochastic
differential equation.

7.3 The Integration Technique

We shall start with the simple case when both the drift and the volatility are just
functions of time t.

Proposition 7.3.1 The solution Xt of the stochastic differential equation

dXt = a(t)dt+ b(t)dWt

is Gaussian distributed with mean X0 +
∫ t
0 a(s) ds and variance

∫ t
0 b

2(s) ds.

Proof: Integrating in the equation yields

Xt −X0 =

∫ t

0
dXs =

∫ t

0
a(s) ds +

∫ t

0
b(s) dWs.

Using the property of Wiener integrals,
∫ t
0 b(s) dWs is Gaussian distributed with mean 0

and variance
∫ t
0 b

2(s) ds. Then Xt is Gaussian (as a sum between a predictable function
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and a Gaussian), with

E[Xt] = E[X0 +

∫ t

0
a(s) ds +

∫ t

0
b(s) dWs]

= X0 +

∫ t

0
a(s) ds + E[

∫ t

0
b(s) dWs]

= X0 +

∫ t

0
a(s) ds,

V ar[Xt] = V ar[X0 +

∫ t

0
a(s) ds +

∫ t

0
b(s) dWs]

= V ar
[ ∫ t

0
b(s) dWs

]

=

∫ t

0
b2(s) ds,

which ends the proof.

Exercise 7.3.2 Solve the following stochastic differential equations for t ≥ 0 and de-
termine the mean and the variance of the solution

(a) dXt = cos t dt− sin t dWt, X0 = 1.

(b) dXt = et dt+
√
t dWt, X0 = 0.

(c) dXt =
t

1+t2 dt+ t3/2 dWt, X0 = 1.

If the drift and the volatility depend on both variables t and Wt, the stochastic
differential equation

dXt = a(t,Wt)dt+ b(t,Wt)dWt, t ≥ 0

defines an Ito diffusion. Integrating yields the solution

Xt = X0 +

∫ t

0
a(s,Ws) ds +

∫ t

0
b(s,Ws) dWs.

There are several cases when both integrals can be computed explicitly.

Example 7.3.1 Find the solution of the stochastic differential equation

dXt = dt+Wt dWt, X0 = 1.

Integrate between 0 and t and get

Xt = 1 +

∫ t

0
ds+

∫ t

0
Ws dWs = t+

W 2
t

2
− t

2

=
1

2
(W 2

t + t).
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Example 7.3.2 Solve the stochastic differential equation

dXt = (Wt − 1)dt+W 2
t dWt, X0 = 0.

Let Zt =
∫ t
0 Ws ds denote the integrated Brownian motion process. Integrating the

equation between 0 and t yields

Xt =

∫ s

0
dXs =

∫ t

0
(Ws − 1)ds +

∫ t

0
W 2

s dWs

= Zt − t+
1

3
W 3

t − 1

2
W 2

t − t

2

= Zt +
1

3
W 3

t − 1

2
W 2

t − t

2
.

Example 7.3.3 Solve the stochastic differential equation

dXt = t2dt+ et/2 cosWt dWt, X0 = 0,

and find E[Xt] and V ar(Xt).

Integrating yields

Xt =

∫ t

0
s2 ds+

∫ t

0
es/2 cosWs dWs

=
t3

3
+ et/2 sinWt, (7.3.7)

where we used (6.3.9). Even if the process Xt is not Gaussian, we can still compute its
mean and variance. By Ito’s formula we have

d(sinWt) = cosWt dWt −
1

2
sinWt dt

Integrating between 0 and t yields

sinWt =

∫ t

0
cosWs dWs −

1

2

∫ t

0
sinWs ds,

where we used that sinW0 = sin 0 = 0. Taking the expectation in the previous relation
yields

E[sinWt] = E
[ ∫ t

0
cosWs dWs

]
− 1

2

∫ t

0
E[sinWs] ds.

From the properties of the Ito integral, the first expectation on the right side is zero.
Denoting µ(t) = E[sinWt], we obtain the integral equation

µ(t) = −1

2

∫ t

0
µ(s) ds.
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Differentiating yields the differential equation

µ′(t) = −1

2
µ(t)

with the solution µ(t) = ke−t/2. Since k = µ(0) = E[sinW0] = 0, it follows that
µ(t) = 0. Hence

E[sinWt] = 0.

Taking expectation in (7.3.7) leads to

E[Xt] = E
[ t3
3

]
+ et/2E[sinWt] =

t3

3
.

Since the variance of predictable functions is zero,

V ar[Xt] = V ar
[ t3
3
+ et/2 sinWt

]
= (et/2)2V ar[sinWt]

= etE[sin2 Wt] =
et

2
(1 −E[cos 2Wt]). (7.3.8)

In order to compute the last expectation we use Ito’s formula

d(cos 2Wt) = −2 sin 2Wt dWt − 2 cos 2Wt dt

and integrate to get

cos 2Wt = cos 2W0 − 2

∫ t

0
sin 2Ws dWs − 2

∫ t

0
cos 2Ws ds

Taking the expectation and using that Ito integrals have zero expectation, yields

E[cos 2Wt] = 1− 2

∫ t

0
E[cos 2Ws] ds.

If we denote m(t) = E[cos 2Wt], the previous relation becomes an integral equation

m(t) = 1− 2

∫ t

0
m(s) ds.

Differentiate and get
m′(t) = −2m(t),

with the solution m(t) = ke−2t. Since k = m(0) = E[cos 2W0] = 1, we have m(t) =
e−2t. Substituting into (7.3.8) yields

V ar[Xt] =
et

2
(1− e−2t) =

et − e−t

2
= sinh t.

In conclusion, the solution Xt has the mean and the variance given by

E[Xt] =
t3

3
, V ar[Xt] = sinh t.
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Example 7.3.4 Solve the following stochastic differential equation

et/2dXt = dt+ eWt dWt, X0 = 0,

and find the distribution of the solution Xt and its mean and variance.

Dividing by et/2, integrating between 0 and t, and using formula (6.3.8) yields

Xt =

∫ t

0
e−s/2 ds+

∫ t

0
e−s/2+Ws dWs

= 2(1− e−t/2) + e−t/2eWt − 1

= 1 + e−t/2(eWt − 2).

Since eWt is a geometric Brownian motion, using Proposition 2.2.2 yields

E[Xt] = E[1 + e−t/2(eWt − 2)] = 1− 2e−t/2 + e−t/2E[eWt ]

= 2− 2e−t/2.

V ar(Xt) = V ar[1 + e−t/2(eWt − 2)] = V ar[e−t/2eWt ] = e−tV ar[eWt ]

= e−t(e2t − et) = et − 1.

The process Xt has the following distribution:

F (y) = P (Xt ≤ y) = P
(
1 + e−t/2(eWt − 2) ≤ y

)

= P
(
Wt ≤ ln

(
2 + et/2(y − 1)

))
= P

(Wt√
t
≤ 1√

t
ln
(
2 + et/2(y − 1)

))

= N
( 1√

t
ln
(
2 + et/2(y − 1)

))
,

where N(u) =
1√
2π

∫ u

−∞
e−s2/2 ds is the distribution function of a standard normal

distributed random variable.

Example 7.3.5 Solve the stochastic differential equation

dXt = dt+ t−3/2Wte
−W 2

t /(2t) dWt, X1 = 1.

Integrating between 1 and t and applying formula (6.3.10) yields

Xt = X1 +

∫ t

1
ds +

∫ t

1
s−3/2Wse

−W 2
s /(2s) dWs

= 1 + t− 1− e−W 2
1 /2 − 1

t1/2
e−W 2

t /(2t)

= t− e−W 2
1 /2 − 1

t1/2
e−W 2

t /(2t), ∀t ≥ 1.
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7.4 Exact Stochastic Equations

The stochastic differential equation

dXt = a(t,Wt)dt+ b(t,Wt)dWt (7.4.9)

is called exact if there is a differentiable function f(t, x) such that

a(t, x) = ∂tf(t, x) +
1

2
∂2
xf(t, x) (7.4.10)

b(t, x) = ∂xf(t, x). (7.4.11)

Assume the equation is exact. Then substituting in (7.4.9) yields

dXt =
(
∂tf(t,Wt) +

1

2
∂2
xf(t,Wt)

)
dt+ ∂xf(t,Wt)dWt.

Applying Ito’s formula, the previous equations becomes

dXt = d
(
f(t,Wt)

)
,

which implies Xt = f(t,Wt) + c, with c constant.

Solving the partial differential equations system (7.4.10)–(7.4.10) requires the fol-
lowing steps:

1. Integrating partially with respect to x in the second equation to obtain f(t, x)
up to an additive function T (t);

2. Substitute into the first equation and determine the function T (t);

3. The solution is Xt = f(t,Wt) + c, with c determined from the initial condition
on Xt.

Example 7.4.1 Solve the stochastic differential equation

dXt = et(1 +W 2
t )dt+ (1 + 2etWt)dWt, X0 = 0.

In this case a(t, x) = et(1 + x2) and b(t, x) = 1 + 2etx. The associated system is

et(1 + x2) = ∂tf(t, x) +
1

2
∂2
xf(t, x)

1 + 2etx = ∂xf(t, x).

Integrate partially in x in the second equation yields

f(t, x) =

∫
(1 + 2etx) dx = x+ etx2 + T (t).

Then ∂tf = etx2 + T ′(t) and ∂2
xf = 2et. Substituting in the first equation yields

et(1 + x2) = etx2 + T ′(t) + et.

This implies T ′(t) = 0, or T = c constant. Hence f(t, x) = x + etx2 + c, and Xt =
f(t,Wt) = Wt + etW 2

t + c. Since X0 = 0, it follows that c = 0. The solution is
Xt = Wt + etW 2

t .
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Example 7.4.2 Find the solution of

dXt =
(
2tW 3

t + 3t2(1 +Wt)
)
dt+ (3t2W 2

t + 1)dWt, X0 = 0.

The coefficient functions are a(t, x) = 2tx3 + 3t2(1 + x) and b(t, x) = 3t2x2 + 1. The
associated system is given by

2tx3 + 3t2(1 + x) = ∂tf(t, x) +
1

2
∂2
xf(t, x)

3t2x2 + 1 = ∂xf(t, x).

Integrating partially in the second equation yields

f(t, x) =

∫
(3t2x2 + 1) dx = t2x3 + x+ T (t).

Then ∂tf = 2tx3 + T ′(t) and ∂2
xf = 6t2x, and substituting into the first equation we

get

2tx3 + 3t2(1 + x) = 2tx3 + T ′(t) +
1

2
6t2x.

After cancellations we get T ′(t) = 3t2, so T (t) = t3 + c. Then

f(t, x) = t2x3 + x+ 3t2 = t2(x3 + 1) + x+ c.

The solution process is given by Xt = f(t,Wt) = t2(W 3
t + 1) +Wt + c. Using X0 = 0

we get c = 0. Hence the solution is Xt = t2(W 3
t + 1) +Wt.

The next result deals with a condition regarding the closeness of the stochastic
differential equation.

Theorem 7.4.1 If the stochastic differential equation (7.4.9) is exact, then the coeffi-
cient functions a(t, x) and b(t, x) satisfy the condition

∂xa = ∂tb+
1

2
∂2
xb. (7.4.12)

Proof: If the stochastic equation is exact, there is a function f(t, x) satisfying the
system (7.4.10)–(7.4.10). Differentiating the first equation of the system with respect
to x yields

∂xa = ∂t∂xf +
1

2
∂2
x∂xf.

Substituting b = ∂xf yields the desired relation.

Remark 7.4.2 The equation (7.4.12) has the meaning of a heat equation. The func-
tion b(t, x) represents the temperature measured at x at the instance t, while ∂xa is the
density of heat sources. The function a(t, x) can be regarded as the potential from which
the density of heat sources is derived by taking the gradient in x.
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It is worth noting that equation (7.4.12) is a just necessary condition for exactness.
This means that if this condition is not satisfied, then the equation is not exact. In
that case we need to try a different method to solve the equation.

Example 7.4.3 Is the stochastic differential equation

dXt = (1 +W 2
t )dt+ (t4 +W 2

t )dWt

exact?

Collecting the coefficients, we have a(t, x) = 1 + x2, b(t, x) = t4 + x2. Since ∂xa = 2x,
∂tb = 4t3, and ∂2

xb = 2, the condition (7.4.12) is not satisfied, and hence the equation
is not exact.

7.5 Integration by Inspection

When solving a stochastic differential equation by inspection we look for opportunities
to apply the product or the quotient formulas:

d(f(t)Yt) = f(t) dYt + Yt df(t).

d
( Xt

f(t)

)
=

f(t)dXt −Xtdf(t)

f(t)2
.

For instance, if a stochastic differential equation can be written as

dXt = f ′(t)Wtdt+ f(t)dWt,

the product rule brings the equation into the exact form

dXt = d
(
f(t)Wt

)
,

which after integration leads to the solution

Xt = X0 + f(t)Wt.

Example 7.5.1 Solve

dXt = (t+W 2
t )dt+ 2tWtdWt, X0 = a.

We can write the equation as

dXt = W 2
t dt+ t(2WtdWt + dt),

which can be contracted to

dXt = W 2
t dt+ td(W 2

t ).

Using the product rule we can bring it to the exact form

dXt = d(tW 2
t ),

with the solution Xt = tW 2
t + a.
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Example 7.5.2 Solve the stochastic differential equation

dXt = (Wt + 3t2)dt+ tdWt.

If we rewrite the equation as

dXt = 3t2dt+ (Wtdt+ tdWt),

we note the exact expression formed by the last two terms Wtdt + tdWt = d(tWt).
Then

dXt = d(t3) + d(tWt),

which is equivalent with d(Xt) = d(t3 + tWt). Hence Xt = t3 + tWt + c, c ∈ R.

Example 7.5.3 Solve the stochastic differential equation

e−2tdXt = (1 + 2W 2
t )dt+ 2WtdWt.

Multiply by e2t to get

dXt = e2t(1 + 2W 2
t )dt+ 2e2tWtdWt.

After regrouping, this becomes

dXt = (2e2tdt)W 2
t + e2t(2WtdWt + dt).

Since d(e2t) = 2e2tdt and d(W 2
t ) = 2WtdWt + dt, the previous relation becomes

dXt = d(e2t)W 2
t + e2td(W 2

t ).

By the product rule, the right side becomes exact

dXt = d(e2tW 2
t ),

and hence the solution is Xt = e2tW 2
t + c, c ∈ R.

Example 7.5.4 Solve the equation

t3dXt = (3t2Xt + t)dt+ t6dWt, X1 = 0.

The equation can be written as

t3dXt − 3Xtt
2dt = tdt+ t6dWt.

Divide by t6:
t3dXt −Xtd(t

3)

(t3)2
= t−5dt+ dWt.
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Applying the quotient rule yields

d
(Xt

t3

)
= −d

(t−4

4

)
+ dWt.

Integrating between 1 and t, yields

Xt

t3
= − t−4

4
+Wt −W1 + c

so

Xt = ct3 − 1

4t
+ t3(Wt −W1), c ∈ R.

Using X1 = 0 yields c = 1/4 and hence the solution is

Xt =
1

4

(
t3 − 1

t

)
+ t3(Wt −W1), c ∈ R.

Exercise 7.5.1 Solve the following stochastic differential equations by the inspection
method

(a) dXt = (1 +Wt)dt+ (t+ 2Wt)dWt, X0 = 0;

(b) t2dXt = (2t3 −Wt)dt+ tdWt, X1 = 0;

(c) e−t/2dXt =
1
2Wtdt+ dWt, X0 = 0;

(d) dXt = 2tWtdWt +W 2
t dt, X0 = 0;

(e) dXt =
(
1 + 1

2
√
t
Wt

)
dt+

√
t dWt, X1 = 0.

7.6 Linear Stochastic Differential Equations

Consider the stochastic differential equation with drift term linear in Xt

dXt =
(
α(t)Xt + β(t)

)
dt+ b(t,Wt)dWt, t ≥ 0.

This also can be written as

dXt − α(t)Xtdt = β(t)dt+ b(t,Wt)dWt.

Let A(t) =
∫ t
0 α(s) ds. Multiplying by the integrating factor e−A(t), the left side of the

previous equation becomes an exact expression

e−A(t)
(
dXt − α(t)Xtdt

)
= e−A(t)β(t)dt+ e−A(t)b(t,Wt)dWt

d
(
e−A(t)Xt

)
= e−A(t)β(t)dt+ e−A(t)b(t,Wt)dWt.
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Integrating yields

e−A(t)Xt = X0 +

∫ t

0
e−A(s)β(s) ds +

∫ t

0
e−A(s)b(s,Ws) dWs

Xt = X0e
A(t) + eA(t)

(∫ t

0
e−A(s)β(s) ds+

∫ t

0
e−A(s)b(s,Ws) dWs

)
.

The first integral within the previous parentheses is a Riemann integral, and the latter
one is an Ito stochastic integral. Sometimes, in practical applications these integrals
can be computed explicitly.

When b(t,Wt) = b(t), the latter integral becomes a Wiener integral. In this case
the solution Xt is Gaussian with mean and variance given by

E[Xt] = X0e
A(t) + eA(t)

∫ t

0
e−A(s)β(s) ds

V ar[Xt] = e2A(t)

∫ t

0
e−2A(s)b(s)2 ds.

Another important particular case is when α(t) = α 6= 0, β(t) = β are constants
and b(t,Wt) = b(t). The equation in this case is

dXt =
(
αXt + β

)
dt+ b(t)dWt, t ≥ 0,

and the solution takes the form

Xt = X0e
αt +

β

α
(eαt − 1) +

∫ t

0
eα(t−s)b(s) dWs.

Example 7.6.1 Solve the linear stochastic differential equation

dXt = (2Xt + 1)dt + e2tdWt.

Write the equation as

dXt − 2Xtdt = dt+ e2tdWt

and multiply by the integrating factor e−2t to get

d
(
e−2tXt

)
= e−2tdt+ dWt.

Integrate between 0 and t and multiply by e2t, and obtain

Xt = X0e
2t + e2t

∫ t

0
e−2sds+ e2t

∫ t

0
dWs

= X0e
2t +

1

2
(e2t − 1) + e2tWt.
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Example 7.6.2 Solve the linear stochastic differential equation

dXt = (2−Xt)dt+ e−tWtdWt.

Multiplying by the integrating factor et yields

et(dXt +Xtdt) = 2etdt+Wt dWt.

Since et(dXt +Xtdt) = d(etXt), integrating between 0 and t we get

etXt = X0 +

∫ t

0
2et dt+

∫ t

0
Ws dWs.

Dividing by et and performing the integration yields

Xt = X0e
−t + 2(1− e−t) +

1

2
e−t(W 2

t − t).

Example 7.6.3 Solve the linear stochastic differential equation

dXt = (
1

2
Xt + 1)dt+ et cosWt dWt.

Write the equation as

dXt −
1

2
Xtdt = dt+ et cosWt dWt

and multiply by the integrating factor e−t/2 to get

d(e−t/2Xt) = e−t/2dt+ et/2 cosWt dWt.

Integrating yields

e−t/2Xt = X0 +

∫ t

0
e−s/2 ds +

∫ t

0
es/2 cosWs dWs

Multiply by et/2 and use formula (6.3.9) to obtain the solution

Xt = X0e
t/2 + 2(et/2 − 1) + et sinWt.

Exercise 7.6.1 Solve the following linear stochastic differential equations

(a) dXt = (4Xt − 1)dt + 2dWt;

(b) dXt = (3Xt − 2)dt+ e3tdWt;

(c) dXt = (1 +Xt)dt+ etWtdWt;

(d) dXt = (4Xt + t)dt+ e4tdWt;

(e) dXt =
(
t+ 1

2Xt

)
dt+ et sinWt dWt;

(f) dXt = −Xtdt+ e−t dWt.
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In the following we present an important example of stochastic differential equa-
tions, which can be solved by the method presented in this section.

Proposition 7.6.2 (The mean-reverting Ornstein-Uhlenbeck process) Let m and
α be two constants. Then the solution Xt of the stochastic equation

dXt = (m−Xt)dt+ αdWt (7.6.13)

is given by

Xt = m+ (X0 −m)e−t + α

∫ t

0
es−t dWs. (7.6.14)

Xt is Gaussian with mean and variance given by

E[Xt] = m+ (X0 −m)e−t

V ar(Xt) =
α2

2
(1− e−2t).

Proof: Adding Xtdt to both sides and multiplying by the integrating factor et we get

d(etXt) = metdt+ αetdWt,

which after integration yields

etXt = X0 +m(et − 1) + α

∫ t

0
es dWs.

Hence

Xt = X0e
−t +m− e−t + αe−t

∫ t

0
es dWs

= m+ (X0 −m)e−t + α

∫ t

0
es−t dWs.

Since Xt is the sum between a predictable function and a Wiener integral, then we can
use Proposition 4.6.1 and it follows that Xt is Gaussian, with

E[Xt] = m+ (X0 −m)e−t +E
[
α

∫ t

0
es−t dWs

]
= m+ (X0 −m)e−t

V ar(Xt) = V ar
[
α

∫ t

0
es−t dWs

]
= α2e−2t

∫ t

0
e2s ds

= α2e−2t e
2t − 1

2
=

1

2
α2(1− e−2t).



159

The name mean-reverting comes from the fact that

lim
t→∞

E[Xt] = m.

The variance also tends to zero exponentially, lim
t→∞

V ar[Xt] = 0. According to Propo-

sition 3.8.1, the process Xt tends to m in the mean square sense.

Proposition 7.6.3 (The Brownian bridge) For a, b ∈ R fixed, the stochastic dif-
ferential equation

dXt =
b−Xt

1− t
dt+ dWt, 0 ≤ t < 1,X0 = a

has the solution

Xt = a(1 − t) + bt+ (1− t)

∫ t

0

1

1− s
dWs, 0 ≤ t < 1. (7.6.15)

The solution has the property limt→1 Xt = b, almost certainly.

Proof: If we let Yt = b−Xt the equation becomes linear in Yt

dYt +
1

1− t
Ytdt = −dWt.

Multiplying by the integrating factor ρ(t) = 1
1−t yields

d
( Yt

1− t

)
= − 1

1− t
dWt,

which leads by integration to

Yt

1− t
= c−

∫ t

0

1

1− s
dWs.

Making t = 0 yields c = a− b, so

b−Xt

1− t
= a− b−

∫ t

0

1

1− s
dWs.

Solving for Xt yields

Xt = a(1 − t) + bt+ (1− t)

∫ t

0

1

1− s
dWs, 0 ≤ t < 1.
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Let Ut = (1− t)
∫ t
0

1
1−s dWs. First we notice that

E[Ut] = (1− t)E
[ ∫ t

0

1

1− s
dWs

]
= 0,

V ar(Ut) = (1− t)2V ar
[ ∫ t

0

1

1− s
dWs

]
= (1− t)2

∫ t

0

1

(1− s)2
ds

= (1− t)2
( 1

1− t
− 1
)
= t(1− t).

In order to show ac-limt→1 Xt = b, we need to prove

P
(
ω; lim

t→1
Xt(ω) = b

)
= 1.

Since Xt = a(1− t) + bt+ Ut, it suffices to show that

P
(
ω; lim

t→1
Ut(ω) = 0

)
= 1. (7.6.16)

We evaluate the probability of the complementary event

P
(
ω; lim

t→1
Ut(ω) 6= 0

)
= P

(
ω; |Ut(ω)| > ǫ,∀t

)
,

for some ǫ > 0. Since by Markov’s inequality

P
(
ω; |Ut(ω)| > ǫ) <

V ar(Ut)

ǫ2
=

t(1− t)

ǫ2

holds for any 0 ≤ t < 1, choosing t → 1 implies that

P
(
ω; |Ut(ω)| > ǫ,∀t) = 0,

which implies (7.6.16).

The process (7.6.15) is called the Brownian bridge because it joins X0 = a with
X1 = b. Since Xt is the sum between a deterministic linear function in t and a Wiener
integral, it follows that it is a Gaussian process, with mean and variance

E[Xt] = a(1− t) + bt

V ar(Xt) = V ar(Ut) = t(1− t).

It is worth noting that the variance is maximum at the midpoint t = (b−a)/2 and zero
at the end points a and b.

Example 7.6.4 Find Cov(Xs,Xt), 0 < s < t for the following cases:

(a) Xt is a mean reverting Orstein-Uhlenbeck process;

(b) Xt is a Brownian bridge process.
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Stochastic equations with respect to a Poisson process
Similar techniques can be applied in the case when the Brownian motion process Wt

is replaced by a Poisson process Nt with constant rate λ. For instance, the stochastic
differential equation

dXt = 3Xtdt+ e3tdNt

X0 = 1

can be solved multiplying by the integrating factor e−3t to obtain

d(e−3tXt) = dNt.

Integrating yields e−3tXt = Nt+C. Making t = 0 yields C = 1, so the solution is given
by Xt = e3t(1 +Nt).

The following equation

dXt = (m−Xt)dt+ αdNt

is similar with the equation defining the mean-reverting Ornstein-Uhlenbeck process.
As we shall see, in this case, the process is no more mean-reverting. It reverts though
to a certain constant. A similar method yields the solution

Xt = m+ (X0 −m)e−t + αe−t

∫ t

0
es dNs.

Since from Proposition 4.8.5 and Exercise 4.8.8 we have

E
[ ∫ t

0
es dNs

]
= λ

∫ t

0
es ds = λ(et − 1)

V ar
( ∫ t

0
es dNs

)
= λ

∫ t

0
e2s ds =

λ

2
(e2t − 1),

it follows that

E[Xt] = m+ (X0 −m)e−t + αλ(1− e−t)

V ar(Xt) =
λα2

2
(1− e−2t).

It is worth noting that in this case the process Xt is no more Gaussian.

7.7 The Method of Variation of Parameters

Let’s start by considering the following stochastic equation

dXt = αXtdWt, (7.7.17)
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with α constant. This is the equation which, in physics is known to model the linear
noise. Dividing by Xt yields

dXt

Xt
= αdWt.

Switch to the integral form ∫
dXt

Xt
=

∫
α dWt,

and integrate “blindly” to get lnXt = αWt + c, with c an integration constant. This
leads to the “pseudo-solution”

Xt = eαWt+c.

The nomination “pseudo” stands for the fact that Xt does not satisfy the initial equa-
tion. We shall find a correct solution by letting the parameter c be a function of t. In
other words, we are looking for a solution of the following type:

Xt = eαWt+c(t), (7.7.18)

where the function c(t) is subject to be determined. Using Ito’s formula we get

dXt = d(eWt+c(t)) = eαWt+c(t)(c′(t) + α2/2)dt + αeαWt+c(t)dWt

= Xt(c
′(t) + α2/2)dt + αXt dWt.

Substituting the last term from the initial equation (7.7.17) yields

dXt = Xt(c
′(t) + α2/2)dt + dXt,

which leads to the equation

c′(t) + α2/2 = 0

with the solution c(t) = −α2

2 t+ k. Substituting into (7.7.18) yields

Xt = eαWt−α2

2
t+k.

The value of the constant k is determined by taking t = 0. This leads to X0 = ek.
Hence we have obtained the solution of the equation (7.7.17)

Xt = X0e
αWt−α2

2
t.

Example 7.7.1 Use the method of variation of parameters to solve the equation

dXt = XtWtdWt.
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Dividing by Xt and converting the differential equation into the equivalent integral
form, we get ∫

1

Xt
dXt =

∫
Wt dWt.

The right side is a well-known stochastic integral given by
∫

Wt dWt =
W 2

t

2
− t

2
+ C.

The left side will be integrated “blindly” according to the rules of elementary Calculus
∫

1

Xt
dXt = lnXt +C.

Equating the last two relations and solving for Xt we obtain the “pseudo-solution”

Xt = e
W2
t
2

− t
2
+c,

with c constant. In order to get a correct solution, we let c to depend on t and Wt. We
shall assume that c(t,Wt) = a(t) + b(Wt), so we are looking for a solution of the form

Xt = e
W2
t
2

− t
2
+a(t)+b(Wt).

Applying Ito’s formula, we have

dXt = Xt

[
− 1

2
+ a′(t) +

1

2
(1 + b′′(Wt))

]
dt+Xt

(
Wt + b′(Wt)

)
dWt.

Subtracting the initial equation dXt = XtWtdWt yields

0 = Xt

(
a′(t) +

1

2
b′′(Wt)

)
dt+Xtb

′(Wt)dWt.

This equation is satisfied if we are able to choose the functions a(t) and b(Wt) such
that the coefficients of dt and dWt vanish

b′(Wt) = 0, a′(t) +
1

2
b′′(Wt) = 0.

From the first equation b must be a constant. Substituting into the second equation
it follows that a is also a constant. It turns out that the aforementioned “pseudo-
solution” is in fact a solution. The constant c = a+ b is obtained letting t = 0. Hence
the solution is given by

Xt = X0e
W2
t
2

− t
2 .

Example 7.7.2 Use the method of variation of parameters to solve the stochastic dif-
ferential equation

dXt = µXtdt+ σXtdWt,

with µ and σ constants.
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After dividing by Xt we bring the equation into the equivalent integral form
∫

dXt

Xt
=

∫
µdt+

∫
σ dWt.

Integrate on the left “blindly” and get

lnXt = µt+ σWt + c,

where c is an integration constant. We arrive at the following “pseudo-solution”

Xt = eµt+σWt+c.

Assume the constant c is replaced by a function c(t), so we are looking for a solution
of the form

Xt = eµt+σWt+c(t). (7.7.19)

Apply Ito’s formula and get

dXt = Xt

(
µ+ c′(t) +

σ2

2

)
dt+ σXtdWt.

Subtracting the initial equation yields

(
c′(t) +

σ2

2

)
dt = 0,

which is satisfied for c′(t) = −σ2

2 , with the solution c(t) = −σ2

2 t+k, k ∈ R. Substituting
into (7.7.19) yields the solution

Xt = eµt+σWt−σ2

2
t+k = e(µ−

σ2

2
)t+σWt+k = X0e

(µ−σ2

2
)t+σWt .

7.8 Integrating Factors

The method of integrating factors can be applied to a class of stochastic differential
equations of the type

dXt = f(t,Xt)dt+ g(t)XtdWt, (7.8.20)

where f and g are continuous deterministic functions. The integrating factor is given
by

ρt = e−
∫ t
0
g(s) dWs+

1
2

∫ t
0
g2(s) ds.

The equation can be brought into the following exact form

d(ρtXt) = ρtf(t,Xt)dt.

Substituting Yt = ρtXt, we obtain that Yt satisfies the deterministic differential equa-
tion

dYt = ρtf(t, Yt/ρt)dt,

which can be solved by either integration or as an exact equation. We shall exemplify
the method of integrating factors with a few examples.



165

Example 7.8.1 Solve the stochastic differential equation

dXt = rdt+ αXtdWt, (7.8.21)

with r and α constants.

The integrating factor is given by ρt = e
1
2
α2t−αWt . Using Ito’s formula, we can easily

check that
dρt = ρt(α

2dt− αdWt).

Using dt2 = dt dWt = 0, (dWt)
2 = dt we obtain

dXtdρt = −α2ρtXtdt.

Multiplying by ρt, the initial equation becomes

ρtdXt − αρtXtdWt = rρtdt,

and adding and subtracting α2ρtXtdt from the left side yields

ρtdXt − αρtXtdWt + α2ρtXtdt− α2ρtXtdt = rρtdt.

This can be written as

ρtdXt +Xtdρt + dρtdXt = rρtdt,

which, with the virtue of the product rule, becomes

d(ρtXt) = rρtdt.

Integrating yields

ρtXt = ρ0X0 + r

∫ t

0
ρs ds

and hence the solution is

Xt =
1

ρt
X0 +

r

ρt

∫ t

0
ρs ds

= X0e
αWt− 1

2
α2t + r

∫ t

0
e−

1
2
α2(t−s)+α(Wt−Ws) ds.

Exercise 7.8.1 Let α be a constant. Solve the following stochastic differential equa-
tions by the method of integrating factors

(a) dXt = αXtdWt;

(b) dXt = Xtdt+ αXtdWt;

(c) dXt =
1

Xt
dt+ αXtdWt, X0 > 0.

Exercise 7.8.2 Let Xt be the solution of the stochastic equation dXt = σXt dWt, with
σ constant. Let At =

1
t

∫ t
0 Xs dWs be the stochastic average of Xt. Find the stochastic

equation satisfied by At, the mean and variance of At.
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7.9 Existence and Uniqueness

An exploding solution
Consider the non-linear stochastic differential equation

dXt = X3
t dt+X2

t dWt, X0 = 1/a. (7.9.22)

We shall look for a solution of the type Xt = f(Wt). Ito’s formula yields

dXt = f ′(Wt)dWt +
1

2
f ′′(Wt)dt.

Equating the coefficients of dt and dWt in the last two equations yields

f ′(Wt) = X2
t =⇒ f ′(Wt) = f(Wt)

2 (7.9.23)

1

2
f ′′(Wt) = X3

t =⇒ f ′′(Wt) = 2f(Wt)
3 (7.9.24)

We note that equation (7.9.23) implies (7.9.24) by differentiation. So it suffices to solve
only the ordinary differential equation

f ′(x) = f(x)2, f(0) = 1/a.

Separating and integrating we have
∫

df

f(x)2
=

∫
ds =⇒ f(x) =

1

a− x
.

Hence a solution of equation (7.9.22) is

Xt =
1

a−Wt
.

Let Ta be the first time the Brownian motion Wt hits a. Then the process Xt is defined
only for 0 ≤ t < Ta. Ta is a random variable with P (Ta < ∞) = 1 and E[Ta] = ∞, see
section 3.3.

The following theorem is the analog of Picard’s uniqueness result from ordinary
differential equations:

Theorem 7.9.1 (Existence and Uniqueness) Consider the stochastic differential
equation

dXt = b(t,Xt)dt+ σ(t,Xt)dWt, X0 = c

where c is a constant and b and σ are continuous functions on [0, T ] ×R satisfying

1. |b(t, x)| + |σ(t, x)| ≤ C(1 + |x|); x ∈ R, t ∈ [0, T ]

2. |b(t, x) − b(t, y)|+ |σ(t, x)− σ(t, y)| ≤ K|x− y|, x, y ∈ R, t ∈ [0, T ]

with C,K positive constants. There there is a unique solution process Xt that is con-
tinuous and satisfies

E
[ ∫ T

0
X2

t dt
]
< ∞.
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The first condition says that the drift and volatility increase no faster than a linear
function in x. The second conditions states that the functions are Lipschitz in the
second argument.

Example 7.9.1 Consider the stochastic differential equation

dXt =
(√

1 +X2
t +

1

2
Xt

)
dt+

√
1 +X2

t dWt, X0 = x0.

(a) Solve the equation;

(b) Show that there a unique solution.
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Chapter 8

Applications of Brownian Motion

8.1 The Generator of an Ito Diffusion

Let (Xt)t≥0 be a stochastic process with X0 = x0. In this section we shall deal with
the operator associated with Xt. This is an operator which describes infinitesimally
the rate of change of a function which depends smoothly on Xt.

More precisely, the generator of the stochastic process Xt is the second order partial
differential operator A defined by

Af(x) = lim
tց0

E[f(Xt)]− f(x)

t
,

for any smooth function (at least of class C2) with compact support f : Rn → R. Here
E stands for the expectation operator taken at t = 0, i.e.,

E[f(Xt)] =

∫

Rn
f(y)pt(x, y) dy,

where pt(x, y) is the transition density of Xt.

In the following we shall find the generator associated with the Ito diffusion

dXt = b(Xt)dt+ σ(Xt)dW (t), t ≥ 0,X0 = x, (8.1.1)

where W (t) =
(
W1(t), . . . ,Wm(t)

)
is an m-dimensional Brownian motion, b : Rn → Rn

and σ : Rn → Rn×m are measurable functions.

The main tool used in deriving the formula for the generator A is Ito’s formula in
several variables. If let Ft = f(Xt), then using Ito’s formula we have

dFt =
∑

i

∂f

∂xi
(Xt) dX

i
t +

1

2

∑

i,j

∂2f

∂xi∂xj
(Xt) dX

i
t dX

j
t , (8.1.2)
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where Xt = (X1
t , · · · ,Xn

t ) satisfies the Ito diffusion (8.1.1) on components, i.e.,

dXi
t = bi(Xt)dt+ [σ(Xt) dW (t)]i

= bi(Xt)dt+
∑

k

σik dWk(t). (8.1.3)

Using the stochastic relations dt2 = dt dWk(t) = 0 and dWk(t) dWr(t) = δkrdt, a
computation provides

dXi
t dX

j
t =

(
bidt+

∑

k

σikdWk(t)
)(

bjdt+
∑

k

σjkdWk(t)
)

=
(∑

k

σikdWk(t)
)(∑

r

σjrdWr(t)
)

=
∑

k,r

σikσjr dWk(t)dWr(t) =
∑

k

σikσjk dt

= (σσT )ij dt.

Therefore
dXi

t dX
j
t = (σσT )ij dt. (8.1.4)

Substitute (8.1.3) and (8.1.4) into (8.1.2) yields

dFt =

[
1

2

∑

i,j

∂2f

∂xi∂xj
(Xt)(σσ

T )ij +
∑

i

bi(Xt)
∂f

∂xi
(Xt)

]
dt

+
∑

i,k

∂f

∂xi
(Xt)σik(Xt) dWk(t).

Integrate and obtain

Ft = F0 +

∫ t

0

[
1

2

∑

i,j

∂2f

∂xi∂xj
(σσT )ij +

∑

i

bi
∂f

∂xi

]
(Xs) ds

+
∑

k

∫ t

0

∑

i

σik
∂f

∂xi
(Xs) dWk(s).

Since F0 = f(X0) = f(x) and E(f(x)) = f(x), applying the expectation operator in
the previous relation we obtain

E(Ft) = f(x) + E

[ ∫ t

0

(1
2

∑

i,j

(σσT )ij
∂2f

∂xi∂xj
+
∑

i

bi
∂f

∂xi

)
(Xs) ds

]
. (8.1.5)
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Using the commutation between the operator E and the integral
∫ t
0 yields

lim
tց0

E(Ft)− f(x)

t
=

1

2

∑

i,j

(σσT )ij
∂2f(x)

∂xi∂xj
+
∑

k

bk
∂f(x)

∂xk
.

We conclude the previous computations with the following result.

Theorem 8.1.1 The generator of the Ito diffusion (8.1.1) is given by

A =
1

2

∑

i,j

(σσT )ij
∂2

∂xi∂xj
+
∑

k

bk
∂

∂xk
. (8.1.6)

The matrix σ is called dispersion and the product σσT is called diffusion matrix.
These names are related with their physical significance Substituting (8.1.6) in (8.1.5)
we obtain the following formula

E[f(Xt)] = f(x) + E
[ ∫ t

0
Af(Xs) ds

]
, (8.1.7)

for any f ∈ C2
0 (R

n).

Exercise 8.1.2 Find the generator operator associated with the n-dimensional Brow-
nian motion.

Exercise 8.1.3 Find the Ito diffusion corresponding to the generator Af(x) = f ′′(x)+
f ′(x).

Exercise 8.1.4 Let ∆G = 1
2(∂

2
x1

+ x21∂
2
x2
) be the Grushin’s operator.

(a) Find the diffusion process associated with the generator ∆G.

(b) Find the diffusion and dispersion matrices and show that they are degenerate.

Exercise 8.1.5 Let Xt and Yt be two one-dimensional independent Ito diffusions with
infinitesimal generators AX and AY . Let Zt = (Xt, Yt) with the infinitesimal generator
AZ . Show that AZ = AX +AY .

Exercise 8.1.6 Let Xt be an Ito diffusions with infinitesimal generator AX . Consider
the process Yt = (t,Xt). Show that the infinitesimal generator of Yt is given by AY =
∂t +AX .
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8.2 Dynkin’s Formula

Formula (8.1.7) holds under more general conditions, when t is a stopping time. First
we need the following result, which deals with a continuity-type property in the upper
limit of a Ito integral.

Lemma 8.2.1 Let g be a bounded measurable function and τ be a stopping time for
Xt with E[τ ] < ∞. Then

lim
k→∞

E
[ ∫ τ∧k

0
g(Xs) dWs

]
= E

[ ∫ τ

0
g(Xs) dWs

]
; (8.2.8)

lim
k→∞

E
[ ∫ τ∧k

0
g(Xs) ds

]
= E

[ ∫ τ

0
g(Xs) ds

]
. (8.2.9)

Proof: Let |g| < K. Using the properties of Ito integrals, we have

E
[(∫ τ

0
g(Xs) dWs −

∫ τ∧k

0
g(Xt) dWs

)2]
= E

[( ∫ τ

τ∧k
g(Xs) dWs

)2]

= E
[ ∫ τ

τ∧k
g2(Xs) ds

]
≤ K2E[τ − τ ∧ k] → 0, k → ∞.

Since E[X2] ≤ E[X]2, it follows that

E
[ ∫ τ

0
g(Xs) dWs −

∫ τ∧k

0
g(Xt) dWs

]
→ 0, k → ∞,

which is equivalent with relation (8.2.8).

The second relation can be proved similar and is left as an exercise for the reader.

Exercise 8.2.2 Assume the hypothesis of the previous lemma. Let 1{s<τ} be the char-
acteristic function of the interval (−∞, τ)

1{s<τ}(u) =

{
1, if u < τ
0, otherwise.

Show that

(a)

∫ τ∧k

0
g(Xs) dWs =

∫ k

0
1{s<τ} g(Xs) dWs,

(b)

∫ τ∧k

0
g(Xs) ds =

∫ k

0
1{s<τ} g(Xs) ds.
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Theorem 8.2.3 (Dynkin’s formula) Let f ∈ C2
0 (R

n), and Xt be an Ito diffusion
starting at x. If τ is a stopping time with E[τ ] < ∞, then

E[f(Xτ )] = f(x) + E
[ ∫ τ

0
Af(Xs) ds

]
, (8.2.10)

where A is the infinitesimal generator of Xt.

Proof: Replace t by k and f by 1{s<τ}f in (8.1.7) and obtain

E[1s<τf(Xk)] = 1{s<τ}f(x) +E
[ ∫ k

0
A(1{s<τ}f)(Xs) ds

]
,

which can be written as

E[f(Xk∧τ )] = 1{s<τ}f(x) + E
[ ∫ k

0
1{s<τ}(s)A(f)(Xs) ds

]

= 1{s<τ}f(x) + E
[ ∫ k∧τ

0
A(f)(Xs) ds

]
. (8.2.11)

Since by Lemma 8.2.1 (b)

E[f(Xk∧τ )] → E[f(Xτ )], k → ∞

E
[ ∫ k∧τ

0
A(f)(Xs) ds

]
→ E

[ ∫ τ

0
A(f)(Xs) ds

]
, k → ∞,

using Exercise (8.2.2) relation (8.2.11) yields (8.2.10).

Exercise 8.2.4 Write Dynkin’s formula for the case of a function f(t,Xt). Use Ex-
ercise 8.1.6.

In the following sections we shall present a few important results of stochastic
calculus that can be obtained as direct consequences of Dynkin’s formula.

8.3 Kolmogorov’s Backward Equation

For any function f ∈ C2
0 (R

n) let v(t, x) = E[f(Xt)], given that X0 = x. As usual,
E denotes the expectation at time t = 0. Then v(0, x) = f(x), and differentiating in
Dynkin’s formula (8.1.7)

v(t, x) = f(x) +

∫ t

0
E[Af(Xs)] ds

yields

∂v

∂t
= E[Af(Xt)] = AE[f(Xt)] = Av(t, x).

We arrived at the following result.
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Theorem 8.3.1 (Kolmogorov’s backward equation) For any f ∈ C2
0 (R

n) the func-
tion v(t, x) = E[f(Xt)] satisfies the following Cauchy’s problem

∂v

∂t
= Av, t > 0

v(0, x) = f(x),

where A denotes the generator of the Ito’s diffusion (8.1.1).

8.4 Exit Time from an Interval

Let Xt = x0 +Wt e a one-dimensional Brownian motion starting at x0. Consider the
exit time of the process Xt from the strip (a, b)

τ = inf{t > 0;Xt 6∈ (a, b)}.

Assuming E[τ ] < 0, applying Dynkin’s formula yields

E
[
f(Xτ )

]
= f(x0) + E

[ ∫ τ

0

1

2

d2

dx2
f(Xs) ds

]
. (8.4.12)

Choosing f(x) = x in (8.4.12) we obtain

E[Xτ ] = x0 (8.4.13)

Exercise 8.4.1 Prove relation (8.4.13) using the Optional Stopping Theorem for the
martingale Xt.

Let pa = P (Xτ = a) and pb = P (Xτ = b) be the exit probabilities from the interval
(a, b). Obviously, pa+ pb = 1, since the probability that the Brownian motion will stay
for ever inside the bounded interval is zero. Using the expectation definition, relation
(8.4.13) yields

apa + b(1− pa) = x0.

Solving for pa and pb we get the following exit probabilities

pa =
b− x0
b− a

(8.4.14)

pb = 1− pa =
x0 − a

b− a
. (8.4.15)

It is worth noting that if b → ∞ then pa → 1 and if a → −∞ then pb → 1. This can
be stated by saying that a Brownian motion starting at x0 reaches any level (below or
above x0) with probability 1.

Next we shall compute the mean of the exit time, E[τ ]. Choosing f(x) = x2 in
(8.4.12) yields

E[(Xτ )
2] = x20 + E[τ ].
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Figure 8.1: The Brownian motion Xt in the ball B(0, R).

From the definition of the mean and formulas (8.4.14)-(8.4.15) we obtain

E[τ ] = a2pa + b2pb − x20 = a2
b− x0
b− a

+ b2
x0 − a

b− a
− x0

=
1

b− a

[
ba2 − ab2 + x0(b− a)(b+ a)

]
− x20

= −ab+ x0(b+ a)− x20

= (b− x0)(x0 − a). (8.4.16)

Exercise 8.4.2 (a) Show that the equation x2−(b−a)x+E[τ ] = 0 cannot have complex
roots;

(b) Prove that E[τ ] ≤ (b− a)2

4
;

(c) Find the point x0 ∈ (a, b) such that the expectation of the exit time, E[τ ], is maxi-
mum.

8.5 Transience and Recurrence of Brownian Motion

We shall consider first the expectation of the exit time from a ball. Then we shall
extend it to an annulus and compute the transience probabilities.

1. Consider the process Xt = a + W (t), where W (t) =
(
W1(t), . . . ,Wn(t)

)
is an n-

dimensional Brownian motion, and a = (a1, . . . , an) ∈ Rn is a fixed vector, see Fig. 8.1.
Let R > 0 such that R > |a|. Consider the exit time of the process Xt from the ball
B(0, R)

τ = inf{t > 0; |Xt| > R}. (8.5.17)
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Assuming E[τ ] < ∞ and letting f(x) = |x|2 = x21 + · · · + x2n in Dynkin’s formula

E
[
f(Xτ )

]
= f(x) +E

[ ∫ τ

0

1

2
∆f(Xs) ds

]

yields

R2 = |a|2 + E
[ ∫ τ

0
n ds

]
,

and hence

E[τ ] =
R2 − |a|2

n
. (8.5.18)

In particular, if the Brownian motion starts from the center, i.e. a = 0, the expectation
of the exit time is

E[τ ] =
R2

n
.

(i) Since R2/2 > R2/3, the previous relation implies that it takes longer for a Brownian
motion to exit a disk of radius R rather than a ball of the same radius.

(ii) The probability that a Brownian motion leaves the interval (−R,R) is twice the
probability that a 2-dimensional Brownian motion exits the disk B(0, R).

Exercise 8.5.1 Prove that E[τ ] < ∞, where τ is given by (8.5.17).

Exercise 8.5.2 Apply the Optional Stopping Theorem for the martingale Wt = W 2
t − t

to show that E[τ ] = R2, where

τ = inf{t > 0; |Wt| > R}

is the first exit time of the Brownian motion from (−R,R).

2. Let b ∈ Rn such that b /∈ B(0, R), i.e. |b| > R, and consider the annulus

Ak = {x;R < |x| < kR}

where k > 0 such that b ∈ Ak. Consider the process Xt = b+W (t) and let

τk = inf{t > 0;Xt /∈ Ak}

be the first exit time of Xt from the annulus Ak. Let f : Ak → R be defined by

f(x) =

{
− ln |x|, if n = 2

1

|x|n−2 , if n > 2.

A straightforward computation shows that ∆f = 0. Substituting into Dynkin’s formula

E
[
f(Xτk)

]
= f(b) + E

[ ∫ τk

0

(1
2
∆f
)
(Xs) ds

]
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yields
E
[
f(Xτk)

]
= f(b). (8.5.19)

This can be stated by saying that the value of f at a point b in the annulus is equal to
the expected value of f at the first exit time of a Brownian motion starting at b.

Since |Xτk | is a random variable with two outcomes, we have

E
[
f(Xτk)

]
= pkf(R) + qkf(kR),

where pk = P (|Xτk | = R), qk = P (|XXτk
|) = kR and pk + qk = 1. Substituting in

(8.5.19) yields
pkf(R) + qkf(kR) = f(b). (8.5.20)

There are the following two distinguished cases:

(i) If n = 2 we obtain

−pk lnR− qk(ln k + lnR) = − ln b.

Using pk = 1− qk, solving for pk yields

pk = 1− ln( b
R )

ln k
.

Hence
P (τ < ∞) = lim

k→∞
pk = 1,

where τ = inf{t > 0; |Xt| < R} is the first time Xt hits the ball B(0, R). Hence in
R2 a Brownian motion hits with probability 1 any ball. This is stated equivalently by
saying that the Brownian motion is recurrent in R2.

(ii) If n > 2 the equation (8.5.20) becomes

pk
Rn−2

+
qk

kn−2Rn−2
=

1

bn−2
.

Taking the limit k → ∞ yields

lim
k→∞

pk =
(R
b

)n−2
< 1.

Then in Rn, n > 2, a Brownian motion starting outside of a ball hits it with a probability
less than 1. This is usually stated by saying that the Brownian motion is transient.

3. We shall recover the previous results using the n-dimensional Bessel process

Rt = dist
(
0,W (t)

)
=
√

W1(t)2 + · · · +Wn(t)2.

Consider the process Yt = α +Rt, with 0 ≤ α < R. The generator of Yt is the Bessel
operator of order n

A =
1

2

d2

dx2
+

n− 1

2x

d

dx
,
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Figure 8.2: The Brownian motion Xt in the annulus Ar,R.

see section 2.7. Consider the exit time

τ = {t > 0;Yt > R}.

Applying Dynkin’s formula

E
[
f(Yτ )

]
= f(Y0) + E

[ ∫ τ

0
(Af)(Ys) ds

]

for f(x) = x2 yields R2 = α2 + E
[ ∫ τ

0 nds
]
. This leads to

E[τ ] =
R2 − α2

n
.

which recovers (8.5.18) with α = |a|.
In the following assume n ≥ 3 and consider the annulus

Ar,R = {x ∈ Rn; r < |x| < R}.

Consider the stopping time τ = inf{t > 0;Xt /∈ Ar,R} = inf{t > 0;Yt /∈ (r,R)}, where
|Y0| = α ∈ (r,R). Applying Dynkin’s formula for f(x) = x2−n yields E

[
f(Yτ

]
= f(α).

This can be written as

prr
2−n + p

R
R2−n = α2−n,

where
pr = P (|Xt| = r), p

R
= P (|Xt| = R), pr + p

R
= 1.

Solving for pr and p
R
yields
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pr =

(
R
α

)n−2 − 1
(
R
r

)n−2 − 1
, p

R
=

(
r
α

)n−2 − 1
(
r
R

)n−2 − 1
.

The transience probability is obtained by taking the limit to infinity

pr = lim
R→∞

pr,R = lim
R→∞

α2−nRn−2 − 1

r2−nRn−2 − 1
=
( r
α

)n−2
,

where pr is the probability that a Brownian motion starting outside the ball of radius
r will hit the ball, see Fig. 8.2.

Exercise 8.5.3 Solve the equation 1
2f

′′(x) + n−1
2x f ′(x) = 0 by looking for a solution of

monomial type f(x) = xk.

8.6 Application to Parabolic Equations

This section deals with solving first and second order parabolic equations using the
integral of the cost function along a certain characteristic solution. The first order
equations are related to predictable characteristic curves, while the second order equa-
tions depend on stochastic characteristic curves.

1. Predictable characteristics Let ϕ(s) be the solution of the following one-dimensional
ODE

dX(s)

ds
= a

(
s,X(s)

)
, t ≤ s ≤ T

X(t) = x,

and define the cumulative cost between t and T along the solution ϕ

u(t, x) =

∫ T

t
c
(
s, ϕ(s)

)
ds, (8.6.21)

where c denotes a continuous cost function. Differentiate both sides with respect to t

∂

∂t
u
(
t, ϕ(t)

)
=

∂

∂t

∫ T

t
c
(
s, ϕ(s)

)
ds

∂tu+ ∂xuϕ
′(t) = −c

(
t, ϕ(t)

)
.

Hence (8.6.21) is a solution of the following final value problem

∂tu(t, x) + a(t, x)∂xu(t, x) = −c(t, x)

u(T, x) = 0.

It is worth mentioning that this is a variant of the method of characteristics.1 The
curve given by the solution ϕ(s) is called a characteristic curve.

1This is a well known method of solving linear partial differential equations.
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Exercise 8.6.1 Using the previous method solve the following final boundary problems:

(a)

∂tu+ x∂xu = −x

u(T, x) = 0.

(b)

∂tu+ tx∂xu = lnx, x > 0

u(T, x) = 0.

2. Stochastic characteristics Consider the diffusion

dXs = a(s,Xs)ds+ b(s,Xs)dWs, t ≤ s ≤ T

Xt = x,

and define the stochastic cumulative cost function

u(t,Xt) =

∫ T

t
c(s,Xs) ds, (8.6.22)

with the conditional expectation

u(t, x) = E
[
u(t,Xt)|Xt = x

]

= E
[ ∫ T

t
c(s,Xs) ds|Xt = x

]
.

Taking increments in both sides of (8.6.22) yields

du(t,Xt) = d

∫ T

t
c(s,Xs) ds.

Applying Ito’s formula on one side and the Fundamental Theorem of Calculus on the
other, we obtain

∂tu(t, x)dt+ ∂xu(t,Xt)dXt +
1

2
∂2
xu(t, t,Xt)dX

2
t = −c(t,Xt)dt.

Taking the expectation E[ · |Xt = x] on both sides yields

∂tu(t, x)dt+ ∂xu(t, x)a(t, x)dt +
1

2
∂2
xu(t, x)b

2(t, x)dt = −c(t, x)dt.

Hence, the expected cost

u(t, x) = E
[ ∫ T

t
c(s,Xs) ds|Xt = x

]
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is a solution of the following second order parabolic equation

∂tu+ a(t, x)∂xu+
1

2
b2(t, x)∂2

xu(t, x) = −c(t, x)

u(T, x) = 0.

This represents the probabilistic interpretation of the solution of a parabolic equation.

Exercise 8.6.2 Solve the following final boundary problems:

(a)

∂tu+ ∂xu+
1

2
∂2
xu = −x

u(T, x) = 0.

(b)

∂tu+ ∂xu+
1

2
∂2
xu = ex,

u(T, x) = 0.

(c)

∂tu+ µx∂xu+
1

2
σ2x2∂2

xu = −x,

u(T, x) = 0.
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Chapter 9

Martingales and Girsanov’s
Theorem

9.1 Examples of Martingales

In this section we shall use the knowledge acquired in previous chapters to present a
few important examples of martingales. These will be useful in the proof of Girsanov’s
theorem in the next section.

We start by recalling that a process Xt, 0 ≤ t ≤ T , is an Ft-martingale if

1. E[|Xt|] < ∞ (Xt integrable for each t);

2. Xt is Ft-predictable;

3. the forecast of future values is the last observation: E[Xt|Fs] = Xs, ∀s < t.

We shall present three important examples of martingales and some of their particular
cases.

Example 9.1.1 If v(s) is a continuous function on [0, T ], then

Xt =

∫ t

0
v(s) dWs

is an Ft-martingale.

Taking out the predictable part

E[Xt|Fs] = E
[ ∫ s

0
v(τ) dWτ +

∫ t

s
v(τ) dWτ

∣∣∣Fs

]

= Xs + E
[ ∫ t

s
v(τ) dWτ

∣∣∣Fs

]
= Xs,
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where we used that
∫ t
s v(τ) dWτ is independent of Fs and the conditional expectation

equals the usual expectation

E
[ ∫ t

s
v(τ) dWτ

∣∣∣Fs

]
= E

[ ∫ t

s
v(τ) dWτ

]
= 0.

Example 9.1.2 Let Xt =

∫ t

0
v(s) dWs be a process as in Example 9.1.1. Then

Mt = X2
t −

∫ t

0
v2(s) ds

is an Ft-martingale.

The process Xt satisfies the stochastic equation dXt = v(t)dWt. By Ito’s formula

d(X2
t ) = 2XtdXt + (dXt)

2 = 2v(t)XtdWt + v2(t)dt. (9.1.1)

Integrating between s and t yields

X2
t −X2

s = 2

∫ t

s
Xτv(τ) dWτ +

∫ t

s
v2(τ) dτ.

Then separating the predictable from the unpredictable we have

E[Mt|Fs] = E
[
X2

t −
∫ t

0
v2(τ) dτ

∣∣Fs

]

= E
[
X2

t −X2
s −

∫ t

s
v2(τ) dτ +X2

s −
∫ s

0
v2(τ) dτ

∣∣Fs

]

= X2
s −

∫ s

0
v2(τ) dτ + E

[
X2

t −X2
s −

∫ t

s
v2(τ) dτ

∣∣Fs

]

= Ms + 2E
[ ∫ t

s
Xτv(τ) dWτ

∣∣Fs

]
= Ms,

where we used relation (9.1.1) and that

∫ t

s
Xτv(τ) dWτ is totally unpredictable given

the information set Fs. In the following we shall mention a few particular cases.

1. If v(s) = 1, then Xt = Wt. In this case Mt = W 2
t − t is an Ft-martingale.

2. If v(s) = s, then Xt =
∫ t
0 s dWs, and hence

Mt =
(∫ t

0
s dWs

)2
− t3

3

is an Ft-martingale.
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Example 9.1.3 Let u : [0, T ] → R be a continuous function. Then

Mt = e
∫ t
0 u(s) dWs− 1

2

∫ t
0 u2(s) ds

is an Ft-martingale for 0 ≤ t ≤ T .

Consider the process Ut =

∫ t

0
u(s) dWs −

1

2

∫ t

0
u2(s) ds. Then

dUt = u(t)dWt −
1

2
u2(t)dt

(dUt)
2 = u(t)dt.

Then Ito’s formula yields

dMt = d(eUt) = eUtdUt +
1

2
eUt(dUt)

2

= eUt
(
u(t)dWt −

1

2
u2(t)dt+

1

2
u2(t)dt

)

= u(t)MtdWt.

Integrating between s and t yields

Mt = Ms +

∫ t

s
u(τ)Mτ dWτ

Since

∫ t

s
u(τ)Mτ dWτ is independent of Fs, then

E
[ ∫ t

s
u(τ)Mτ dWτ |Fs

]
= E

[ ∫ t

s
u(τ)Mτ dWτ

]
= 0,

and hence

E[Mt|Fs] = E[Ms +

∫ t

s
u(τ)Mτ dWτ |Fs] = Ms.

Remark 9.1.4 The condition that u(s) is continuous on [0, T ] can be relaxed by asking
only

u ∈ L2[0, T ] = {u : [0, T ] → R;measurable and

∫ t

0
|u(s)|2 ds < ∞}.

It is worth noting that the conclusion still holds if the function u(s) is replaced by a
stochastic process u(t, ω) satisfying Novikov’s condition

E
[
e

1
2

∫ T
0 u2(s,ω) ds

]
< ∞.
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The previous process has a distinguished importance in the theory of martingales and
it will be useful when proving the Girsanov theorem.

Definition 9.1.5 Let u ∈ L2[0, T ] be a deterministic function. Then the stochastic
process

Mt = e
∫ t
0
u(s) dWs− 1

2

∫ t
0
u2(s) ds

is called the exponential process induced by u.

Particular cases of exponential processes.

1. Let u(s) = σ, constant, then Mt = eσWt−σ2

2
t is an Ft-martingale.

2. Let u(s) = s. Integrating in d(tWt) = tdWt −Wtdt yields

∫ t

0
s dWs = tWt −

∫ t

0
Ws ds.

Let Zt =
∫ t
0 Ws ds be the integrated Brownian motion. Then

Mt = e
∫ t
0 d dWs− 1

2

∫ t
0 s2 ds

= etWt− t3

6
−Zt

is an Ft-martingale.

Example 9.1.6 Let Xt be a solution of dXt = u(t)dt + dWt, with u(s) a bounded
function. Consider the exponential process

Mt = e−
∫ t
0 u(s) dWs− 1

2

∫ t
0 u2(s) ds. (9.1.2)

Then Yt = MtXt is an Ft-martingale.

In Example 9.1.3 we obtained dMt = −u(t)MtdWt. Then

dMt dXt = −u(t)Mtdt.

The product rule yields

dYt = MtdXt +XtdMt + dMt dXt

= Mt

(
u(t)dt+ dWt

)
−Xtu(t)MtdWt − u(t)Mtdt

= Mt

(
1− u(t)Xt

)
dWt.

Integrating between s and t yields

Yt = Ys +

∫ t

s
Mτ

(
1− u(τ)Xτ

)
dWτ .
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Since
∫ t
s Mτ

(
1− u(τ)Xτ

)
dWτ is independent of Fs,

E
[ ∫ t

s
Mτ

(
1− u(τ)Xτ

)
dWτ |Fs

]
= E

[ ∫ t

s
Mτ

(
1− u(τ)Xτ

)
dWτ

]
= 0,

and hence
E[Yt|Fs] = Ys.

Exercise 9.1.7 Prove that (Wt + t)e−Wt− 1
2
t is an Ft-martingale.

Exercise 9.1.8 Let h be a continuous function. Using the properties of the Wiener
integral and log-normal random variables, show that

E
[
e
∫ t
0 h(s) dWs

]
= e

1
2

∫ t
0 h(s)2 ds.

Exercise 9.1.9 Let Mt be the exponential process (9.1.2). Use the previous exercise
to show that for any t > 0

(a) E[Mt] = 1 (b) E[M2
t ] = e

∫ t
0
u(s)2 ds.

Exercise 9.1.10 Let Ft = σ{Wu;u ≤ t}. Show that the following processes are Ft-
martingales:

(a) et/2 cosWt;

(b) et/2 sinWt.

Recall that the Laplacian of a twice differentiable function f is defined by ∆f(x) =∑n
j=1 ∂

2
xjf .

Example 9.1.11 Consider the smooth function f : Rn → R, such that

(i) ∆f = 0;

(ii) E
[
|f(Wt)|

]
< ∞, ∀t > 0 and x ∈ R.

Then the process Xt = f(Wt) is an Ft-martingale.

Proof: It follows from the more general Example 9.1.13.

Exercise 9.1.12 Let W1(t) and W2(t) be two independent Brownian motions. Show
that Xt = eW1(t) cosW2(t) is a martingale.

Example 9.1.13 Let f : Rn → R be a smooth function such that

(i) E
[
|f(Wt)|

]
< ∞;

(ii) E
[ ∫ t

0 |∆f(Ws)| ds
]
< ∞.

Then the process Xt = f(Wt)− 1
2

∫ t
0 ∆f(Ws) ds is a martingale.
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Proof: For 0 ≤ s < t we have

E
[
Xt|Fs

]
= E

[
f(Wt)|Fs

]
−E

[1
2

∫ t

0
∆f(Wu) du|Fs

]

= E
[
f(Wt)|Fs

]
− 1

2

∫ s

0
∆f(Wu) du−

∫ t

s
E
[1
2
∆f(Wu)|Fs

]
du(9.1.3)

Let p(t, y, x) be the probability density function of Wt. Integrating by parts and using
that p satisfies the Kolmogorov’s backward equation, we have

E
[1
2
∆f(Wu)|Fs

]
=

1

2

∫
p(u− s,Ws, x)∆f(x) dx =

1

2

∫
∆xp(u− s,Ws, x)f(x) dx

=

∫
∂

∂u
p(u− s,Ws, x)f(x) dx.

Then, using the Fundamental Theorem of Calculus, we obtain

∫ t

s
E
[1
2
∆f(Wu)|Fs

]
du =

∫ t

s

( ∂

∂u

∫
p(u− s,Ws, x)f(x) dx

)
du

=

∫
p(t− s,Ws, x)f(x) dx− lim

ǫց0

∫
p(ǫ,Ws, x)f(x) dx

= E
[
f(Wt)|Fs

]
−
∫

δ(x = Ws)f(x) dx

= E
[
f(Wt)|Fs

]
− f(Ws).

Substituting in (9.1.3) yields

E
[
Xt|Fs

]
= E

[
f(Wt)|Fs

]
− 1

2

∫ s

0
∆f(Wu) du− E

[
f(Wt)|Fs

]
+ f(Ws)(9.1.4)

= f(Ws)−
1

2

∫ s

0
∆f(Wu) du (9.1.5)

= Xs. (9.1.6)

Hence Xt is an Ft-martingale.

Exercise 9.1.14 Use the Example 9.1.13 to show that the following processes are mar-
tingales:

(a) Xt = W 2
t − t;

(b) Xt = W 3
t − 3

∫ t
0 Ws ds;

(c) Xt =
1

n(n−1)W
n
t − 1

2

∫ t
0 W

n−2
s ds;

(d) Xt = ecWt − 1
2c

2
∫ t
0 e

Ws ds, with c constant;

(e) Xt = sin(cWt) +
1
2c

2
∫ t
0 sin(cWs) ds, with c constant.
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Exercise 9.1.15 Let f : Rn → R be a function such that

(i) E
[
|f(Wt)|

]
< ∞;

(ii) ∆f = λf , λ constant.

Show that the process Xt = f(Wt)− λ
2

∫ t
0 f(Ws) ds is a martingale.

9.2 Girsanov’s Theorem

In this section we shall present and prove a particular version of Girsanov’s theorem,
which will suffice for the purpose of later applications. The application of Girsanov’s
theorem to finance is to show that in the study of security markets the differences
between the mean rates of return can be removed.

We shall recall first a few basic notions. Let (Ω,F , P ) be a probability space. When
dealing with an Ft-martingale on the aforementioned probability space, the filtration
Ft is considered to be the sigma-algebra generated by the given Brownian motion Wt,
i.e. Ft = σ{Wu; 0 ≤ u ≤ s}. By default, a martingale is considered with respect to the
probability measure P , in the sense that the expectations involve an integration with
respect to P

EP [X] =

∫

Ω
X(ω)dP (ω).

We have not used the upper script until now since there was no doubt which probability
measure was used. In this section we shall use also another probability measure given
by

dQ = MTdP,

where MT is an exponential process. This means that Q : F → R is given by

Q(A) =

∫

A
dQ =

∫

A
MT dP, ∀A ∈ F .

Since MT > 0, M0 = 1, using the martingale property of Mt yields

Q(A) > 0, A 6= Ø;

Q(Ω) =

∫

Ω
MTdP = EP [MT ] = EP [MT |F0] = M0 = 1,

which shows that Q is a probability on F , and hence (Ω,F , Q) becomes a probability
space. The following transformation of expectation from the probability measure Q to
P will be useful in part II. If X is a random variable

EQ[X] =

∫

Ω
X(ω) dQ(ω) =

∫

Ω
X(ω)MT (ω) dP (ω)

= EP [XMT ].

The following result will play a central role in proving Girsanov’s theorem:
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Lemma 9.2.1 Let Xt be the Ito process

dXt = u(t)dt+ dWt, X0 = 0, 0 ≤ t ≤ T,

with u(s) a bounded function. Consider the exponential process

Mt = e−
∫ t
0 u(s) dWs− 1

2

∫ t
0 u2(s) ds.

Then Xt is an Ft-martingale with respect to the measure

dQ(ω) = MT (ω)dP (ω).

Proof: We need to prove that Xt is an Ft-martingale with respect to Q, so it suffices
to show the following three properties:

1. Integrability of Xt. This part usually follows from standard manipulations of norms
estimations. We shall do it here in detail, but we shall omit it in other proofs. Inte-
grating in the equation of Xt between 0 and t yields

Xt =

∫ t

0
u(s) ds+Wt. (9.2.7)

We start with an estimation of the expectation with respect to P

EP [X2
t ] = EP

[( ∫ t

0
u(s) ds

)2
+ 2

∫ t

0
u(s) dsWt +W 2

t

]

=
( ∫ t

0
u(s) ds

)2
+ 2

∫ t

0
u(s) dsEP [Wt] + EP [W 2

t ]

=
( ∫ t

0
u(s) ds

)2
+ t < ∞, ∀0 ≤ t ≤ T

where the last inequality follows from the norm estimation

∫ t

0
u(s) ds ≤

∫ t

0
|u(s)| ds ≤

[
t

∫ t

0
|u(s)|2 ds

]1/2

≤
[
t

∫ T

0
|u(s)|2 ds

]1/2
= T 1/2‖u‖L2[0,T ].

Next we obtain an estimation with respect to Q

EQ[|Xt|]2 =
(∫

Ω
|Xt|MT dP

)2
≤
∫

Ω
|Xt|2 dP

∫

Ω
M2

T dP

= EP [X2
t ]E

P [M2
T ] < ∞,

since EP [X2
t ] < ∞ and EP [M2

T ] = e
∫ T
0 u(s)2 ds = e

‖u‖2
L2[0,T ] , see Exercise 9.1.9.
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2. Ft-predictability of Xt. This follows from equation (9.2.7) and the fact that Wt is
Ft-predictable.

3. Conditional expectation of Xt. From Examples 9.1.3 and 9.1.6 recall that for any
0 ≤ t ≤ T

Mt is an Ft-martingale with respect to probability measure P ;

XtMt is an Ft-martingale with respect to probability measure P.

We need to verify that
EQ[Xt|Fs] = Xs, ∀s ≤ t.

which can be written as
∫

A
Xt dQ =

∫

A
Xs dQ, ∀A ∈ Fs.

Since dQ = MTdP , the previous relation becomes
∫

A
XtMT dP =

∫

A
XsMT dP, ∀A ∈ Fs.

This can be written in terms of conditional expectation as

EP [XtMT |Fs] = EP [XsMT |Fs]. (9.2.8)

We shall prove this identity by showing that both terms are equal to XsMs. Since Xs

is Fs-predictable and Mt is a martingale, the right side term becomes

EP [XsMT |Fs] = XsE
P [MT |Fs] = XsMs, ∀s ≤ T.

Let s < t. Using the tower property (see Proposition 1.11.4, part 3), the left side term
becomes

EP [XtMT |Fs] = EP
[
EP [XtMT |Ft]|Fs

]
= EP

[
XtE

P [MT |Ft]|Fs

]

= EP
[
XtMt|Fs

]
= XsMs,

where we used that Mt and XtMt are martingales and Xt is Ft-predictable. Hence
(9.2.8) holds and Xt is an Ft-martingale with respect to the probability measure Q.

Lemma 9.2.2 Consider the process

Xt =

∫ t

0
u(s) ds +Wt, 0 ≤ t ≤ T,

with u ∈ L2[0, T ] a deterministic function, and let dQ = MT dP . Then

EQ[X2
t ] = t.
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Proof: Denote U(t) =
∫ t
0 u(s) ds. Then

EQ[X2
t ] = EP [X2

t MT ] = EP [U2(t)MT + 2U(t)WtMT +W 2
t MT ]

= U2(t)EP [MT ] + 2U(t)EP [WtMT ] +EP [W 2
t MT ]. (9.2.9)

From Exercise 9.1.9 (a) we have EP [MT ] = 1. In order to compute EP [WtMT ] we use
the tower property and the martingale property of Mt

EP [WtMT ] = E[EP [WtMT |Ft]] = E[WtE
P [MT |Ft]]

= E[WtMt]. (9.2.10)

Using the product rule

d(WtMt) = MtdWt +WtdMt + dWtdMt

=
(
Mt − u(t)MtWt

)
dWt − u(t)Mtdt,

where we used dMt = −u(t)MtdWt. Integrating between 0 and t yields

WtMt =

∫ t

0

(
Ms − u(s)MsWs

)
dWs −

∫ t

0
u(s)Ms ds.

Taking the expectation and using the property of Ito integrals we have

E[WtMt] = −
∫ t

0
u(s)E[Ms] ds = −

∫ t

0
u(s) ds = −U(t). (9.2.11)

Substituting into (9.2.10) yields

EP [WtMT ] = −U(t). (9.2.12)

For computing EP [W 2
t MT ] we proceed in a similar way

EP [W 2
t MT ] = E[EP [W 2

t MT |Ft]] = E[W 2
t E

P [MT |Ft]]

= E[W 2
t Mt]. (9.2.13)

Using the product rule yields

d(W 2
t Mt) = Mtd(W

2
t ) +W 2

t dMt + d(W 2
t )dMt

= Mt(2WtdWt + dt)−W 2
t

(
u(t)MtdWt

)

−(2WtdWt + dt)
(
u(t)MtdWt

)

= MtWt

(
2− u(t)Wt

)
dWt +

(
Mt − 2u(t)WtMt

)
dt.

Integrate between 0 and t

W 2
t Mt =

∫ t

0
[MsWs

(
2− u(s)Ws

)
] dWs +

∫ t

0

(
Ms − 2u(s)WsMs

)
ds,
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and take the expected value to get

E[W 2
t Mt] =

∫ t

0

(
E[Ms]− 2u(s)E[WsMs]

)
ds

=

∫ t

0

(
1 + 2u(s)U(s)

)
ds

= t+ U2(t),

where we used (9.2.11). Substituting into (9.2.13) yields

EP [W 2
t MT ] = t+ U2(t). (9.2.14)

Substituting (9.2.12) and (9.2.14) into relation (9.2.9) yields

EQ[X2
t ] = U2(t)− 2U(t)2 + t+ U2(t) = t, (9.2.15)

which ends the proof of the lemma.

Now we are prepared to prove one of the most important results of stochastic
calculus.

Theorem 9.2.3 (Girsanov Theorem) Let u ∈ L2[0, T ] be a deterministic function.
Then the process

Xt =

∫ t

0
u(s) ds +Wt, 0 ≤ t ≤ T

is a Brownian motion with respect to the probability measure Q given by

dQ = e−
∫ T
0

u(s) dWs− 1
2

∫ T
0

u(s)2 dsdP.

Proof: In order to prove that Xt is a Brownian motion on the probability space
(Ω,F , Q) we shall apply Lévy’s characterization theorem, see Theorem 2.1.5. Hence it
suffices to show that Xt is a Wiener process. Lemma 9.2.1 implies that the process Xt

satisfies the following properties:

1. X0 = 0;

2. Xt is continuous in t;

3. Xt is a square integrable Ft-martingale on the space (Ω,F , Q).

The only property we still need to show is

4. EQ[(Xt −Xs)
2] = t− s, s < t.

Using Lemma 9.2.2, the martingale property of Wt, the additivity and the tower prop-
erty of expectations, we have

EQ[(Xt −Xs)
2] = EQ[X2

t ]− 2EQ[XtXs] +EQ[X2
s ]

= t− 2EQ[XtXs] + s

= t− 2EQ[EQ[XtXs|Fs]] + s

= t− 2EQ[XsE
Q[Xt|Fs]] + s

= t− 2EQ[X2
s ] + s

= t− 2s+ s = t− s,
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which proves relation 4.

Choosing u(s) = λ, constant, we obtain the following consequence that will be
useful later in finance applications.

Corollary 9.2.4 Let Wt be a Brownian motion on the probability space (Ω,F , P ).
Then the process

Xt = λt+Wt, 0 ≤ t ≤ T

is a Brownian motion on the probability space (Ω,F , Q), where

dQ = e−
1
2
λ2T−λWT dP.
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Chapter 10

Modeling Stochastic Rates

Elementary Calculus provides powerful methods of modeling phenomena from the real
world. However, the real world is imperfect, and in order to study it, one needs to
employ methods of Stochastic Calculus.

10.1 An Introductory Problem

The model in an ideal world
Consider the amount of money M(t) at time t invested in a bank account that pays
interest at a constant rate r. The differential equation which models this problem is

dM(t) = rM(t)dt. (10.1.1)

Given the initial investment M(0) = M0, the account balance at time t is given by the
solution of the equation, M(t) = M0e

rt.

The model in the real world
In the real world the interest rate r is not constant. It may be assumed constant only
for a very small amount of time, such as one day or one week. The interest rate changes
unpredictably in time, which means that it is a stochastic process. This can be modeled
in several different ways. For instance, we may assume that the interest rate at time t
is given by the continuous stochastic process rt = r + σWt, where σ > 0 is a constant
that controls the volatility of the rate, and Wt is a Brownian motion process. The
process rt represents a diffusion that starts at r0 = r, with constant mean E[rt] = r
and variance proportional with the time elapsed, V ar[rt] = σ2t. With this change in
the model, the account balance at time t becomes a stochastic process Mt that satisfies
the stochastic equation

dMt = (r + σWt)Mtdt, t ≥ 0. (10.1.2)
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Solving the equation
In order to solve this equation, we write it as dMt − rtMtdt = 0 and multiply by the

integrating factor e−
∫ t
0
rs ds. We can check that

d
(
e−

∫ t
0
rs ds

)
= −e−

∫ t
0
rs dsrtdt

dMt d
(
e−

∫ t
0
rs ds

)
= 0,

since dt2 = dt dWt = 0. Using the product rule, the equation becomes exact

d
(
Mt e

−
∫ t
0 rs ds

)
= 0.

Integrating yields the solution

Mt = M0e
∫ t
0
rs ds = M0e

∫ t
0
(r+σWs) ds

= M0e
rt+σZt ,

where Zt =
∫ t
0 Ws ds is the integrated Brownian motion process. Since the moment

generating function of Zt is m(σ) = E[eσZt ] = eσ
2t3/6 (see Exercise 2.3.4), we obtain

E[eσWs ] = eσ
2t3/6;

V ar[eσWs ] = m(2σ) −m(σ) = eσ
2t3/3(eσ

2t3/3 − 1).

Then the mean and variance of the solution Mt = M0e
rt+σZt are

E[Mt] = M0e
rtE[eσZt ] = M0e

rt+σ2t3/6;

V ar[Mt] = M2
0 e

2rtV ar[eσZt ] = M2
0 e

2rt+σ2t3/3(eσ
2t3/3 − 1).

Conclusion
We shall make a few interesting remarks. If M(t) and Mt represent the balance at time
t in the ideal and real worlds, respectively, then

E[Mt] = M0e
rteσ

2t3/6 > M0e
rt = M(t).

This means that we expect to have more money in the account of an ideal world rather
than in the real world account. Similarly, a bank can expect to make more money when
lending at a stochastic interest rate than at a constant interest rate. This inequality
is due to the convexity of the exponential function. If Xt = rt + σZt, then Jensen’s
inequality yields

E[eXt ] ≥ eE[Xt] = ert.
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10.2 Langevin’s Equation

We shall consider another stochastic extension of the equation (10.1.1). We shall al-
low for continuously random deposits and withdrawals which can be modeled by an
unpredictable term, given by αdWt, with α constant. The obtained equation

dMt = rMtdt+ αdWt, t ≥ 0 (10.2.3)

is called Langevin’s equation.

Solving the equation
We shall solve it as a linear stochastic equation. Multiplying by the integrating factor
e−rt yields

d(e−rtMt) = αe−rtdWt.

Integrating we obtain

e−rtMt = M0 + α

∫ t

0
e−rs dWs.

Hence the solution is

Mt = M0e
rt + α

∫ t

0
er(t−s) dWs. (10.2.4)

This is called the Ornstein-Uhlenbeck process. Since the last term is a Wiener integral,
by Proposition (7.3.1) we have that Mt is Gaussian with the mean

E[Mt] = M0e
rt + E[α

∫ t

0
er(t−s) dWs] = M0e

rt

and variance

V ar[Mt] = V ar
[
α

∫ t

0
er(t−s) dWs

]
=

α2

2r
(e2rt − 1).

It is worth noting that the expected balance is equal to the ideal world balance M0e
rt.

The variance for t small is approximately equal to α2t, which is the variance of αWt.

If the constant α is replaced by an unpredictable function α(t,Wt), the equation
becomes

dMt = rMtdt+ α(t,Wt)dWt, t ≥ 0.

Using a similar argument we arrive at the following solution:

Mt = M0e
rt +

∫ t

0
er(t−s)α(t,Wt) dWs. (10.2.5)

This process is not Gaussian. Its mean and variance are given by

E[Mt] = M0e
rt

V ar[Mt] =

∫ t

0
e2r(t−s)E[α2(t,Wt)] ds.
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In the particular case when α(t,Wt) = e
√
2rWt, using Application 6.3.9 with λ =√

2r, we can work out for (10.2.5) an explicit form of the solution

Mt = M0e
rt +

∫ t

0
er(t−s)e

√
2rWt dWs

= M0e
rt + ert

∫ t

0
e−rse

√
2rWt dWs

= M0e
rt + ert

1√
2r

(
e−rs+

√
2rWt − 1

)

= M0e
rt +

1√
2r

(
e
√
2rWt − ert

)
.

The previous model for the interest rate is not a realistic one because it allows for
negative rates. The Brownian motion hits −r after a finite time with probability 1.
However, it might be a good stochastic model for something such as the evolution of
population, since in this case the rate can be negative.

10.3 Equilibrium Models

Let rt denote the spot rate at time t. This is the rate at which one can invest for
the shortest period of time.1 For the sake of simplicity, we assume the interest rate rt
satisfies an equation with one source of uncertainty

drt = m(rt)dt+ σ(rt)dWt . (10.3.6)

The drift rate and volatility of the spot rate rt do not depend explicitly on the time
t. There are several classical choices for m(rt) and σ(rt) that will be discussed in the
following sections.

10.3.1 The Rendleman and Bartter Model

The model introduced in 1986 by Rendleman and Bartter [14] assumes that the short-
time rate satisfies the process

drt = µrtdt+ σrtdWt.

The growth rate µ and the volatility σ are considered constants. This equation has
been solved in Example 7.7.2 and its solution is given by

rt = r0e
(µ−σ2

2
)t+σWt .

1The longer the investment period, the larger the rate. The instantaneous rate or spot rate is the
rate at which one can invest for a short period of time, such as one day or one second.
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Equilibrium level
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Figure 10.1: A simulation of drt = a(b− rt)dt+ σdWt, with r0 = 1.25, a = 3, σ = 1%,
b = 1.2.

The distribution of rt is log-normal. Using Example 7.2.1, the mean and variance
become

E[rt] = r0e
(µ−σ2

2
)tE[eσWt ] = r0e

(µ−σ2

2
)teσ

2t/2 = r0e
µt.

V ar[rt] = r20e
2(µ−σ2

2
)tV ar[eσWt ] = r20e

2(µ−σ2

2
)teσ

2t(eσ
2t − 1)

= r20e
2µt(eσ

2t − 1).

The next two models incorporate the mean reverting phenomenon of interest rates.
This means that in the long run the rate converges towards an average level. These
models are more realistic and are based on economic arguments.

10.3.2 The Vasicek Model

Vasicek’s assumption is that the short-term interest rates should satisfy the mean
reverting stochastic differential equation

drt = a(b− rt)dt+ σdWt, (10.3.7)

with a, b, σ positive constants, see Vasicek [16].
Assuming the spot rates are deterministic, we take σ = 0 and obtain the ODE

drt = a(b− rt)dt.

Solving it as a linear equation yields the solution

rt = b+ (r0 − b)e−at.

This implies that the rate rt is pulled towards level b at the rate a. This means that, if
r0 > b, then rt is decreasing towards b, and if r0 < b, then rt is increasing towards the
horizontal asymptote b. The term σdWt in Vasicek’s model adds some “white noise”
to the process. In the following we shall find an explicit formula for the spot rate rt in
the stochastic case.
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Proposition 10.3.1 The solution of the equation (11.4.5) is given by

rt = b+ (r0 − b)e−at + σe−at

∫ t

0
eas dWs.

The process rt is Gaussian with mean and variance

E[rt] = b+ (r0 − b)e−at;

V ar[rt] =
σ2

2a
(1− e−2at).

Proof: Multiplying by the integrating factor eat yields

d
(
eatrt

)
= abeat dt+ σeat dWt.

Integrating between 0 and t and dividing by eat we get

rt = r0e
−at + be−at(eat − 1) + σe−at

∫ t

0
eas dWs

= b+ (r0 − b)e−at + σe−at

∫ t

0
eas dWs.

Since the spot rate rt is the sum between the predictable function r0e
−at + be−at(eat −

1) and a multiple of a Wiener integral, from Proposition (4.6.1) it follows that rt is
Gaussian, with

E[rt] = b+ (r0 − b)e−at

V ar(rt) = V ar
[
σe−at

∫ t

0
eas dWs

]
= σ2e−2at

∫ t

0
e2as ds

=
σ2

2a
(1− e−2at).

The following consequence explains the name of mean reverting rate.

Remark 10.3.2 Since lim
t→∞

E[rt] = lim
t→∞

(b + (r0 − b)e−at) = b, it follows that the spot

rate rt tends to b as t → ∞. The variance tends in the long run to
σ2

2a
.

Since rt is normally distributed, the Vasicek model has been criticized because
it allows for negative interest rates and unbounded large rates. See Fig.10.1 for a
simulation of the short-term interest rates for the Vasicek model.

Exercise 10.3.3 Let 0 ≤ s < t. Find the following expectations

(a) E[Wt

∫ s
0 Wue

au du].

(b) E[
∫ t
0 Wue

au du
∫ s
0 Wve

av dv].
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Equilibrium level

Vasicek's model

CIR model

1000 2000 3000 4000 5000 6000
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Figure 10.2: Comparison between a simulation in CIR and Vasicek models, with pa-
rameter values a = 3, σ = 15%, r0 = 12, b = 10. Note that the CIR process tends to
be more volatile than Vasicek’s.

Exercise 10.3.4 (a) Find the probability that rt is negative.
(b) What happens with this probability when t → ∞?
(c) Find the rate of change of this probability.
(d) Compute Cov(rs, rt).

10.3.3 The Cox-Ingersoll-Ross Model

The Cox-Ingersoll-Ross (CIR) model assumes that the spot rates verify the stochastic
equation

drt = a(b− rt)dt+ σ
√
rtdWt, (10.3.8)

with a, b, σ constants, see [5]. Two main advantages of this model are
• the process exhibits mean reversion.
• it is not possible for the interest rates to become negative.

A process that satisfies equation (10.3.8) is called a CIR process. This is not a Gaussian
process. In the following we shall compute its first two moments.

To get the first moment, integrating the equation (10.3.8) between 0 and t which
yields

rt = r0 + abt− a

∫ t

0
rs ds+ σ

∫ t

0

√
rs dWs.

Take the expectation we obtain

E[rt] = r0 + abt− a

∫ t

0
E[rs] ds.
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Denote µ(t) = E[rt]. Then differentiate with respect to t in

µ(t) = r0 + abt− a

∫ t

0
µ(s) ds,

which yields the differential equation µ′(t) = ab − aµ(t). Multiply by the integrating
factor eat and obtain

d(eatµ(t)) = abeat.

Integrate and use that µ(0) = r0, which provides the solution

µ(t) = b+ e−at(r0 − b).

Hence
lim
t→∞

E[rt] = lim
t→∞

(
b+ e−at(r0 − b)

)
= b,

which shows that the process is mean reverting.

We compute in the following the second moment µ2(t) = E[r2t ]. By Ito’s formula
we have

d(r2t ) = 2rt drt + (drt)
2 = 2rt drt + σ2rtdt

= 2rt [a(b− rt)dt+ σ
√
rtdWt] + σ2rtdt

= [(2ab + σ2)rt − 2ar2t ]dt+ 2σr
3/2
t dWt.

Integrating we get

r2t = r20 +

∫ t

0
[(2ab+ σ2)rs − 2ar2s ] ds+ 2σ

∫ t

0
r3/2s dWs.

Taking the expectation yields

µ2(t) = r20 +

∫ t

0
[(2ab+ σ2)µ(s)− 2aµ2(s)] ds.

Differentiating again:
µ′
2(t) = (2ab+ σ2)µ(t)− 2aµ2(t).

Solving as a linear differential equation in µ2(t) yields

d(µ2(t)e
2at) = (2ab+ σ2)e2atµ(t).

Substituting the value of µ(t) and integrating yields

µ2(t)e
2at = r20 + (2ab+ σ2)

[ b

2a
(e2at − 1) +

r0 − b

a
(eat − 1)

]
.

Hence the second moment has the formula

µ2(t) = r20e
−2at + (2ab+ σ2)

[ b

2a
(1− e−2at) +

r0 − b

a
(1− e−at)e−at

]
.

Exercise 10.3.5 Use a similar method to find a recursive formula for the moments of
a CIR process.
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10.4 No-arbitrage Models

In the following models the drift rate is a function of time, which is chosen such that
the model is consistent with the term structure.

10.4.1 The Ho and Lee Model

The first no-arbitrage model was proposed in 1986 by Ho and Lee [7]. The model was
presented initially in the form of a binomial tree. The continuous time-limit of this
model is

drt = θ(t)dt+ σdWt.

In this model θ(t) is the average direction in which rt moves and it is considered
independent of rt, while σ is the standard deviation of the short rate. The solution
process is Gaussian and is given by

rt = r0 +

∫ t

0
θ(s) ds+ σWt.

If F (0, t) denotes the forward rate at time t as seen at time 0, it is known that θ(t) =
Ft(0, t) + σ2t. In this case the solution becomes

rt = r0 + F (0, t) +
σ2

2
t2 + σWt.

10.4.2 The Hull and White Model

The model proposed by Hull and White [8] is an extension of the Ho and Lee model
model that incorporates mean reversion

drt = (θ(t)− art)dt+ σdWt,

with a and σ constants. We can solve the equation by multiplying by the integrating
factor eat

d(eatrt) = θ(t)eatdt+ σeatdWt.

Integrating between 0 and t yields

rt = r0e
−at + e−at

∫ t

0
θ(s)eas ds + σe−at

∫ t

0
eas dWs. (10.4.9)

Since the first two terms are deterministic and the last is a Wiener integral, the process
rt is Gaussian.

The function θ(t) can be calculated from the term structure F (0, t) as

θ(t) = ∂tF (0, t) + aF (0, t) +
σ2

2a
(1− e−2at).
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Then
∫ t

0
θ(s)eas ds =

∫ t

0
∂sF (0, s)eas ds+ a

∫ t

0
F (0, s)eas ds+

σ2

2a

∫ t

0
(1− e−2as)eas ds

= F (0, t)eat − r0 +
σ2

a2
(
cosh(at)− 1

)
,

where we used that F (0, 0) = r0. The deterministic part of rt becomes

r0e
−at + e−at

∫ t

0
θ(s)eas ds = F (0, t) +

σ2

a2
e−at

(
cosh(at)− 1

)
.

An algebraic manipulation shows that

e−at
(
cosh(at)− 1

)
=

1

2
(1− eat)2.

Substituting into (10.4.9) yields

rt = F (0, t) +
σ2

2a2
(1− eat)2 + σe−at

∫ t

0
eas dWs.

The mean and variance are:

E[rt] = F (0, t) +
σ2

2a2
(1− eat)2

V ar(rt) = σ2e−2atV ar
[ ∫ t

0
eas dWs

]
= σ2e−2at

∫ t

0
e2as ds

=
σ2

2a
(1− e−2at).

10.5 Nonstationary Models

These models assume both θ and σ as functions of time. In the following we shall
discuss two models with this property.

10.5.1 Black, Derman and Toy Model

The binomial tree of Black, Derman and Toy [2] is equivalent with the following con-
tinuous model of short-time rate

d(ln rt) =
[
θ(t) +

σ′(t)
σ(t)

ln rt

]
dt+ σ(t)dWt.

Making the substitution ut = ln rt, we obtain a linear equation in ut

dut =
[
θ(t) +

σ′(t)
σ(t)

ut

]
dt+ σ(t)dWt.
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The equation can be written equivalently as

σ(t)dut − dσ(t)ut
σ2(t)

=
θ(t)

σ(t)
dt+ dWt,

which after using the quotient rule becomes

d
[ ut
σ(t)

]
=

θ(t)

σ(t)
dt+ dWt.

Integrating and solving for ut leads to

ut =
u0
σ(0)

σ(t) + σ(t)

∫ t

0

θ(s)

σ(s)
ds + σ(t)Wt.

This implies that ut is Gaussian and hence rt = eut is log-normal for each t. Using
u0 = ln r0 and

e
u0
σ(0)

σ(t)
= e

σ(t)
σ(0)

ln r0 = r
σ(t)
σ(0)

0 ,

we obtain the following explicit formula for the spot rate

rt = r
σ(t)
σ(0)

0 e
σ(t)

∫ t
0
θ(s)
σ(s)

ds
eσ(t)Wt . (10.5.10)

Since σ(t)Wt is normally distributed with mean 0 and variance σ2(t)t, the log-normal
variable eσ(t)Wt has

E[eσ(t)Wt ] = eσ
2(t)t/2

V ar[eσ(t)Wt ] = eσ(t)
2t(eσ(t)

2t − 1).

Hence

E[rt] = r
σ(t)
σ(0)

0 e
σ(t)

∫ t
0
θ(s)
σ(s)

ds
eσ

2(t)t/2

V ar[rt] = r
2σ(t)
σ(0)

0 e
2σ(t)

∫ t
0
θ(s)
σ(s)

ds
eσ(t)

2t(eσ(t)
2t − 1).

Exercise 10.5.1 (a) Solve the Black, Derman and Toy model in the case when σ is
constant.
(b) Show that in this case the spot rate rt is log-normally distributed.
(c) Find the mean and the variance of rt.

10.5.2 Black and Karasinski Model

In 1991 Black and Karasinski [3] proposed the following more general model for the
spot rates:

d(ln rt) =
[
θ(t)− a(t) ln rt

]
dt+ σ(t)dWt

Exercise 10.5.2 Find the explicit formula for rt in this case.
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Chapter 11

Bond Valuation and Yield Curves

A bond is a contract between a buyer and a financial institution (bank, government,
etc) by which the financial institution agrees to pay a certain principal to the buyer at
a determined time T in the future, plus some periodic coupon payments done during
the life time of the contract. If there are no coupons to be payed, the bond is called
a zero coupon bond or a discount bond. The price of a bond at any time 0 ≤ t ≤ T is
denoted by P (t, T ).

If the spot rates are constant, rt = r, then the price at time t of a discount bond
that pays off $1 at time T is given by

P (t, T ) = e−r(T−t).

If the spot interest rates depend deterministic on time, rt = r(t), the formula becomes

P (t, T ) = e−
∫ T
t

r(s) ds.

However, the spot rates rt are in general stochastic. In this case, the formula e−
∫ T
t rs ds

is a random variable, and the price of the bond in this case can be calculated as the
expectation

P (t, T ) = Et[e
−

∫ T
t

rs ds],

where Et is the expectation as of time t. If r̄ =
1

T − t

∫ T

t
rs ds denotes the average

value of the spot rate in the time interval between t and T , the previous formula can
be written in the equivalent form

P (t, T ) = Et[e
−r̄(T−t)].

11.1 The Case of a Brownian Motion Spot Rate

Assume the spot rate rt satisfies the stochastic equation

drt = σdWt,

209
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with σ > 0, constant. We shall show that the price of the zero-coupon bond that pays
off $1 at time T is given by

P (t, T ) = e−rt(T−t)+ 1
6
σ2(T−t)3 .

Let 0 < t < T be fixed. Solving the stochastic differential equation, we have for
any t < s < T

rs = rt + σ(Ws −Wt).

Integrating yields

∫ T

t
rs ds = rt(T − s) + σ

∫ T

t
(Ws −Wt) ds.

Then taking the exponential, we obtain

e−
∫ T
t

rs ds = e−rt(T−s)e−σ
∫ T
t
(Ws−Wt) ds.

The price of the bond at time t is given by

P (t, T ) = E
[
e−

∫ T
t

rs ds
∣∣∣Ft

]

= e−rt(T−t)E
[
e−σ

∫ T
t
(Ws−Wt) ds

∣∣∣Ft

]

= e−rt(T−t)E
[
e−σ

∫ T
t
(Ws−Wt) ds

]

= e−rt(T−t)E
[
e−σ

∫ T−t
0 Ws ds

]

= e−rt(T−t)e
σ2

2
(T−t)3

3 .

In the second identity we took the Ft-predictable part out of the expectation, while
in the third identity we dropped the condition since Ws − Wt is independent of the
information set Ft for any t < s. The fourth identity invoked the stationarity. The
last identity follows from the Exercise 1.6.2 (b) and from the fact that −σ

∫ T−t
0 Ws ds

is normal distributed with mean 0 and variance σ2(T−t)3

3 .

It is worth noting that the price of the bond, P (t, T ), depends only the spot rate
at time t, rt, and the time difference T − t.

Exercise 11.1.1 Spot rates which exhibit positive jumps of size σ > 0 satisfy the
stochastic equation

drt = σdNt,

where Ns is the Poisson process. Find the price of the zero-coupon bond that pays off
$1 at time T .
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11.2 The Case of Vasicek’s Model

The next result regarding bond pricing is due to Vasicek [16]. Its initial proof is based
on partial differential equations, while here we provide an approach solely based on
expectatations.

Proposition 11.2.1 Assume the spot rate rt satisfies Vasicek’s mean reverting model

drt = a(b− rt)dt+ σdWt.

We shall show that the price of the zero-coupon bond that pays off $1 at time T is given
by

P (t, T ) = A(t, T )e−B(t,T )rt , (11.2.1)

where

B(t, T ) =
1− e−a(T−t)

a

A(t, T ) = e
(B(t,T )−T+t)(a2b−σ2/2)

a2
−σ2B(t,T )2

4a .

We shall start the deduction of the previous formula by integrating the stochastic
differential equation between t and T yields

−a

∫ T

t
rs ds = r

T
− rt − σ(WT −Wt)− ab(T − t).

Taking the exponential we obtain

e−
∫ T
t

rs ds = e
1
a
(r
T
−rt)−σ

a
(WT−Wt)−b(T−t). (11.2.2)

Multiplying in the stochastic differential equation by eas yields the exact equation

d(easrs) = abeasds+ σeasdWs.

Integrating between t and T to get

eaT rT − eatrt = b(eaT − eat) + σ

∫ T

t
eas dWs.

Solving for r
T
and subtracting rt yields

rT − rt = −rt(1− ea(T−t)) + b(1− ea(T−t)) + σe−aT

∫ T

t
eas dWs.

Dividing by a and using the notation for B(t, T ) yields

1

a
(rT − rt) = −rtB(t, T ) + bB(t, T ) +

σ

a
e−aT

∫ T

t
eas dWs.
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Substituting into (11.4.7) and using that WT −Wt =
∫ T
t dWs, we get

e−
∫ T
t rs ds = e−rtB(t,T )ebB(t,T )−b(T−t)e

σ
a

∫ T
t (eas−aT−1) dWs . (11.2.3)

Taking the predictable part out and dropping the independent condition, the price of
the zero-coupon bond at time t becomes

P (t, T ) = E
[
e−

∫ T
t rs ds|Ft

]
= e−rtB(t,T )ebB(t,T )−b(T−t)E

[
e
σ
a

∫ T
t (eas−aT−1) dWs |Ft

]

= e−rtB(t,T )ebB(t,T )−b(T−t)E
[
e
σ
a

∫ T
t
(eas−aT−1) dWs

]

= e−rtB(t,T )A(t, T ),

where
A(t, T ) = ebB(t,T )−b(T−t)E

[
e
σ
a

∫ T
t
(eas−aT−1) dWs

]
. (11.2.4)

As a Wiener integral,

∫ T

t
(eas−aT − 1) dWs is normally distributed with mean zero and

variance
∫ T

t
(eas−aT − 1)2 ds = e−2aT e2aT − e2at

a
− 2e−aT eaT − eat

a
+ (T − t)

= B(t, T )
2− aB(t, T )

2
− 2B(t, T ) + (T − t)

= −a

2
B(t, T )2 −B(t, T ) + (T − t).

Then the log-normal variable e
σ
a

∫ T
t (eas−aT−1) dWs has the mean

E
[
e
σ
a

∫ T
t (eas−aT−1) dWs

]
= e

1
2
σ2

a2
[− a

2
B(t,T )2−B(t,T )+(T−t)].

Substituting into (11.4.9) and using that

bB(t, T )− b(T − t) +
1

2

σ2

a2
[−a

2
B(t, T )2 −B(t, T ) + (T − t)]

= −σ2

4a
B(t, T )2 + (T − t)

( σ2

2a2
− b
)
+
(
b− σ2

2a2

)
B(t, T )

= −σ2

4a
B(t, T )2 +

1

a2
(a2b− σ2/2)

(
B(t, T )− T + t

)

we obtain

A(t, T ) = e
(B(t,T )−T+t)(a2b−σ2/2)

a2
−σ2B(t,T )2

4a .

It is worth noting that P (t, T ) depends on the time to maturity, T − t, and the spot
rate rt.

Exercise 11.2.2 Find the price of an infinitely lived bond in the case when spot rates
satisfy Vasicek’s model.
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Figure 11.1: The yield on zero-coupon bond versus maturity time T − t in the case of
Vasicek’s model: a. a = 1, b = 0.5, σ = 0.6, rt = 0.1; b. a = 1, b = 0.5, σ = 0.8,
rt = 0.1; c. a = 1, b = 0.5, σ = 0.97, rt = 0.1; d. a = 0.3, b = 0.5, σ = 0.3, rt = 0.r.

The term structure Let R(t, T ) be the continuously compounded interest rate at
time t for a term of T − t. Using the formula for the bond price B(t, T ) = e−R(t,T )(T−t)

we get

R(t, T ) = − 1

T − t
lnB(t, T ).

Using formula for the bond price (11.2.1) yields

R(t, T ) = − 1

T − t
lnA(t, T ) +

1

T − t
B(t, T )rt.

A few possible shapes of the term structure R(t, T ) in the case of Vasicek’s model are
given in Fig. 11.1.

11.3 The Case of CIR’s Model

In the case when rt satisfy the CIR model (10.3.8), the zero-coupon bond price has a
similar form as in the case of Vasicek’s model

P (t, T ) = A(t, T )e−B(t,T )rt .
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The functions A(t, T ) and B(t, T ) are given in this case by

B(t, T ) =
2(eγ(T−t) − 1)

(γ + a)(eγ(T−t) − 1) + 2γ

A(t, T ) =

(
2γe(a+γ)(T−t)/2

(γ + a)(eγ(T−t) − 1) + 2γ

)2ab/σ2

,

where γ = (a2 + 2σ2)1/2. For details the reader can consult [5].

11.4 The Case of a Mean Reverting Model with Jumps

We shall consider a model for the short-term interest rate rt that is mean reverting and
incorporates jumps. Let Nt be the Poisson process of constant rate λ and Mt = Nt−λt
denote the compensated Poisson process, which is a martingale.

Consider the following model for the spot rate

drt = a(b− rt)dt+ σdMt, (11.4.5)

with a, b, σ positive constants. It is worth noting the similarity with the Vasicek’s
model, which is obtained by replacing the process dMt by dWt, where Wt is a one-
dimensional Brownian motion.

Making abstraction of the uncertainty source σdMt, this implies that the rate rt is
pulled towards level b at the rate a. This means that, if for instance r0 > b, then rt
is decreasing towards b. The term σdMt adds jumps of size σ to the process. A few
realizations of the process rt are given in Fig. 11.2.

The stochastic differential equation (11.4.5) can be solved explicitly using the
method of integrating factor, see [13]. Multiplying by eat we get an exact equation;
integrating between 0 and t yields the following closed form formula for the spot rate

rt = b+ (r0 − b)e−at + σe−at

∫ t

0
eas dMs. (11.4.6)

Since the integral with respect to dMt is a martingale, the expectation of the spot rate
is

E[rt] = b+ (r0 − b)e−at.

In long run E[rt] tends to b, which shows that the process is mean reverting. Using the
formula

E
[(∫ t

0
f(s) dMs

)2]
= λ

∫ t

0
f(s)2 ds

the variance of the spot rate can be computed as follows

V ar(rt) = σ2e−2atV ar
(∫ t

0
eas dMs

)
= σ2e−2atE

[( ∫ t

0
eas dMs

)2]

=
λσ2

2a
(1− e−2at).
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Figure 11.2: Realizations of the spot rate rt.

It is worth noting that in long run the variance tends to the constant λσ2

2a . Another
feature implied by this formula is that the variance is proportional with the frequency
of jumps λ.

In the following we shall valuate a zero-coupon bond. Let Ft be the σ-algebra
generated by the random variables {Ns; s ≤ t}. This contains all information about
jumps occurred until time t. It is known that the price at time t of a zero-coupon bond
with the expiration time T is given by

P (t, T ) = E
[
e−

∫ T
t rs ds|Ft

]
.

One of the main results is given in the following.

Proposition 11.4.1 Assume the spot rate rt satisfies the mean reverting model with
jumps

drt = a(b− rt)dt+ σdMt.

Then the price of the zero-coupon bond that pays off $1 at time T is given by

P (t, T ) = A(t, T )e−B(t,T )rt ,

where

B(t, T ) =
1− e−a(T−t)

a

A(t, T ) = exp{(b+ λσ

a
)B(t, T ) + [λ(1 − σ

a
)− b](T − t)− λe−σa

∫ T−t

0
e
σ
a
e−ax dx}.
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Proof: Integrating the stochastic differential equation between t and T yields

−a

∫ T

t
rs ds = r

T
− rt − σ(MT −Mt)− ab(T − t).

Taking the exponential we obtain

e−
∫ T
t rs ds = e

1
a
(r
T
−rt)−σ

a
(MT−Mt)−b(T−t). (11.4.7)

Multiplying in the stochastic differential equation by eas yields the exact equation

d(easrs) = abeasds + σeasdMs.

Integrate between t and T to get

eaT r
T
− eatrt = b(eaT − eat) + σ

∫ T

t
eas dMs.

Solving for rT and subtracting rt yields

r
T
− rt = −rt(1− ea(T−t)) + b(1− ea(T−t)) + σe−aT

∫ T

t
eas dMs.

Dividing by a and using the notation for B(t, T ) yields

1

a
(rT − rt) = −rtB(t, T ) + bB(t, T ) +

σ

a
e−aT

∫ T

t
eas dMs.

Substituting into (11.4.7) and using that MT −Mt =
∫ T
t dMs, we get

e−
∫ T
t rs ds = e−rtB(t,T )ebB(t,T )−b(T−t)e

σ
a

∫ T
t (eas−aT−1) dMs . (11.4.8)

Taking the predictable part out and dropping the independent condition, the price of
the zero-coupon bond at time t becomes

P (t, T ) = E
[
e−

∫ T
t

rs ds|Ft

]
= e−rtB(t,T )ebB(t,T )−b(T−t)E

[
e
σ
a

∫ T
t
(eas−aT−1) dMs |Ft

]

= e−rtB(t,T )ebB(t,T )−b(T−t)E
[
e
σ
a

∫ T
t (eas−aT−1) dMs |Ft

]

= e−rtB(t,T )A(t, T ),

where
A(t, T ) = ebB(t,T )−b(T−t)E

[
e
σ
a

∫ T
t
(eas−aT−1) dMs |Ft

]
. (11.4.9)

We shall compute in the following the right side expectation. From Bertoin [1], p. 8,
the exponential process

e
∫ t
0 u(s) dNs+λ

∫ t
0 (1−eu(s)) ds
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is an Ft-martingale, with Ft = σ(Nu;u ≤ t). This implies

E
[
e
∫ T
t u(s) dNs |Ft

]
= e−λ

∫ T
t (1−eu(s)) ds.

Using dMt = dNt − λdt yields

E
[
e
∫ T
t u(s) dMs |Ft

]
= E

[
e
∫ T
t u(s) dNs |Ft

]
e−λ

∫ T
t u(s) ds = e−λ

∫ T
t (1+u(s)−eu(s)) ds.

Let u(s) = σ
a (e

a(s−T ) − 1) and substitute in (11.4.9); then after changing the variable
of integration we obtain

A(t, T ) = ebB(t,T )−b(T−t)E
[
e
σ
a

∫ T
t (eas−aT−1) dMs |Ft

]

= ebB(t,T )−b(T−t)eλ
∫ T−t
0

[1+σ
a
(e−ax−1)−e

σ
a (e−ax−1)] dx

= ebB(t,T )−b(T−t)e
λ(T−t)+λσ

a

(
B(t,T )−(T−t)

)
−λ

∫ T−t
0 e

σ
a (e−ax−1) dx

= e(b+
λσ
a
)B(t,T )e[λ(1−

σ
a
)−b](T−t)e−λ

∫ T−t
0 e

σ
a (e−ax−1) dx

= e(b+
λσ
a
)B(t,T )e[λ(1−

σ
a
)−b](T−t)e−λe−σa

∫ T−t
0 e

σ
a e

−ax
dx

= exp{(b+ λσ

a
)B(t, T ) + [λ(1− σ

a
)− b](T − t)− λe−σa

∫ T−t

0
e
σ
a
e−ax dx}.

(11.4.10)

Evaluation using Special Functions The solution of the initial value problem

f ′(x) =
ex

x
, x > 0

f(0) = −∞

is the exponential integral function f(x) = Ei(x), x > 0. This is a special func-
tion that can be evaluated numerically in MATHEMATICA by calling the function
ExpIntegralEi[x]. For instance, for any 0 < α < β

∫ β

α

et

t
dt = Ei(β) − Ei(α).

The reader can findmore details regarding the exponential integral function in Abramovitz
and Stegun [10]. The last integral in the expression of A(t, T ) can be evaluated using
this special function. Substituting t = σ

ae
−ax we have

∫ T−t

0
e
σ
a
e−ax dx =

1

a

∫ σ
a

σ
a
e−a(T−t)

et

t
dt

=
1

a

[
Ei
(σ
a

)
− Ei

(σ
a
e−a(T−t)

)]
.
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11.5 The Case of a Model with pure Jumps

Consider the spot rate rt satisfying the stochastic differential equation

drt = σdMt, (11.5.11)

where σ is a positive constant denoting the volatility of the rate. This model is obtained
when the rate at which rt is pulled toward b is a = 0, so there is no mean reverting
effect. This type of behavior can be noticed during a short time in a highly volatile
market; in this case the behavior of rt is most influenced by the jumps.

The solution of (11.5.11) is

rt = r0 + σMt = r0 − λσt+ σNt,

which is an Ft-martingale. The rate rt has jumps of size σ that occur at the arrival
times tk, which are exponentially distributed.

Next we shall compute the value P (t, T ) at time t of a zero-coupon bond that pays
the amount of $1 at maturity T . This is given by the conditional expectation

P (t, T ) = E[e−
∫ T
t rs ds|Ft].

Integrating between t and s in equation (11.5.11) yields

rs = rt + σ(Ms −Mt), t < s < T.

And then ∫ T

t
rs ds = rt(T − t) + σ

∫ T

t
(Ms −Mt) ds.

Taking out the predictable part and dropping the independent condition yields

P (t, T ) = E[e−
∫ T
t rs ds|Ft]

= e−rt(T−t)E[e−σ
∫ T
t
(Ms−Mt) ds|Ft]

= e−rt(T−t)E[e−σ
∫ T−t
0 Mτ dτ ]

= e−rt(T−t)E[e−σ
∫ T−t
0

(Nτ−λτ) dτ ]

= e−rt(T−t)+ 1
2
σλ(T−t)2E[e−σ

∫ T−t
0 Nτ dτ ]. (11.5.12)

We need to work out the expectation. Using integration by parts,

−σ

∫ T

0
Nt dt = −σ

(
TNT −

∫ T

0
t dNt

)

= −σ
(
T

∫ T

0
dNt −

∫ T

0
t dNt

)

= −σ

∫ T

0
(T − t) dNt,
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so
e−σ

∫ T
0 Nt dt = e−σ

∫ T
0 (T−t) dNt .

Using the formula

E
[
e
∫ T
0 u(t) dNt

]
= e−λ

∫ T
0 (1−eu(t)) dt

we have

E
[
e−σ

∫ T
0

Nt dt
]

= E
[
e−σ

∫ T
0
(T−t) dNt

]
= e−λ

∫ T
0
(1−e−σ(T−t)) dt

= e−λT e−
λ
σ
(e−σT−1)

= e−λ
(
T+ 1

σ
(e−σT−1)

)
.

Replacing T by T − t and t by τ yields

E
[
e−σ

∫ T−t
0 Nτ dτ

]
= e−λ

(
T−t+ 1

σ
(e−σ(T−t)−1)

)
.

Substituting in (11.5.12) yields the formula for the bond price

P (t, T ) = e−rt(T−t)+ 1
2
σλ(T−t)2e−λ

(
T−t+ 1

σ
(e−σ(T−t)−1)

)

= exp{−(λ+ rt)(T − t) +
1

2
σλ(T − t)2 − λ

σ

(
e−σ(T−t) − 1

)
}.

Proposition 11.5.1 Assume the spot rate rt satisfies drt = σdMt, with σ > 0 con-
stant. Then the price of the zero-coupon bond that pays off $1 at time T is given
by

P (t, T ) = exp{−(λ+ rt)(T − t) +
1

2
σλ(T − t)2 − λ

σ

(
e−σ(T−t) − 1

)
}.

The yield curve is given by

R(t, T ) = − 1

T − t
lnP (t, T )

= rt + λ− λσ

2
(T − t) +

λ

σ(T − t)
(e−σ(T−t) − 1).

Exercise 11.5.2 The price of an interest rate derivative security with maturity time

T and payoff PT (rT ) has the price at time t = 0 given by P0 = E0[e
−

∫ T
0 rs dsPT (rT )].

(The zero-coupon bond is obtained for PT (rT ) = 1). Find the price of an interest rate
derivative with the payoff PT (rT ) = rT .

Exercise 11.5.3 Assume the spot rate satisfies the equation drt = σrtdMt, where Mt

is the compensated Poisson process. Find a solution of the form rt = r0e
φ(t)(1 + σ)Nt,

where Nt denotes the Poisson process.
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Chapter 12

Modeling Stock Prices

The price of a stock can be modeled by a continuous stochastic process which is the
sum of a predictable and an unpredictable part. However, this type of model does not
take into account market crashes. If those are to be taken into consideration, the stock
price needs to contain a third component which models unexpected jumps. We shall
discuss these models in the present chapter.

12.1 Constant Drift and Volatility Model

Let St denote the price of a stock at time t. If Ft denotes the information set at time t,
then St is a continuous process that is Ft-adapted. The return on the stock during the
time interval ∆t measures the percentage increase in the stock price between instances

t and t+∆t and is given by
St+∆t − St

St
. When ∆t is infinitesimally small, we obtain

the instantaneous return,
dSt

St
. This is supposed to be the sum of two components:

• the predictable part µdt

• the noisy part due to unexpected news σdWt.

Adding these parts yields
dSt

St
= µdt+ σdWt,

which leads to the stochastic equation

dSt = µStdt+ σStdWt. (12.1.1)

The parameters µ and σ are positive constants which represent the drift and volatility
of the stock. This equation has been solved in Example 7.7.2 by applying the method
of variation of parameters. The solution is

St = S0e
(µ−σ2

2
)t+σWt , (12.1.2)

221
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Figure 12.1: Two distinct simulations for the stochastic equation
dSt = 0.15Stdt+ 0.07StdWt, with S0 = 1.

where S0 denotes the price of the stock at time t = 0. It is worth noting that the stock
price is Ft-adapted, positive, and it has a log-normal distribution. Using Exercise 1.6.2,
the mean and variance are

E[St] = S0e
µt (12.1.3)

V ar[St] = S2
0e

2µt(eσ
2t − 1). (12.1.4)

See Fig.12.1 for two simulations of the stock price.

Exercise 12.1.1 Let Fu be the information set at time u. Find E[St|Fu] and V ar[St|Fu]
for u ≤ t.1 How these formulas become in the case s = t?

Exercise 12.1.2 Find the stochastic process followed by lnSt. What are the values of
E[ln(St)] and V ar[ln(St)]?

Exercise 12.1.3 Find the stochastic differential equations associated with the following
processes

(a)
1

St
(b) Sn

t (c) (St − 1)2.

Exercise 12.1.4 (a) Show that E[S2
t ] = S2

0e
(2µ+σ2)t.

(b) Find a similar formula for E[Sn
t ], with n positive integer.

Exercise 12.1.5 (a) Find the expectation E[StWt].

(b) Find the correlation function ρt = Corr(St,Wt). What happens for t large?

1The conditional variance is defined by V ar(X|F) = E[X2|F ]− E[X|F ]2.
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The next result deals with the probability that the stock price reaches a certain
barrier before another barrier.

Theorem 12.1.6 Let Su and Sd be fixed, such that Sd < S0 < Su. The probability
that the stock price St hits the upper value Su before the lower value Sd is

p =
dγ − 1

dγ − uγ
,

where Su/S0 = u, Sd/S0 = d, and γ = 1− 2µ/σ2.

Proof: Let Xt = mt+Wt. Theorem 3.5.1 provides

P (Xt goes up to α before down to − β) =
e2mβ − 1

e2mβ − e−2mα
. (12.1.5)

Choosing the following values for the parameters

m =
µ

σ
− σ

2
, α =

lnu

σ
, β = − ln d

σ
,

we have the sequence of identities

P (Xt goes up to α before down to − β)

= P (σXt goes up to σα before down to − σβ)

= P (S0e
σXt goes up to S0e

σα before down to S0e
−σβ)

= P (St goes up to Su before down to Sd).

Using (12.1.5) yields

P (St goes up to Su before down to Sd) =
e2mβ − 1

e2mβ − e−2mα
. (12.1.6)

Since a computation shows that

e2mβ = e−( 2µ
σ2

−1) lnd = d1−
2µ

σ2 = dγ

e−2mα = e(−
2µ

σ2
+1) lnu = u1−

2µ

σ2 = uγ ,

formula (12.1.6) becomes

P (St goes up to Su before down to Sd) =
dγ − 1

dγ − uγ
,

which ends the proof.
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Corollary 12.1.7 Let Su > S0 > 0 be fixed. Then

P (St hits Su) =
(S0

Su

)1− 2µ

σ2 for some t > 0.

Proof: Taking d = 0 implies Sd = 0. Since St never reaches zero,

P (St hits Su) = P (St goes up to Su before down to Sd = 0)

=
dγ − 1

dγ − uγ

∣∣∣∣∣
d=0

=
1

uγ
=
(S0

Su

)1− 2µ

σ2 .

Exercise 12.1.8 A stock has S0 = $10, σ = 0.15, µ = 0.20. What is the probability
that the stock goes up to $15 before it goes down to $5?

Exercise 12.1.9 Let 0 < S0 < Su. What is the probability that St hits Su for some
time t > 0?

The next result deals with the probability of a stock to reach a certain barrier.

Proposition 12.1.10 Let b > 0. The probability that the stock St will ever reach the
level b is

P (sup
t≥0

St ≥ b) =





( b

S0

) 2µ

σ2
−1

, if r < σ2

2

1, if r ≥ σ2

2

(12.1.7)

Proof: Using St = S0e
(r−σ2

2
)t+σWt we have

P (St ≥ b for some t ≥ 0) = P
(
S0e

(r−σ2

2
)t+σWt ≥ b, for some t ≥ 0

)

= P
(
σWt + (r − σ2

2
)t ≥ ln

b

S0
, for some t ≥ 0

)

= P
(
Wt − γt ≥ α, for some t ≥ 0

)
,

where α =
1

σ
ln

b

S0
and γ =

σ

2
− r

σ
. Using Exercise 3.5.2 the previous probability is

equal to

P
(
Wt − γt ≥ α, for some t ≥ 0

)
=

{
1, if γ ≤ 0
e−2αγ , if γ > 0,

which is equivalent to (12.1.7).
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12.2 When Does the Stock Reach a Certain Barrier?

Let a > S0 and consider the first time when the stock reaches the barrier a

Ta = inf{t > 0;St = a}.

Since we have

{St = a} = {S0e
(µ− 1

2
σ2)t+σWt = a}

= {(µ − 1

2
σ2)t+ σWt = ln(a/S0)}

= {αt+ σWt = x},

with x = ln(a/S0) and α = µ− 1
2σ

2, using Proposition 3.6.5 (a) it follows that

Ta = inf{t > 0;αt + σWt = x}

has the inverse gaussian probability density

p(τ) =
x√

2πσ3τ3
e−

(x−αστ)2

2τσ3

=
ln(a/S0)√
2πσ3τ3

e−
(
ln(a/S0)−αστ

)2
/(2τσ3).

The mean and the variance of the hitting time Ta are given by Proposition 3.6.5 (b)

E[Ta] =
x

σα
=

ln(a/S0)

σ(µ − 1
2σ

2)

V ar(Ta) =
x

α3
=

ln(a/S0)

(µ − 1
2σ

2)3
.

Exercise 12.2.1 Consider the doubling time of a stock T2 = inf{t > 0;St = 2S0}.
(a) Find E[T2] and V ar(T2). Do these values depend of S0?

(b) The expected return of a stock is µ = 0.15 and its volatility σ = 0.20. Find the
expected time when the stock dubles its value.

Exercise 12.2.2 Let St = max
u≤t

Su and St = min
u≤t

Su be the running maximum and

minimum of the stock. Find the distribution functions of St and St.

Exercise 12.2.3 (a) What is the probability that the stock St reaches level a, a > S0,
before time T?

(b) What is the probability that the stock St reaches level a, a > S0, before time T2 and
after time T1?

We shall use the properties of the hitting time later when pricing perpetual lookback
options and rebate options.
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12.3 Time-dependent Drift and Volatility Model

This model considers the drift µ = µ(t) and volatility σ = σ(t) to be deterministic
functions of time. In this case the equation (12.1.1) becomes

dSt = µ(t)Stdt+ σ(t)StdWt. (12.3.8)

We shall solve the equation using the method of integrating factors presented in section
7.8. Multiplying by the integrating factor

ρt = e−
∫ t
0 σ(s) dWs+

1
2

∫ t
0 σ2(s) ds

the equation (12.3.8) becomes d(ρtSt) = ρtµ(t)St dt. Substituting Yt = ρtSt yields the
deterministic equation dYt = µ(t)Yt dt with the solution

Yt = Y0e
∫ t
0 µ(s) ds.

Substituting back St = ρ−1
t Yt, we obtain the closed-form solution of equation (12.3.8)

St = S0e
∫ t
0 (µ(s)−

1
2
σ2(s)) ds+

∫ t
0 σ(s) dWs .

Proposition 12.3.1 The solution St is Ft-adapted and log-normally distributed, with
mean and variance given by

E[St] = S0e
∫ t
0
µ(s) ds

V ar[St] = S2
0e

2
∫ t
0
µ(s) ds

(
e
∫ t
0
σ2(s) ds − 1

)
.

Proof: LetXt =
∫ t
0 (µ(s)− 1

2σ
2(s)) ds +

∫ t
0 σ(s) dWs. SinceXt is a sum of a predictable

integral function and a Wiener integral, it is normally distributed, see Proposition 4.6.1,
with

E[Xt] =

∫ t

0

(
µ(s)− 1

2
σ2(s)

)
ds

V ar[Xt] = V ar
[ ∫ t

0
σ(s) dWs

]
=

∫ t

0
σ2(s) ds.

Using Exercise 1.6.2, the mean and variance of the log-normal random variable St =
S0e

Xt are given by

E[St] = S0e
∫ t
0 (µ−

σ2

2
) ds+ 1

2

∫ t
0 σ2 ds = S0e

∫ t
0 µ(s) ds

V ar[St] = S2
0e

2
∫ t
0 (µ−

1
2
σ2) ds+

∫ t
0 σ2 ds

(
e
∫ t
0 σ2 − 1

)

= S2
0e

2
∫ t
0
µ(s) ds

(
e
∫ t
0
σ2(s) ds − 1

)
.
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If the average drift and average squared volatility are defined as

µ =
1

t

∫ t

0
µ(s) ds

σ2 =
1

t

∫ t

0
σ2(s) ds,

the aforementioned formulas can also be written as

E[St] = S0e
µt

V ar[St] = S2
0e

2µt(eσ
2t − 1).

It is worth noting that we have obtained formulas similar to (12.1.3)–(12.1.4).

12.4 Models for Stock Price Averages

In this section we shall provide stochastic differential equations for several types of
averages on stocks. These averages are used as underlying assets in the case of Asian
options. The most common type of average is the arithmetic one, which is used in the
definition of the stock index.

Let St1 , St2 , · · · , Stn be a sample of stock prices at n instances of time t1 < t2 <
· · · < tn. The most common types of discrete averages are:

• The arithmetic average

A(t1, t2, · · · , tn) =
1

n

n∑

k=1

Stk .

• The geometric average

G(t1, t2, · · · , tn) =
( n∏

k=1

Stk

) 1
n
.

• The harmonic average

H(t1, t2, · · · , tn) =
n

n∑

k=1

1

Stk

.

The well-known inequality of means states that we always have

H(t1, t2, · · · , tn) ≤ G(t1, t2, · · · , tn) ≤ A(t1, t2, · · · , tn), (12.4.9)

with identity in the case of constant stock prices.
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In the following we shall obtain expressions for continuous sampled averages and
find their associated stochastic equations.

The continuously sampled arithmetic average
Let tn = t and assume tk+1 − tk = t

n . Using the definition of the integral as a limit of
Riemann sums, we have

lim
n→∞

1

n

n∑

k=1

Stk = lim
n→∞

1

t

n∑

k=1

Stk

t

n
=

1

t

∫ t

0
Su du.

It follows that the continuously sampled arithmetic average of stock prices between 0
and t is given by

At =
1

t

∫ t

0
Su du.

Using the formula for St we obtain

At =
S0

t

∫ t

0
e(µ−σ2/2)u+σWu du.

This integral can be computed explicitly only in the case σ = 0. It is worth noting
that At is neither normal nor log-normal, a fact that makes the price of Asian options
on arithmetic averages hard to evaluate.

Let It =
∫ t
0 Su du. The Fundamental Theorem of Calculus implies dIt = St dt. Then

the quotient rule yields

dAt = d
(It
t

)
=

dIt t− It dt

t2
=

Stt dt− Itdt

t2
=

1

t
(St −At)dt,

i.e. the continuous arithmetic average At satisfies

dAt =
1

t
(St −At)dt.

If At < St, the right side is positive and hence dAt > 0, i.e. the average At goes up.
Similarly, if At > St, then the average At goes down. This shows that the average At

tends to trace the stock values St.

By l’Hospital’s rule we have

A0 = lim
t→0

It
t
= lim

t→0
St = S0.

Using that the expectation commutes with integrals, we have

E[At] =
1

t

∫ t

0
E[Su] du =

1

t

∫ t

0
S0e

µu du = S0
eµt − 1

µt
.
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Hence

E[At] =

{
S0

eµt − 1
µt , if t > 0

S0, if t = 0.
(12.4.10)

In the following we shall compute the variance V ar[At]. Since

V ar[At] =
1

t2
E[I2t ]− E[At]

2, (12.4.11)

it suffices to find E[I2t ]. We need first the following result:

Lemma 12.4.1 (i) We have

E[ItSt] =
S2
0

µ+ σ2
[e(2µ+σ2)t − eµt].

(ii) The processes At and St are not independent.

Proof: (i) Using Ito’s formula

d(ItSt) = dIt St + It dSt + dIt dSt

= S2
t dt+ It(µStdt+ σStdWt) + Stdt dSt︸ ︷︷ ︸

=0

= (S2
t + µItSt)dt+ σItStdWt.

Using I0S0 = 0, integrating between 0 and t yields

ItSt =

∫ t

0
(S2

u + µIuSu) du+ σ

∫ t

0
IuSu dWu.

Since the expectation of the Ito integral is zero, we have

E[ItSt] =

∫ t

0
(E[S2

u] + µE[IuSu]) du.

Using Exercise 12.1.4 this becomes

E[ItSt] =

∫ t

0

(
S2
0e

(2µ+σ2)u + µE[IuSu]
)
du.

If we denote g(t) = E[ItSt], differentiating yields the ODE

g′(t) = S2
0e

(2µ+σ2)t + µg(t),

with the initial condition g(0) = 0. This can be solved as a linear differential equation
in g(t) by multiplying by the integrating factor e−µt. The solution is

g(t) =
S2
0

µ+ σ2
[e(2µ+σ2)t − eµt].
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(ii) Since At and It are proportional, it suffices to show that It and St are not inde-
pendent. This follows from part (i) and the fact that

E[ItSt] 6= E[It]E[St] =
S2
0

µ
(eµt − 1)eµt.

Next we shall find E[I2t ]. Using dIt = Stdt, then (dIt)
2 = 0 and hence Ito’s formula

yields

d(I2t ) = 2It dIt + (dIt)
2 = 2ItSt dt.

Integrating between 0 and t and using I0 = 0 leads to

I2t = 2

∫ t

0
IuSu du.

Taking the expectation and using Lemma 12.4.1 we obtain

E[I2t ] = 2

∫ t

0
E[IuSu] du =

2S2
0

µ+ σ2

[e(2µ+σ2)t − 1

2µ+ σ2
− eµt − 1

µ

]
. (12.4.12)

Substituting into (12.4.11) yields

V ar[At] =
S2
0

t2

{
2

µ+ σ2

[e(2µ+σ2)t − 1

2µ+ σ2
− eµt − 1

µ

]
− (eµt − 1)2

µ2

}
.

Concluding the previous calculations, we have the following result:

Proposition 12.4.2 The arithmetic average At satisfies the stochastic equation

dAt =
1

t
(St −At)dt, A0 = S0.

Its mean and variance are given by

E[At] = S0
eµt − 1

µt
, t > 0

V ar[At] =
S2
0

t2

{
2

µ+ σ2

[e(2µ+σ2)t − 1

2µ+ σ2
− eµt − 1

µ

]
− (eµt − 1)2

µ2

}
.

Exercise 12.4.3 Find approximative formulas for E[At] and V ar[At] for t small, up

to the order O(t2). (Recall that f(t) = O(t2) if limt→∞
f(t)
t2

= c < ∞. )
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The continuously sampled geometric average
Dividing the interval (0, t) into equal subintervals of length tk+1 − tk = t

n , we have

G(t1, . . . , tn) =
( n∏

k=1

Stk

)1/n
= e

ln

(
∏n
k=1 Stk

)1/n

= e
1
n

∑n
k=1 lnStk = e

1
t

∑n
k=1 lnStk

t
n .

Using the definition of the integral as a limit of Riemann sums

Gt = lim
n→∞

( n∏

k=1

Stk

)1/n
= lim

n→∞
e

1
t

∑n
k=1 lnStk

t
n = e

1
t

∫ t
0
lnSu du.

Therefore, the continuously sampled geometric average of stock prices between instances
0 and t is given by

Gt = e
1
t

∫ t
0
lnSu du. (12.4.13)

Theorem 12.4.4 Gt has a log-normal distribution, with the mean and variance given
by

E[Gt] = S0e
(µ−σ2

6
) t
2

V ar[Gt] = S2
0e

(µ−σ2

6
)t
(
e
σ2t
3 − 1

)
.

Proof: Using

lnSu = ln
(
S0e

(µ−σ2

2
)u+σWu

)
= lnS0 + (µ− σ2

2
)u+ σWu,

then taking the logarithm yields

lnGt =
1

t

∫ t

0

[
lnS0+(µ−σ2

2
)u+σWu

]
du = lnS0+(µ−σ2

2
)
t

2
+
σ

t

∫ t

0
Wu du. (12.4.14)

Since the integrated Brownian motion Zt =
∫ t
0 Wu du is Gaussian with Zt ∼ N(0, t3/3),

it follows that lnGt has a normal distribution

lnGt ∼ N
(
lnS0 + (µ− σ2

2
)
t

2
,
σ2t

3

)
. (12.4.15)

This implies that Gt has a log-normal distribution. Using Exercise 1.6.2, we obtain

E[Gt] = eE[lnGt]+
1
2
V ar[lnGt] = elnS0+(µ−σ2

2
) t
2
+σ2t

6 = S0e
(µ−σ2

6
) t
2 .

V ar[Gt] = e2E[lnGt]+V ar[lnGt]
(
eV ar[lnGt] − 1

)

= e2 lnS0+(µ−σ2

6
)t
(
e
σ2t
3 − 1

)
= S2

0e
(µ−σ2

6
)t
(
e
σ2t
3 − 1

)
.
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Corollary 12.4.5 The geometric average Gt is given by the closed-form formula

Gt = S0e
(µ−σ2

2
) t
2
+σ
t

∫ t
0
Wu du.

Proof: Take the exponential in the formula (12.4.14).

An important consequence of the fact that Gt is log-normal is that Asian options
on geometric averages have closed-form solutions.

Exercise 12.4.6 (a) Show that lnGt satisfies the stochastic differential equation

d(lnGt) =
1

t

(
lnSt − lnGt

)
dt.

(b) Show that Gt satisfies

dGt =
1

t
Gt

(
lnSt − lnGt

)
dt.

The continuously sampled harmonic average
Let Stk be values of a stock evaluated at the sampling dates tk, i = 1, . . . , n. Their
harmonic average is defined by

H(t1, · · · , tn) =
n

n∑

k=1

1

S(tk)

.

Consider tk = kt
n . Then the continuously sampled harmonic average is obtained by

taking the limit as n → ∞ in the aforementioned relation

lim
n→∞

n
n∑

k=1

1

S(tk)

= lim
n→∞

t
n∑

k=1

1

S(tk)

t

n

=
t∫ t

0

1

Su
du

.

Hence, the continuously sampled harmonic average is defined by

Ht =
t∫ t

0

1

Su
du

.

We may also write Ht =
t

It
, where It =

∫ t

0

1

Su
du satisfies

dIt =
1

St
dt, I0 = 0, d

( 1

It

)
= − 1

StI2t
dt.
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From the l’Hospital’s rule we get

H0 = lim
tց0

Ht = lim
tց0

t

It
= S0.

Using the product rule we obtain the following:

dHt = t d
( 1

It

)
+

1

It
dt+ dt d

( 1

It

)

=
1

It

(
1− t

StIt

)
dt =

1

t
Ht

(
1− Ht

St

)
dt,

so

dHt =
1

t
Ht

(
1− Ht

St

)
dt. (12.4.16)

If at the instance t we have Ht < St, it follows from the equation that dHt > 0, i.e. the
harmonic average increases. Similarly, if Ht > St, then dHt < 0, i.e Ht decreases. It is
worth noting that the converses are also true. The random variable Ht is not normally
distributed nor log-normally distributed.

Exercise 12.4.7 Show that
Ht

t
is a decreasing function of t. What is its limit as

t → ∞?

Exercise 12.4.8 Show that the continuous analog of inequality (12.4.9) is

Ht ≤ Gt ≤ At.

Exercise 12.4.9 Let Stk be the stock price at time tk. Consider the power α of the
arithmetic average of Sα

tk

Aα(t1, · · · , tn) =
[∑n

k=1 S
α
tk

n

]α
.

(a) Show that the aforementioned expression tends to

Aα
t =

[1
t

∫ t

0
Sα
u du

]α
,

as n → ∞.

(b) Find the stochastic differential equation satisfied by Aα
t .

(c) What does Aα
t become in the particular cases α = ±1?
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Exercise 12.4.10 The stochastic average of stock prices between 0 and t is defined by

Xt =
1

t

∫ t

0
Su dWu,

where Wu is a Brownian motion process.

(a) Find dXt, E[Xt] and V ar[Xt].

(b) Show that σXt = Rt − µAt, where Rt =
St − S0

t
is the “raw average” of the

stock price and At =
1
t

∫ t
0 Su du is the continuous arithmetic average.

12.5 Stock Prices with Rare Events

In order to model the stock price when rare events are taken into account, we shall
combine the effect of two stochastic processes:

• the Brownian motion process Wt, which models regular events given by infinites-
imal changes in the price, and which is a continuous process;

• the Poisson process Nt, which is discontinuous and models sporadic jumps in the
stock price that corresponds to shocks in the market.

Since E[dNt] = λdt, the Poisson process Nt has a positive drift and we need to “com-
pensate” by subtracting λt fromNt. The resulting processMt = Nt−λt is a martingale,
called the compensated Poisson process, that models unpredictable jumps of size 1 at a
constant rate λ. It is worth noting that the processes Wt and Mt involved in modeling
the stock price are assumed to be independent.

Let St− = lim
uրt

Su denote the value of the stock before a possible jump occurs at time

t. To set up the model, we assume the instantaneous return on the stock, dSt
St−

, to be

the sum of the following three components:

• the predictable part µdt;

• the noisy part due to unexpected news σdWt;

• the rare events part due to unexpected jumps ρdMt,

where µ, σ and ρ are constants, corresponding to the drift rate of the stock, volatility
and instantaneous return jump size.2

Adding yields
dSt

St−
= µdt+ σdWt + ρdMt.

2In this model the jump size is constant; there are models where the jump size is a random variable,
see Merton [11].
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Hence, the dynamics of a stock price, subject to rare events, are modeled by the
following stochastic differential equation

dSt = µSt−dt+ σSt−dWt + ρSt−dMt. (12.5.17)

It is worth noting that in the case of zero jumps, ρ = 0, the previous equation becomes
the classical stochastic equation (12.1.1).

Using that Wt and Mt are martingales, we have

E[ρStdMt|Ft] = ρStE[dMt|Ft] = 0,

E[σStdWt|Ft] = σStE[dWt|Ft] = 0.

This shows the unpredictability of the last two terms, i.e. given the information set
Ft at time t, it is not possible to predict any future increments in the next interval of
time dt. The term σStdWt captures regular events of insignificant size, while ρStdMt

captures rare events of large size. The “rare events” term, ρStdMt, incorporates jumps
proportional to the stock price and is given in terms of the Poisson process Nt as

ρSt−dMt = ρSt−d(Nt − λt) = ρSt−dNt − λρSt−dt.

Substituting into equation (12.5.17) yields

dSt = (µ− λρ)St−dt+ σSt−dWt + ρSt−dNt. (12.5.18)

The constant λ represents the rate at which the jumps of the Poisson process Nt occur.
This is the same as the rate of rare events in the market, and can be determined from
historical data.

The following result provides an explicit solution for the stock price when rare events
are taken into account.

Proposition 12.5.1 The solution of the stochastic equation (12.5.18) is given by

St = S0e
(µ−λρ−σ2

2
)t+σWt(1 + ρ)Nt , (12.5.19)

where

µ is the stock price drift rate;
σ is the volatility of the stock;
λ is the rate at which rare events occur;
ρ is the size of jump in the expected return when a rare event occurs.

Proof: We shall construct first the solution and then show that it verifies the equation
(12.5.18). If tk denotes the kth jump time, then Ntk = k. Since there are no jumps
before t1, the stock price just before this time is satisfying the stochastic differential
equation

dSt = (µ− λρ)Stdt+ σStdWt
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with the solution given by the usual formula

St1− = S0e
(µ−λρ−σ2

2
)t1+σWt1 .

Since
dSt1

St1−
=

St1 − St1−
St1−

= ρ, then St1 = (1 + ρ)St1−. Substituting in the aforemen-

tioned formula yields

St1 = St1−(1 + ρ) = S0e
(µ−λρ−σ2

2
)t1+σWt1 (1 + ρ).

Since there is no jump between t1 and t2, a similar procedure leads to

St2 = St2−(1 + ρ) = St1e
(µ−λρ−σ2

2
)(t2−t1)+σ(Wt2−Wt1)(1 + ρ)

= S0e
(µ−λρ−σ2

2
)t2+σWt2 (1 + ρ)2.

Inductively, we arrive at

Stk = S0e
(µ−σ2

2
)tk+σWtk (1 + ρ)k.

This formula holds for any t ∈ [tk, tk+1); replacing k by Nt yields the desired formula
(12.5.19).

In the following we shall show that (12.5.19) is a solution of the stochastic differential
equation (12.5.18). If denote

Ut = S0e
(µ−λρ−σ2

2
)t+σWt , Vt = (1 + ρ)Nt ,

we have St = UtVt and hence

dSt = VtdUt + UtdVt + dUtdVt. (12.5.20)

We already know that Ut verifies

dUt = (µ− λρ)Utdt+ σUtdWt

= (µ− λρ)Ut−dt+ σUt−dWt,

since Ut is a continuous process, i.e., Ut = Ut−. Then the first term of (12.5.20) becomes

VtdUt = (µ− λρ)St−dt+ σSt−dWt.

In order to compute the second term of (12.5.20) we write

dVt = Vt − Vt− = (1 + ρ)Nt − (1 + ρ)Nt− =

{
(1 + ρ)1+Nt− − (1 + ρ)Nt− , if t = tk
(1 + ρ)Nt − (1 + ρ)Nt , if t 6= tk

=

{
ρ(1 + ρ)Nt− , if t = tk
0, if t 6= tk

= ρ(1 + ρ)Nt−
{

1, if t = tk
0, if t 6= tk

= ρ(1 + ρ)Nt−dNt,
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so UtdVt = ρUt(1 + ρ)Nt−dNt = ρSt−dNt. Since dtdNt = dNtdWt = 0, the last term of
(12.5.20) becomes dUtdVt = 0. Substituting back into (12.5.20) yields the equation

dSt = (µ− λρ)St−dt+ σSt−dWt + ρSt−dNt.

Formula (12.5.19) provides the stock price at time t if exactly Nt jumps have oc-
curred and all jumps in the return of the stock are equal to ρ.

It is worth noting that if ρk denotes the jump of the instantaneous return at time
tk, a similar proof leads to the formula

St = S0e
(µ−λρσ

2

2
)t+σWt

Nt∏

k=1

(1 + ρk),

where ρ = E[ρk]. The random variables ρk are assumed independent and identically
distributed. They are also independent of Wt and Nt. For more details the reader is
referred to Merton [11].

For the following exercises St is given by (12.5.19).

Exercise 12.5.2 Find E[St] and V ar[St].

Exercise 12.5.3 Find E[lnSt] and V ar[lnSt].

Exercise 12.5.4 Compute the conditional expectation E[St|Fu] for u < t.

Remark 12.5.5 Besides stock, the underlying asset of a derivative can be also a stock
index, or foreign currency. When use the risk neutral valuation for derivatives on a
stock index that pays a continuous dividend yield at a rate q, the drift rate µ is replace
by r − q.
In the case of foreign currency that pays interest at the foreign interest rate rf , the
drift rate µ is replace by r − rf .
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Chapter 13

Risk-Neutral Valuation

13.1 The Method of Risk-Neutral Valuation

This valuation method is based on the risk-neutral valuation principle, which states
that the price of a derivative on an asset St is not affected by the risk preference of the
market participants; so we may assume they have the same risk aversion. In this case
the valuation of the derivative price ft at time t is done as in the following:

1. Assume the expected return of the asset St is the risk-free rate, µ = r.

2. Calculate the expected payoff of the derivative as of time t, under condition 1.

3. Discount at the risk-free rate from time T to time t.

The first two steps require considering the expectation as of time t in a risk-neutral
world. This expectation is denoted by Êt[ · ] and has the meaning of a conditional
expectation given by E[ · |Ft, µ = r]. The method states that if a derivative has the
payoff fT , its price at any time t prior to maturity T is given by

ft = e−r(T−t)Êt[fT ].

The rate r is considered constant, but the method can be easily adapted for time
dependent rates.

In the following we shall present explicit computations for the most common Euro-
pean type1 derivative prices using the risk-neutral valuation method.

13.2 Call Option

A call option is a contract which gives the buyer the right of buying the stock at time T
for the price K. The time T is called maturity time or expiration date and K is called
the strike price. It is worth noting that a call option is a right (not an obligation!) of

1A derivative is of European type if can be exercised only at the expiration time.
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the buyer, which means that if the price of the stock at maturity, ST , is less than the
strike price, K, then the buyer may choose not to exercise the option. If the price ST

exceeds the strike price K, then the buyer exercises the right to buy the stock, since he
pays K dollars for something which worth ST in the market. Buying at price K and
selling at ST yields a profit of ST −K.

Consider a call option with maturity date T , strike price K with the underlying
stock price St having constant volatility σ > 0. The payoff at maturity time is fT =
max(ST − K, 0), see Fig.13.1 a. The price of the call at any prior time 0 ≤ t ≤ T is
given by the expectation in a risk-neutral world

c(t) = Êt[e
−r(T−t)fT ] = e−r(T−t)Êt[fT ]. (13.2.1)

If we let x = ln(ST /St), using the log-normality of the stock price in a risk-neutral
world

ST = Ste
(r−σ2

2
)(T−t)+σ(WT−Wt),

and it follows that x has the normal distribution

x ∼ N
(
(r − σ2

2
)(T − t), σ2(T − t)

)
.

Then the density function of x is

p(x) =
1

σ
√

2π(T − t)
e
−

(
x−(r−σ

2

2 )(T−t)

)2
2σ2(T−t) .

We can write the expectation as

Êt[fT ] = Êt[max(ST −K, 0)] = Êt[max(Ste
x −K, 0)]

=

∫ ∞

−∞
max(Ste

x −K, 0)p(x) dx =

∫ ∞

ln(K/St)
(Ste

x −K)p(x) dx

= I2 − I1, (13.2.2)

with notations

I1 =

∫ ∞

ln(K/St)
Kp(x) dx, I2 =

∫ ∞

ln(K/St)
Ste

xp(x) dx

With the substitution y =
x−(r−σ2

2
)(T−t)

σ
√
T−t

, the first integral becomes

I1 = K

∫ ∞

ln(K/St)
p(x) dx = K

∫ ∞

−d2

1√
2π

e−
y2

2 dy

= K

∫ d2

−∞

1√
2π

e−
y2

2 dy = KN(d2),
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where

d2 =
ln(St/K) + (r − σ2

2 )(T − t)

σ
√
T − t

,

and

N(u) =
1√
2π

∫ u

−∞
e−z2/2 dz

denotes the standard normal distribution function.

Using the aforementioned substitution the second integral can be computed by
completing the square

I2 = St

∫ ∞

ln(K/St)
exp(x) dx = St

∫ ∞

−d2

1√
2π

e−
1
2
y2+yσ

√
T−t+(r−σ2

2
)(T−t) dx

= St

∫ ∞

−d2

1√
2π

e−
1
2
(y−σ

√
T−t)2er(T−t) dy (let z = y − σ

√
T − t)

= Ste
r(T−t)

∫ ∞

−d2−σ
√
T−t

1√
2π

e−
z2

2 dz = Ste
r(T−t)

∫ d1

−∞

1√
2π

e−
z2

2 dz

= Ste
r(T−t)N(d1),

where

d1 = d2 + σ
√
T − t =

ln(St/K) + (r + σ2

2 )(T − t)

σ
√
T − t

.

Substituting back into (13.2.2) and then into (13.2.1) yields

c(t) = e−r(T−t)(I2 − I1) = e−r(T−t)[Ste
r(T−t)N(d1)−KN(d2)]

= StN(d1)−Ke−r(T−t)N(d2).

We have obtained the well known formula of Black and Scholes:

Proposition 13.2.1 The price of a European call option at time t is given by

c(t) = StN(d1)−Ke−r(T−t)N(d2).

Exercise 13.2.2 Show that

(a) lim
St→∞

c(t)

St
= 1;

(b) lim
St→0

c(t) = 0;

(c) c(t) ∼ St −Ke−r(T−t) for St large.

Exercise 13.2.3 Show that
dc(t)

dSt
= N(d1). This expression is called the delta of a

call option.
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a b

Figure 13.1: a The payoff of a call option; b The payoff of a cash-or-nothing contract.

13.3 Cash-or-nothing Contract

A financial security that pays 1 dollar if the stock price ST ≥ K and 0 otherwise, is
called a bet contract, or cash-or-nothing contract, see Fig.13.1 b. The payoff can be
written as

fT =

{
1, if ST ≥ K
0, if ST < K.

Substituting St = eXt , the payoff becomes

fT =

{
1, if XT ≥ lnK
0, if XT < lnK,

where XT has the normal distribution

XT ∼ N
(
lnSt + (µ − σ2

2
)(T − t), σ2(T − t)

)
.

The expectation in the risk-neutral world as of time t is

Êt[fT ] = E[fT |Ft, µ = r] =

∫ ∞

−∞
fT (x)p(x) dx

=

∫ +∞

lnK

1√
2πσ

√
T − t

e
− [x−lnSt−(r−σ

2

2 )(T−t)]2

2σ2(T−t) dx

=

∫ ∞

−d2

1√
2π

e−
y2

2 dy =

∫ d2

−∞

1√
2π

e−
y2

2 dy = N(d2),

where we used the substitution y =
x−lnSt−(r−σ2

2
)(T−t)

σ
√
T−t

and the notation

d2 =
lnSt − lnK + (r − σ2

2 )(T − t)

σ
√
T − t

.
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a b

Figure 13.2: a The payoff of a box-bet; b The payoff of an asset-or-nothing contract.

The price at time t of a bet contract is

ft = e−r(T−t)Êt[fT ] = e−r(T−t)N(d2). (13.3.3)

Exercise 13.3.1 Let 0 < K1 < K2. Find the price of a financial derivative which pays
at maturity $1 if K1 ≤ St ≤ K2 and zero otherwise, see Fig.13.2 a. This is a “box-bet”
and its payoff is given by

fT =

{
1, if K1 ≤ ST ≤ K2

0, otherwise.

Exercise 13.3.2 An asset-or-nothing contract pays ST if ST > K at maturity time T,
and pays 0 otherwise, see Fig.13.2 b. Show that the price of the contract at time t is
ft = StN(d1).

Exercise 13.3.3 (a) Find the price at time t of a derivative which pays at maturity

fT =

{
Sn
T , if ST ≥ K

0, otherwise.

(b) Show that the value of the contract can be written as ft = gtN(d2 + nσ
√
T − t),

where gt is the value at time t of a power contract at time t given by (13.5.5).
(c) Recover the result of Exercise 13.3.2 in the case n = 1.

13.4 Log-contract

A financial security that pays at maturity fT = lnST is called a log-contract. Since the
stock is log-normally distributed,

lnST ∼ N
(
lnSt + (µ− σ2

2
)(T − t), σ2(T − t)

)
,
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the risk-neutral expectation at time t is

Êt[fT ] = E[lnST |Ft, µ = r] = lnSt + (r − σ2

2
)(T − t),

and hence the price of the log-contract is given by

ft = e−r(T−t)Êt[fT ] = e−r(T−t)
(
lnSt + (r − σ2

2
)(T − t)

)
. (13.4.4)

Exercise 13.4.1 Find the price at time t of a square log-contract whose payoff is given
by fT = (lnST )

2.

13.5 Power-contract

The financial derivative which pays at maturity the nth power of the stock price, Sn
T ,

is called a power contract. Since ST has has a log-normal distribution with

ST = Ste
(µ−σ2

2
)(T−t)+σ(WT−Wt),

the nth power of the stock, Sn
T , is also log-normally distributed, with

gT = Sn
T = Sn

t e
n(µ−σ2

2
)(T−t)+nσ(WT−Wt).

Then the expectation at time t in the risk-neutral world is

Êt[gT ] = E[gT |Ft, µ = r] = Sn
t e

n(r−σ2

2
)(T−t)E[enσ(WT−Wt)|Ft]

= Sn
t e

n(r−σ2

2
)(T−t)E[enσ(WT−Wt)] = Sn

t e
n(r−σ2

2
)(T−t)E[enσWT−t ]

= Sn
t e

n(r−σ2

2
)(T−t)e

1
2
n2σ2(T−t).

The price of the power-contract is obtained by discounting to time t

gt = e−r(T−t)E[gT |Ft, µ = r] = Sn
t e

−r(T−t)en(r−
σ2

2
)(T−t)e

1
2
n2σ2(T−t)

= Sn
t e

(n−1)(r+nσ2

2
)(T−t).

Hence the value of a power contract at time t is given by

gt = Sn
t e

(n−1)(r+nσ2

2
)(T−t). (13.5.5)

It is worth noting that if n = 1, i.e. if the payoff is gT = ST , then the price of the
contract at any time t ≤ T is gt = St, i.e. the stock price itself. This will be used
shortly when valuing forward contracts.
In the case n = 2, i.e. if the contract pays S2

T at maturity, then the price is gt =

S2
t e

(r+σ2)(T−t).

Exercise 13.5.1 Let n ≥ 1 be an integer. Find the price of a power call option whose
payoff is given by fT = max(Sn

T −K, 0).
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13.6 Forward Contract on the Stock

A forward contract pays at maturity the difference between the stock price, ST , and
the delivery price of the asset, K. The price at time t is

ft = e−r(T−t)Êt[ST −K] = e−r(T−t)Êt[ST ]− e−r(T−t)K = St − e−r(T−t)K,

where we used that K is a constant and that Êt[ST ] = Ste
r(T−t).

Exercise 13.6.1 Let n ∈ {2, 3}. Find the price of the power forward contract that
pays at maturity fT = (ST −K)n.

13.7 The Superposition Principle

If the payoff of a derivative, fT , can be written as a linear combination of payoffs

fT =
n∑

i=1

cihi,T

with ci constants, then the price at time t is given by

ft =

n∑

i=1

cihi,t

where hi,t is the price at time t of a derivative that pays at maturity hi,T . We shall
successfully use this method in the situation when the payoff fT can be decomposed into
simpler payoffs, for which we can evaluate directly the price of the associate derivative.
In this case the price of the initial derivative, ft, is obtained as a combination of the
prices of the easier to valuate derivatives.

The reason underlying the aforementioned superposition principle is the linearity
of the expectation operator Ê

ft = e−r(T−t)Ê[fT ] = e−r(T−t)Ê[

n∑

i=1

cihi,T ]

= e−r(T−t)
n∑

i=1

ciÊ[hi,T ] =
n∑

i=1

cihi,t.

This principle is also connected with the absence of arbitrage opportunities2 in the
market. Consider two portfolios of derivatives with equal values at the maturity time
T

n∑

i=1

cihi,T =
m∑

j=1

ajgj,T .

2An arbitrage opportunity deals with the practice of making profits by taking simultaneous long
and short positions in the market
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If we take this common value to be the payoff of a derivative, fT , then by the afore-
mentioned principle, the portfolios have the same value at any prior time t ≤ T

n∑

i=1

cihi,t =
m∑

j=1

ajgj,t.

The last identity can also result from the absence of arbitrage opportunities in the
market. If there is a time t at which the identity fails, then buying the cheaper portfolio
and selling the more expensive one will lead to an arbitrage profit.

The superposition principle can be used to price package derivatives such as spreads,
straddles, strips, straps and strangles. We shall deal with these type of derivatives in
proposed exercises.

13.8 General Contract on the Stock

By a general contract on the stock we mean a derivative that pays at maturity the
amount gT = G(ST ), where G is a given analytic function. In the case G(ST ) =
Sn
T , we have a power contract. If G(ST ) = lnST , we have a log-contract. If choose

G(ST ) = ST − K, we obtain a forward contract. Since G is analytic we shall write
G(x) =

∑
n≥0 cnx

n, where cn = G(n)(0)/n!.

Decomposing into power contracts and using the superposition principle we have

Êt[gT ] = Êt[G(ST )] = Êt

[∑

n≥0

cnS
n
T

]

=
∑

n≥0

cnÊt

[
Sn
T

]

=
∑

n≥0

cnS
n
t e

n(r−σ2

2
)(T−t)e

1
2
n2σ2(T−t)

=
∑

n≥0

cn

[
Ste

n(r−σ2

2
)(T−t)

]n[
e

1
2
σ2(T−t)

]n2

.

Hence the value at time t of a general contract is

gt = e−r(T−t)
∑

n≥0

cn

[
Ste

n(r−σ2

2
)(T−t)

]n[
e

1
2
σ2(T−t)

]n2

.

Exercise 13.8.1 Find the value at time t of an exponential contract that pays at ma-
turity the amount eST .
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13.9 Call Option

In the following we price a European call using the superposition principle. The payoff
of a call option can be decomposed as

cT = max(ST −K, 0) = h1,T −Kh2,T ,

with

h1,T =

{
ST , if ST ≥ K
0, if ST < K,

h2,T =

{
1, if ST ≥ K
0, if ST < K.

These are the payoffs of asset-or-nothing and of cash-or-nothing derivatives. From
section 13.3 and Exercise 13.3.2 we have h1,t = StN(d1), h2,t = e−r(T−t)N(d2). By
superposition we get the price of a call at time t

ct = h1,t −Kh2,t = StN(d1)−Ke−r(T−t)N(d2).

Exercise 13.9.1 (Put option) (a) Consider the payoff h1,T =

{
1, if ST ≤ K
0, if ST > K.

Show that

h1,t = e−r(T−t)N(−d2), t ≤ T.

(b) Consider the payoff h2,T =

{
ST , if ST ≤ K
0, if ST > K.

Show that

h2,t = StN(−d1), t ≤ T.

(c) The payoff of a put is p
T
= max(K − ST , 0). Verify that

p
T
= Kh1,T − h2,T

and use the superposition principle to find the price pt of a put.

13.10 General Options on the Stock

Let G be an increasing analytic function with the inverse G−1 and K be a positive
constant. A general call option is a contract with the payoff

fT =

{
G(ST )−K, if ST ≥ G−1(K)
0, otherwise.

(13.10.6)

We note the payoff function fT is continuous. We shall work out the value of the
contract at time t, ft, using the superposition method. Since the payoff can be written
as the linear combination

fT = h1,T −Kh2,T ,
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with

h1,T =

{
G(ST ), if ST ≥ G−1(K)
0, otherwise,

h2,T =

{
1, if ST ≥ G−1(K)
0, otherwise,

then

ft = h1,t −Kh2,t. (13.10.7)

We had already computed the value h2,t. In this case we have h2,t = e−r(T−t)N(dG2 ),
where dG2 is obtained by replacing K with G−1(K) in the formula of d2

dG2 =
lnSt − ln

(
G−1(K)

)
+ (r − σ2

2 )(T − t)

σ
√
T − t

. (13.10.8)

We shall compute in the following h1,t. Let G(ST ) =
∑

n≥0 cnS
n
T with cn = G(n)(0)/n!.

Then h1,T =
∑

n≥0 cnf
(n)
T , where

f
(n)
T =

{
Sn
T , if ST ≥ G−1(K)

0, otherwise.

By Exercise 13.3.3 the price at time t for a contract with the payoff f
(n)
T is

f
(n)
t = Sn

t e
(n−1)(r+nσ2

2
)(T−t)N(dG2 + nσ

√
T − t).

The value at time t of h1,T is given by

h1,t =
∑

n≥0

cnf
(n)
t

=
∑

n≥0

cnS
n
t e

(n−1)(r+nσ2

2
)(T−t)N(dG2 + nσ

√
T − t).

Substituting in (13.10.7) we obtain the following value at time t of a general call option
with the payoff (13.10.6)

ft =
∑

n≥0

cnS
n
t e

(n−1)(r+nσ2

2
)(T−t)N(dG2 + nσ

√
T − t)−Ke−r(T−t)N(dG2 ), (13.10.9)

with cn = G(n)

n! and dG2 given by (13.10.8).

It is worth noting that in the case G(ST ) = ST we have n = 1, d2 = dG2 , d1 =
d2 + σ(T − t) formula (13.10.9) becomes the value of a plain vanilla call option

ft = StN(d1)−Ke−r(T−t).
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13.11 Packages

Packages are derivatives whose payoffs are linear combinations of payoffs of options,
cash and underlying asset. They can be priced using the superposition principle. Some
of these packages are used in hedging techniques.

The Bull Spread Let 0 < K1 < K2. A derivative with the payoff

fT =





0, if ST ≤ K1

ST −K1, if K1 < ST ≤ K2

K2 −K1, if K2 < ST

is called a bull spread, see Fig.13.3 a. A market participant enters a bull spread
position when the stock price is expected to increase. The payoff fT can be written as
the difference of the payoffs of two calls with strike prices K1 and K2:

fT = c1(T )− c2(T ),

c1(T ) =

{
0, if ST ≤ K1

ST −K1, if K1 < ST
c2(T ) =

{
0, if ST ≤ K2

ST −K2, if K2 < ST

Using the superposition principle, the price of a bull spread at time t is

ft = c1(t)− c2(t)

= StN
(
d1(K1)

)
−K1e

−r(T−t)N
(
d2(K1)

)
−
(
StN

(
d1(K2)

)
−K2e

−r(T−t)N
(
d2(K2)

))

= St[N
(
d1(K1)

)
−N

(
d1(K2)

)
]− e−r(T−t)[N

(
d2(K1)

)
−N

(
d2(K2)

)
],

with

d2(Ki) =
lnSt − lnKi + (r − σ2

2 )(T − t)

σ
√
T − t

, d1(Ki) = d2(Ki) + σ
√
T − t, i = 1, 2.

The Bear Spread Let 0 < K1 < K2. A derivative with the payoff

fT =





K2 −K1, if ST ≤ K1

K2 − ST , if K1 < ST ≤ K2

0, if K2 < ST

is called a bear spread, see Fig.13.3 b. A long position in this derivative leads to profits
when the stock price is expected to decrease.

Exercise 13.11.1 Find the price of a bear spread at time t, with t < T .
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a b

Figure 13.3: a The payoff of a bull spread; b The payoff of a bear spread.

a b

Figure 13.4: a The payoff of a butterfly spread; b The payoff of a straddle.

The Butterfly Spread Let 0 < K1 < K2 < K3, with K2 = (K1 +K3)/2. A butterfly
spread is a derivative with the payoff given by

fT =





0, if ST ≤ K1

ST −K1, if K1 < ST ≤ K2

K3 − ST , if K2 ≤ ST < K3

0, if K3 ≤ ST .

A short position in a butterfly spread leads to profits when a small move in the stock
price occurs, see Fig.13.4 a.

Exercise 13.11.2 Find the price of a butterfly spread at time t, with t < T .

Straddles A derivative with the payoff fT = |ST − K| is called a straddle, see see
Fig.13.4 b. A long position in a straddle leads to profits when a move in any direction
of the stock price occurs.
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a b

Figure 13.5: a The payoff for a strangle; b The payoff for a condor.

Exercise 13.11.3 (a) Show that the payoff of a straddle can be written as

fT =

{
K − ST , if ST ≤ K
ST −K, if K < ST .

(b) Find the price of a straddle at time t, with t < T .

Strangles Let 0 < K1 < K2 and K = (K2 +K1)/2, K
′ = (K2 −K1)/2. A derivative

with the payoff fT = max(|ST −K| −K ′, 0) is called a strangle, see Fig.13.5 a. A long
position in a strangle leads to profits when a small move in any direction of the stock
price occurs.

Exercise 13.11.4 (a) Show that the payoff of a strangle can be written as

fT =





K1 − ST , if ST ≤ K1

0, if K1 < ST ≤ K2

ST −K2, if K2 ≤ ST .

(b) Find the price of a strangle at time t, with t < T ;
(c) Which is cheaper: a straddle or a strangle?

Exercise 13.11.5 Let 0 < K1 < K2 < K3 < K4, with K4 −K3 = K2 −K1. Find the
value at time t of a derivative with the payoff fT given in Fig.13.5 b.

13.12 Asian Forward Contracts

Forward Contracts on the Arithmetic Average Let AT =
1

T

∫ t

0
Su du denote the

continuous arithmetic average of the asset price between 0 and T . It sometimes makes
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sense for two parties to make a contract in which one party pays the other at maturity
time T the difference between the average price of the asset, AT , and the fixed delivery
price K. The payoff of a forward contract on arithmetic average is

fT = AT −K.

For instance, if the asset is natural gas, it makes sense to make a deal on the average
price of the asset, since the price is volatile and can become expensive during the winter
season.

Since the risk-neutral expectation at time t = 0, Ê0[AT ], is given by E[AT ] where
µ is replaced by r, the price of the forward contract at t = 0 is

f0 = e−rT Ê0[fT ] = e−rT (Ê0[AT ]−K)

= e−rT
(
S0

erT − 1

rT
−K

)
= S0

1− e−rT

rT
− e−rTK

=
S0

rT
− e−rT

( S0

rT
+K

)
.

Hence the value of a forward contract on the arithmetic average at time t = 0 is given
by

f0 =
S0

rT
− e−rT

( S0

rT
+K

)
. (13.12.10)

It is worth noting that the price of a forward contract on the arithmetic average
is cheaper than the price of a usual forward contract on the asset. To see that, we
substitute x = rT in the inequality e−x > 1− x, x > 0, to get

1− e−rT

rT
< 1.

This implies the inequality

S0
1− e−rT

rT
− e−rTK < S0 − e−rTK.

Since the left side is the price of an Asian forward contract on the arithmetic average,
while the right side is the price of a usual forward contract, we obtain the desired
inequality.

Formula (13.12.10) provides the price of the contract at time t = 0. What is the
price at any time t < T ? One might be tempted to say that replacing T by T − t and
S0 by St in the formula of f0 leads to the corresponding formula for ft. However, this
does not hold true, as the next result shows:
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Proposition 13.12.1 The value at time t of a contract that pays at maturity fT =
AT −K is given by

ft = e−r(T−t)
( t

T
At −K

)
+

1

rT
St

(
1− e−r(T−t)

)
. (13.12.11)

Proof: We start by computing the risk-neutral expectation Êt[AT ]. Splitting the
integral into a predictable and an unpredictable part, we have

Êt[AT ] = Ê
[ 1
T

∫ T

0
Su du|Ft

]

= Ê
[ 1
T

∫ t

0
Su du+

1

T

∫ T

t
Su du|Ft

]

=
1

T

∫ t

0
Su du+ Ê

[ 1
T

∫ T

t
Su du|Ft

]

=
1

T

∫ t

0
Su du+

1

T

∫ T

t
Ê[Su|Ft] du

=
1

T

∫ t

0
Su du+

1

T

∫ T

t
Ste

r(u−t) du,

where we replaced µ by r in the formula Ê[Su|Ft] = Ste
µ(u−t). Integrating we obtain

Êt[AT ] =
1

T

∫ t

0
Su du+

1

T

∫ T

t
Ste

r(u−t) du

=
t

T
At +

1

T
Ste

−rt e
rT − ert

r

=
t

T
At +

1

rT
St

(
er(T−t) − 1

)
. (13.12.12)

Using (13.12.12), the risk-neutral valuation provides

ft = e−r(T−t)Êt[AT −K] = e−r(T−t)Êt[AT ]− e−r(T−t)K

= e−r(T−t)
( t

T
At −K

)
+

1

rT
St

(
1− e−r(T−t)

)
.

Exercise 13.12.2 Show that lim
t→0

ft = f0, where ft is given by (13.12.11) and f0 by

(13.12.10).

Exercise 13.12.3 Find the value at time t of a contract that pays at maturity date
the difference between the asset price and its arithmetic average, fT = ST −AT .
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Forward Contracts on the Geometric Average We shall consider in the following
Asian forward contracts on the geometric average. This is a derivative that pays at
maturity the difference fT = GT −K, where GT is the continuous geometric average
of the asset price between 0 and T and K is a fixed delivery price.

We shall work out first the value of the contract at t = 0. Substituting µ = r in
the first relation provided by Theorem 12.4.4, the risk-neutral expectation of GT as of
time t = 0 is

Ê0[GT ] = S0e
1
2
(r−σ2

6
)T .

Then

f0 = e−rT Ê0[GT −K] = e−rT Ê0[GT ]− e−rTK

= e−rTS0e
1
2
(r−σ2

6
)T − e−rTK

= S0e
− 1

2
(r+σ2

6
)T − e−rTK.

Thus, the price of a forward contract on geometric average at t = 0 is given by

f0 = S0e
− 1

2
(r+σ2

6
)T − e−rTK. (13.12.13)

As in the case of forward contracts on arithmetic average, the value at time 0 <
t < T cannot be obtain from (13.12.13) by replacing blindly T and S0 by T − t and St,
respectively. The correct relation is given by the following result:

Proposition 13.12.4 The value at time t of a contract which pays at maturity GT −K
is

ft = G
t
T
t S

1− t
T

t e−r(T−t)+(r−σ2

2
) (T−t)2

2T
+ σ2

T2
(T−t)3

6 − e−r(T−t)K. (13.12.14)

Proof: Since for t < u

lnSu = lnSt + (µ − σ2

2
)(u− t) + σ(Wu −Wt),

we have

∫ T

0
lnSu du =

∫ t

0
lnSu du+

∫ T

t
lnSu du

=

∫ t

0
lnSu du+

∫ T

t

(
lnSt + (µ− σ2

2
)(u− t) + σ(Wu −Wt)

)
du

=

∫ t

0
lnSu du+ (T − t) lnSt + (µ− σ2

2
)
(T 2 − t2

2
− t(T − t)

)

+σ

∫ T

t
(Wu −Wt) du.
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The geometric average becomes

GT = e
1
T

∫ T
0 lnSu du

= e
1
T

∫ t
0 lnSu du S

1− t
T

t e
1
T
(µ−σ2

2
)(T+t

2
−t)(T−t)e

σ
T

∫ T
t (Wu−Wt) du

= G
t
T
t S

1− t
T

t e(µ−
σ2

2
) (T−t)2

2T e
σ
T

∫ T
t
(Wu−Wt) du, (13.12.15)

where we used that

e
1
T

∫ T
0 lnSu du = e

t
T

lnGt = G
t
T
t .

Relation (13.12.15) provides GT in terms of Gt and St. Taking the predictable part
out and replacing µ by r we have

Êt[GT ] = G
t
T
t S

1− t
T

t e(r−
σ2

2
)
(T−t)2

2T E
[
e
σ
T

∫ T
t (Wu−Wt) du|Ft

]
. (13.12.16)

Since the jump Wu − Wt is independent of the information set Ft, the condition can
be dropped

E
[
e
σ
T

∫ T
t (Wu−Wt) du|Ft

]
= E

[
e
σ
T

∫ T
t (Wu−Wt) du

]
.

Integrating by parts yields

∫ T

t
(Wu −Wt) du =

∫ T

t
Wu du− (T − t)Wt

= TWT − tWt −
∫ T

t
u dWu − TWt + tWt

= T (WT −Wt)−
∫ T

t
u dWu =

∫ T

t
T dWu −

∫ T

t
u dWu

=

∫ T

t
(T − u) dWu,

which is a Wiener integral. This is normal distributed with mean 0 and variance

∫ T

t
(T − u)2 du =

(T − t)3

3
.

Then

∫ T

t
(Wu −Wt) du ∼ N

(
0,

(T − t)3

3

)
and hence

E
[
e
σ
T

∫ T
t (Wu−Wt) du

]
= E

[
e
σ
T

∫ T
t (T−u) dWu

]
= e

1
2
σ2

T2
(T−t)3

3 = e
σ2

T2
(T−t)3

6 .

Substituting into (13.12.16) yields

Êt[GT ] = G
t
T
t S

1− t
T

t e(r−
σ2

2
)
(T−t)2

2T e
σ2

T2
(T−t)3

6 . (13.12.17)
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Hence the value of the contract at time t is given by

ft = e−r(T−t)Êt[GT −K] = G
t
T
t S

1− t
T

t e−r(T−t)+(r−σ2

2
)
(T−t)2

2T
+ σ2

T2
(T−t)3

6 − e−r(T−t)K.

Exercise 13.12.5 Show that lim
t→0

ft = f0, where ft is given by (13.12.14) and f0 by

(13.12.13).

Exercise 13.12.6 Which is cheaper: an Asian forward contract on At or an Asian
forward contract on Gt?

Exercise 13.12.7 Using Corollary 12.4.5 find a formula of GT in terms of Gt, and
then compute the risk-neutral world expectation Êt[GT ].

13.13 Asian Options

There are several types of Asian options depending on how the payoff is related to the
average stock price:

• Average Price options:

– Call: fT = max(Save −K, 0)

– Put: fT = max(K − Save, 0).

• Average Strike options:

– Call: fT = max(ST − Save, 0)

– Put: fT = max(Save − ST , 0).

The average asset price Save can be either the arithmetic or the geometric average of
the asset price between 0 and T .

Geometric average price options When the asset is the geometric average, GT , we
shall obtain closed form formulas for average price options. Since GT is log-normally
distributed, the pricing procedure is similar with the one used for the usual options
on stock. We shall do this by using the superposition principle and the following two
results. The first one is a cash-or-nothing type contract where the underlying asset is
the geometric mean of the stock between 0 and T .

Lemma 13.13.1 The value at time t = 0 of a derivative, which pays at maturity $1
if the geometric average GT ≥ K and 0 otherwise, is given by

h0 = e−rTN(d̃2),
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where

d̃2 =
lnS0 − lnK + (µ− σ2

2 )T2
σ
√

T/3
.

Proof: The payoff can be written as

hT =

{
1, if GT ≥ K
0, if GT < K

=

{
1, if XT ≥ lnK
0, if XT < lnK,

where XT = lnGT has the normal distribution

XT ∼ N
[
lnS0 + (µ− σ2

2
)
T

2
,
σ2T

3

]
,

see formula (12.4.15). Let p(x) be the probability density of the random variable XT

p(x) =
1√

2πσ
√

T/3
e−[x−lnS0−(µ−σ2

2
)T
2
]2/( 2σ

2T
3

). (13.13.18)

The risk neutral expectation of the payoff at time t = 0 is

Ê0[hT ] =

∫
hT (x)p(x) dx =

∫ ∞

lnK
p(x) dx

=
1√

2πσ
√

T/3

∫ ∞

lnK
e−[x−lnS0−(r−σ2

2
)T
2
]2/( 2σ

2T
3

) dx,

where µ was replaced by r. Substituting

y =
x− lnS0 − (r − σ2

2 )T2
σ
√

T/3
, (13.13.19)

yields

Ê0[hT ] =
1√
2π

∫ ∞

−d̃2

e−y2/2 dy =
1√
2π

∫ d̃2

−∞
e−y2/2 dy

= N(d̃2),

where

d̃2 =
lnS0 − lnK + (r − σ2

2 )T2
σ
√

T/3
.

Discounting to the free interest rate yields the price at time t = 0

h0 = e−rT Ê0[hT ] = e−rTN(d̃2).

The following result deals with the price of an average-or-nothing derivative on the
geometric average.
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Lemma 13.13.2 The value at time t = 0 of a derivative, which pays at maturity GT

if GT ≥ K and 0 otherwise, is given by the formula

g0 = e−
1
2
(r+σ2

6
)TStN(d̃1),

where

d̃1 =
lnS0 − lnK + (r + σ2

6 )T2
σ
√

T/3
.

Proof: Since the payoff can be written as

g
T
=

{
GT , if GT ≥ K
0, if GT < K

=

{
eXT , if XT ≥ lnK
0, if XT < lnK,

with XT = lnGT , the risk neutral expectation at the time t = 0 of the payoff is

Ê0[gT ] =

∫ ∞

−∞
g
T
(x)p(x) dx =

∫ ∞

lnK
exp(x) dx,

where p(x) is given by (13.13.18), with µ replaced by r. Using the substitution
(13.13.19) and completing the square yields

Ê0[gT ] =
1√

2πσ
√

T/3

∫ ∞

lnK
exe−[x−lnS0−(r−σ2

2
)T
2
]2/( 2σ

2T
3

) dx

=
1√
2π

S0e
1
2
(r−σ2

6
)T

∫ ∞

−d̃2

e−
1
2
[y−σ

√
T/3]2 dy

If we let

d̃1 = d̃2 + σ
√

T/3

=
lnS0 − lnK + (r − σ2

2 )T2
σ
√

T/3
+ σ

√
T/3

=
lnS0 − lnK + (r + σ2

6 )T2
σ
√

T/3
,

the previous integral becomes, after substituting z = y − σ
√

T/3,

1√
2π

S0e
1
2
(r−σ2

6
)T

∫ ∞

−d̃1

e−
1
2
z2 dz = S0e

1
2
(r−σ2

6
)TN(d̃1).

Then the risk neutral expectation of the payoff is

Ê0[gT ] = S0e
1
2
(r−σ2

6
)TN(d̃1).
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The value of the derivative at time t is obtained by discounting at the interest rate r

g0 = e−rT Ê0[gT ] = e−rTS0e
1
2
(r−σ2

6
)TN(d̃1)

= e−
1
2
(r+σ2

6
)TS0N(d̃1).

Proposition 13.13.3 The value at time t of a geometric average price call option is

f0 = e−
1
2
(r+σ2

6
)TS0N(d̃1)−Ke−rTN(d̃2).

Proof: Since the payoff fT = max(GT −K, 0) can be decomposed as

f
T
= g

T
−Kh

T
,

with

g
T
=

{
GT , if GT ≥ K
0, if GT < K,

h
T
=

{
1, if GT ≥ K
0, if GT < K,

applying the superposition principle and Lemmas 13.13.1 and 13.13.2 yields

f0 = g0 −Kh0

= e−
1
2
(r+σ2

6
)TS0N(d̃1)−Ke−rTN(d̃2).

Exercise 13.13.4 Find the value at time t = 0 of a price put option on a geometric
average, i.e. a derivative with the payoff fT = max(K −GT , 0).

Arithmetic average price options There is no simple closed-form solution for a
call or for a put on the arithmetic average At. However, there is an approximate
solution based on computing exactly the first two moments of the distribution of At,
and applying the risk-neutral valuation assuming that the distribution is log-normally
with the same two moments. This idea was developed by Turnbull and Wakeman [15],
and works pretty well for volatilities up to about 20%.

The following result provides the mean and variance of a normal distribution in
terms of the first two moments of the associated log-normally distribution.

Proposition 13.13.5 Let Y be a log-normally distributed random variable, having the
first two moments given by

m1 = E[Y ], m2 = E[Y 2].

Then lnY has the normal distribution lnY ∼ N(µ, σ2), with the mean and variance
given respectively by

µ = ln
m2

1√
m2

, σ2 = ln
m2

m2
1

· (13.13.20)
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Proof: Using Exercise 1.6.2 we have

m1 = E[Y ] = eµ+
σ2

2 , m2 = E[Y 2] = e2µ+2σ2
.

Taking a logarithm yields

µ+
σ2

2
= lnm1, 2µ+ 2σ2 = lnm2.

Solving for µ and σ yields (13.13.20).

Assume the arithmetic average At = It
t has a log-normally distribution. Then

lnAt = ln It− ln t is normal, so ln It is normal, and hence It is log-normally distributed.
Since IT =

∫ T
0 Su du, using (12.4.12) yields

m1 = E[IT ] = S0
eµT − 1

µ
;

m2 = E[I2T ] =
2S2

0

µ+ σ2

[e(2µ+σ2)T − 1

2µ + σ2
− eµT − 1

µ

]
.

Using Proposition 13.13.5 it follows that lnAt is normally distributed, with

lnAT ∼ N
(
ln

m2
1√
m2

− ln t, ln
m2

m2
1

)
. (13.13.21)

Relation (13.13.21) represents the normal approximation of lnAt. We shall price the
arithmetic average price call under this condition.
In the next two exercises we shall assume that the distribution of AT is given by the
log-normal distribution (13.13.21).

Exercise 13.13.6 Using a method similar to the one used in Lemma 13.13.1, show
that an approximate value at time 0 of a derivative, which pays at maturity $1 if the
arithmetic average AT ≥ K and 0 otherwise, is given by

h0 = e−rTN(ď2),

with

ď2 =
ln(m2

1/
√
m2)− lnK − ln t√
ln(m2/m2

1)
, (13.13.22)

where in the expressions of m1 and m2 we replaced µ by r.

Exercise 13.13.7 Using a method similar to the one used in Lemma 13.13.2, show
that the approximate value at time 0 of a derivative, which pays at maturity AT if
AT ≥ K and 0 otherwise, is given by the formula

a0 = S0
1− e−rT

rt
N(ď1),
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where (CHECK THIS AGAIN!)

ď1 = ln(m2/m
2
1) +

ln
m2

1√
m2

+ ln t− lnK
√
ln(m2/m

2
1)

, (13.13.23)

where in the expressions of m1 and m2 we replaced µ by r.

Proposition 13.13.8 The approximate value at t = 0 of an arithmetic average price
call is given by

f0 =
S0(1− e−rT )

r
N(ď1)−Ke−rTN(ď2),

with ď1 and ď2 given by formulas (13.13.22) and (13.13.23).

Exercise 13.13.9 (a) Prove Proposition 13.13.8.
(b) How does the formula change if the value is taken at time t instead of time 0?

13.14 Forward Contracts with Rare Events

We shall evaluate the price of a forward contract on a stock which follows a stochastic
process with rare events, where the number of events n = NT until time T is assumed
Poisson distributed. As usual, T denotes the maturity of the forward contract.

Let the jump ratios be Yj = Stj/Stj−, where the events occur at times 0 < t1 <
t2 < · · · < tn, where n = NT . The stock price at maturity is given by Merton’s formula
xxx

ST = S0e
(µ−λρ− 1

2
σ2)T+σWT

NT∏

j=1

Yj,

where ρ = E[Yj ] is the expected jump size, and Y1, · · · , Yn are considered independent
among themselves and also with respect to Wt. Conditioning over NT = n yields

E
[ NT∏

j=1

Yj

]
=

∑

n≥0

E
[ NT∏

j=1

|NT = n
]
P (NT = n)

=
∑

n≥0

n∏

j=1

E[Yj]P (NT = n)

=
∑

n≥0

ρn
(λT )n

n!
e−λT = eλρT e−λT .

Since WT is independent of NT and Yj we have

E[ST ] = S0e
(µ−λρ−σ2

2
)TE[eσWT ]E[

NT∏

j=0

Yj]

= S0e
(µ−λρ)T eλρT e−λT

= S0e
(µ−λ)T .
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Since the payoff at maturity of the forward contract is fT = ST−K, with K delivery
price, the value of the contract at time t = 0 is obtained by the method of risk neutral
valuation

f0 = erT
(
Ê0[ST −K]

)
= e−rT

(
S0e

(r−λ)T −K
)

= S0e
−λT −Ke−rT .

Replacing T with T − t and S0 with St yields the value of the contract time t

ft = Ste
−λ(T−t) −Ke−r(T−t), 0 ≤ t ≤ T. (13.14.24)

It is worth noting that if the rate of jumps ocurrence is λ = 0, we obtain the familiar
result

ft = St − e−r(T−t)K.

13.15 All-or-Nothing Lookback Options (Needs work!)

Consider a contract that pays the cash amount K at time T if the stock price St did
ever reach or exceed level z until time T , and the amount 0 otherwise. The payoff is

VT =

{
K, if ST ≥ z
0, otherwise,

where ST = max
t≤T

St is the running maximum of the stock.

In order to compute the exact value of the option we need to find the probability
density of the running maximum

Xt = St = max
s≤t

Ss = S0e
max
s≤t

(µs+ σWs)

where µ = r − σ2

2 . Let Yt = max
s≤t

(µs+ σWs).

Let Tx be the first time the process µt + σWt reaches level x, with x > 0. The
probability density of Tx is given by Proposition 3.6.5

p(τ) =
x

σ
√
2πτ3

e−
(x−µτ)2

2τσ2 .

The probability function of Yt is given by

P (Yt ≤ x) = 1− P (Yt > x) = 1− P
(
max
0≤s≤t

(µs+ σWs) > x
)

= 1− P (Tx ≤ t) = 1−
∫ t

0

x

σ
√
2πτ3

e−
(x−µτ)2

2τσ2 dτ

=

∫ ∞

t

x

σ
√
2πτ3

e−
(x−µτ)2

2τσ2 dτ.
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Then the probability function of Xt becomes

P (Xt ≤ u) = P (eYt ≤ u/S0) = P (Yt ≤ ln(u/S0))

=

∫ ∞

t

ln(u/S0)

σ
√
2πτ3

e−
(ln(u/S0)−µτ)

2

2τσ2 dτ.

Let S0 < z. What is the probability that the stock St hits the barrier z before time
T ? This can be formalized as the probability P (max

t≤T
St > z), which can be computed

using the previous probability function:

P (ST > z) = 1− P (max
t≤T

St ≤ z) = 1− P (XT ≤ z)

= 1−
∫ ∞

T

ln(z/S0)

σ
√
2πτ3

e−
(ln(z/S0)−µτ)

2

2τσ2 dτ

=

∫ T

0

ln(z/S0)

σ
√
2πτ3

e−
(ln(z/S0)−µτ)

2

2τσ2 dτ,

where µ = r − σ2/2. The exact value of the all-or-nothing lookback option at time
t = 0 is

V0 = e−rTE[VT ]

= E
[
VT |max

t≤T
St ≥ z

]
P (max

t≤T
St ≥ z)e−rT

+E
[
VT |max

t≤T
St < z

]

︸ ︷︷ ︸
=0

P (max
t≤T

St < z)e−rT

= e−rTKP (max
t≤T

St ≥ z)

= e−rTK

∫ T

0

ln(z/S0)

σ
√
2πτ3

e−
(ln(z/S0)−µτ)

2

2τσ2 dτ. (13.15.25)

Since the previous integral does not have an elementary expression, we shall work out
some lower and upper bounds.

Proposition 13.15.1 (Typos in the proof) We have

e−rTK
(
1−

√
2

πσ3T
ln

z

S0

)
< V0 <

KS0

z
.

Proof: First, we shall find an upper bound for the option price using Doob’s inequality.
The stock price at time t is given by

St = S0e
(r−σ2

2
)t+σWt .
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Under normal market conditions we have r > σ2

2 , and by Corollary 2.12.4, part (b)
it follows that St is a submartingale (with respect to the filtration induced by Wt).
Applying Doob’s submartingale inequality, Proposition 2.12.5, we have

P (max
t≤T

St ≥ z) ≤ 1

z
E[ST ] =

S0

z
erT .

Then the expected value of VT can be estimated as

E[VT ] = K · P (max
t≤T

St ≥ z) + 0 · P (max
t≤T

St < z) ≤ KS0

z
erT .

Discounting, we obtain an upper bound for the value of the option at time t = 0

V0 = e−rTE[VT ] ≤
KS0

z
·

In order to obtain a lower bound, we need to write the integral away from the singularity
at τ = 0, and use that e−x > 1− x for x > 0:

V0 = e−rTK − e−rTK

∫ ∞

T

ln(z/S0)√
2πσ3τ3

e−
(ln(z/S0)−µστ)

2

2τσ3 dτ

< e−rTK − e−rTK

∫ ∞

T

ln(z/S0)√
2πσ3τ3

dτ

= e−rTK
(
1−

√
2

πσ3T
ln

z

S0

)
.

Exercise 13.15.2 Find the value of an asset-or-nothing look-back option whose payoff
is

VT =

{
ST , if ST ≥ K
0, otherwise.

K denotes the strike price.

Exercise 13.15.3 Find the value of a price call look-back option with the payoff given
by

VT =

{
ST −K, if ST ≥ K
0, otherwise.

Exercise 13.15.4 Find the value of a price put look-back option whose payoff is given
by

VT =

{
K − ST , if ST < K
0, otherwise.
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Exercise 13.15.5 Evaluate the following strike look-back options

(a) VT = ST − ST (call)

(b) VT = ST − ST (put)

It is worth noting that (ST −ST )
+ = ST −ST ; this explains why the payoff is not given

as a piece-wise function.

Hint: see p. 739 of Mc Donald for closed form formula.

Exercise 13.15.6 Find a put-call parity for look-back options.

Exercise 13.15.7 Starting from the formula (see K&S p. 265)

P
(
sup
t≤T

(Wt − γt) ≥ β
)
= 1−N

(
γ
√
T +

β√
T

)
+ e−2βγN

(
γ
√
T − β√

T

)
,

with β > 0, γ ∈ R and N(x) =
1√
2π

∫ ∞

−∞
e−z2/2 dz, calculate the price at t = 0 of a

contract that pays K at time T if the stock price St did ever reach or exceed level z
before time T .

13.16 Perpetual Look-back Options

Consider a contract that pays K at the time the stock price St reaches level b for the
first time. What is the price of such contract at any time t ≥ 0?

This type of contract is called perpetual look-back because the time horizon is
infinite, i.e. there is no expiration date for the contract.

The contract pays K at time τb, where τb = inf{t > 0;St ≥ b}. The value at time
t = 0 is obtained by discounting at the risk-free interest rate r

V0 = E
[
Ke−rτb

]
= KE

[
e−rτb

]
. (13.16.26)

This expectation will be worked out using formula (3.6.11). First, we notice that the
time τb at which St = b is the same as the time for which S0e

(r−σ2/2)t+σWt = b, or
equivalently, (

r − σ2

2

)
t+ σWt = ln

b

S0
.

Applying Proposition 3.6.4 with µ = r − σ2/2, s = r, and x = ln(b/S0) yields

E[e−rτb ] = e
1
σ2

(
r−σ2

2
−
√

2rσ+(r−σ2

2
)2
)
ln b
S0

=
( b

S0

)(r−σ2

2
−
√

2rσ+(r−σ2

2
)2
)
/σ2

.
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Substituting in (13.16.26) yields the price of the perpetual look-back option at t = 0

V0 = K
( b

S0

)(r−σ2

2
−
√

2rσ+(r−σ2

2
)2
)
/σ2

. (13.16.27)

Exercise 13.16.1 Find the price of a contract that pays K when the initial stock price
doubles its value.

13.17 Immediate Rebate Options

This contract pays at the time the barrier is hit, Ta, the amount K. The discounted
value at t = 0 is

f0 =

{
e−rTa , if Ta ≤ T
0, otherwise.

The price of the contract at t = 0 is

V0 = E[f0] = E[f0|Ta < T ]P (Ta < T ) + E[f0|Ta ≥ T ]︸ ︷︷ ︸
=0

P (Ta ≥ T )

= KE[e−rTa ]P (Ta < T )

= K

∫ ∞

0
e−rτpa(τ) dτ

∫ T

0
pa(τ) dτ,

where

pa(τ) =
ln a

S0√
2πσ3τ3

e
−(ln a

S0
−αστ)2/(2τσ3)

,

and α = r − σ2

2
. Question: Why in McDonald (22.20) the formula is different. Are

they equivalent?

13.18 Deferred Rebate Options

The payoff of this contract pays K as long as a certain barrier has been hit. It is called
deferred because the payment K is made at the expiration time T . If Ta is the first
time the stock reaches the barrier a, the payoff can be formalized as

VT =

{
K, if Ta < T
0, if Ta ≥ T.

The value of the contract at time t = 0 is

V0 = e−rTE[VT ] = e−rTKP (Ta < T )

= Ke−rT ln
a

S0

∫ T

0

1

σ
√
2πτ3

e
(ln a

S0
−ατ)2/(2τσ2)

dτ,

with α = r − σ2

2
.



Chapter 14

Martingale Measures

14.1 Martingale Measures

An Ft-predictable stochastic process Xt on the probability space (Ω,F , P ) is not al-
ways a martingale. However, it might become a martingale with respect to another
probability measure Q on F . This is called a martingale measure. The main result
of this section is finding a martingale measure with respect to which the discounted
stock price is a martingale. This measure plays an important role in the mathematical
explanation of the risk-neutral valuation.

14.1.1 Is the stock price St a martingale?

Since the stock price St is an Ft-predictable and non-explosive process, the only con-
dition which needs to be satisfied to be a Ft-martingale is

E[St|Fu] = Su, ∀u < t. (14.1.1)

Heuristically speaking, this means that given all information in the market at time u,
Fu, the expected price of any future stock price is the price of the stock at time u, i.e
Su. This does not make sense, since in this case the investor would prefer investing
the money in a bank at a risk-free interest rate, rather than buying a stock with zero
return. Then (14.1.1) does not hold. The next result shows how to fix this problem.

Proposition 14.1.1 Let µ be the rate of return of the stock St. Then

E[e−µtSt|Fu] = e−µuSu, ∀u < t, (14.1.2)

i.e. e−µtSt is an Ft-martingale.

Proof: The process e−µtSt is non-explosive since

E[|e−µtSt|] = e−µtE[St] = e−µtS0e
µt = S0 < ∞.
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Since St is Ft-predictable, so is e−µtSt. Using formula (12.1.2) and taking out the
predictable part yields

E[St|Fu] = E[S0e
(µ− 1

2
σ2)t+σWt |Fu]

= E[S0e
(µ− 1

2
σ2)u+σWue(µ−

1
2
σ2)(t−u)+σ(Wt−Wu)|Fu]

= E[Sue
(µ− 1

2
σ2)(t−u)+σ(Wt−Wu)|Fu]

= Sue
(µ− 1

2
σ2)(t−u)E[eσ(Wt−Wu)|Fu]. (14.1.3)

Since the increment Wt−Wu is independent of all values Ws, s ≤ u, then it will also be
independent of Fu. By Proposition 1.11.4, part 6, the conditional expectation becomes
the usual expectation

E[eσ(Wt−Wu)|Fu] = E[eσ(Wt−Wu)].

Since σ(Wt −Wu) ∼ N
(
0, σ2(t− u)

)
, from Exercise 1.6.2 (b) we get

E[eσ(Wt−Wu)] = e
1
2
σ2(t−u).

Substituting back into (14.1.3) yields

E[St|Fu] = Sue
(µ− 1

2
σ2)(t−u)e

1
2
σ2(t−u) = Sue

µ(t−u),

which is equivalent to
E[e−µtSt|Fu] = e−µuSu.

The conditional expectation E[St|Fu] can be expressed in terms of the conditional
density function as

E[St|Fu] =

∫
St p(St|Fu) dSt, (14.1.4)

where St is taken as an integration variable.

Exercise 14.1.2 (a) Find the formula for conditional density function, p(St|Fu), de-
fined by (14.1.4).

(b) Verify the formula
E[St|F0] = E[St]

in two different ways, either by using part (a), or by using the independence of St with
respect to F0.

The martingale relation (14.1.2) can be written equivalently as

∫
e−µtSt p(St|Fu) dSt = e−µuSu, u < t.

This way, dP (x) = p(x|Fu) dx becomes a martingale measure for e−µtSt.
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14.1.2 Risk-neutral World and Martingale Measure

Since the rate of return µ might not be known from the beginning, and it depends on
each particular stock, a meaningful question would be:

Under what martingale measure does the discounted stock price, Mt = e−rtSt, become
a martingale?

The constant r denotes, as usual, the risk-free interest rate. Assume such a martingale
measure exists. Then we must have

Êu[e
−rtSt] = Ê[e−rtSt|Fu] = e−ruSu,

where Ê denotes the expectation with respect to the requested martingale measure.
The previous relation can also be written as

e−r(t−u)Ê[St|Fu] = Su, u < t.

This states that the discounted expectation at the risk-free interest rate for the time
interval t − u is the price of the stock, Su. Since this does not involve any of the
riskiness of the stock, we might think of it as an expectation in the risk-neutral world.
The aforementioned formula can be written in the compound mode as

Ê[St|Fu] = Sue
r(t−u), u < t. (14.1.5)

This formula can be obtained from the conditional expectation E[St|Fu] = Sue
µ(t−u)

by substituting µ = r and replacing E by Ê, which corresponds to the definition of the
expectation in a risk-neutral world. Therefore, the evaluation of derivatives in section
13 is done by using the aforementioned martingale measure under which e−rtSt is a
martingale. In the next section we shall determine this measure explicitly.

Exercise 14.1.3 Consider the following two games that consit in flipping a fair coin
and taking decisions:

A. If the coin lands Heads, you win $2; otherwise you loose $1.

B. If the coin lands Heads, you win $20,000; otherwise you loose $10,000.

(a) Which game involves more risk? Explain your answer.

(b) Which game would you choose to play, and why?

(c) Are you risk-neutral in your decision?

The risk neutral measure is the measure with respect to which investors are not
risk-averse. In the case of the previous exercise, it is the measure with respect to which
all players are indiferent whether they choose option A or B.
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14.1.3 Finding the Risk-Neutral Measure

The solution of the stochastic differential equation of the stock price

dSt = µStdt+ σStdWt

can be written as
St = S0e

µteσWt− 1
2
σ2t.

Then e−µtSt = S0e
σWt− 1

2
σ2t is an exponential process. By Example 9.1.3, particular

case 1, this process is an Ft-martingale, where Ft = σ{Wu;u ≤ t} is the information
available in the market until time t. Hence e−µtSt is a martingale, which is a result
proved also by Proposition 14.1.1. The probability space where this martingale exists
is (Ω,F , P ).

In the following we shall change the rate of return µ into the risk-free rate r and
change the probability measure such that the discounted stock price becomes a mar-
tingale. The discounted stock price can be expressed in terms of the Brownian motion
with drift (a hat was added in order to distinguish it from the former Brownian motion
Wt)

Ŵt =
µ− r

σ
t+Wt (14.1.6)

as in the following

e−rtSt = e−rtS0e
µteσWt− 1

2
σ2t = eσŴt− 1

2
σ2t.

If we let λ =
µ− r

σ
in Corollary 9.2.4 of Girsanov’s theorem, it follows that Ŵt is a

Brownian motion on the probability space (Ω,F , Q), where

dQ = e−
1
2
(µ−r
σ

)2T−λWT dP.

As an exponential process, eσŴt− 1
2
σ2t becomes a martingale on this space. Consequently

e−rtSt is a martingale process w.r.t. the probability measure Q. This means

EQ[e−rtSt|Fu] = e−ruSu, u < t.

where EQ[ · |Fu] denotes the conditional expectation in the measure Q, and it is given
by

EQ[Xt|Fu] = EP [Xte
− 1

2
(µ−r
σ

)2T−λWT |Fu].

The measure Q is called the equivalent martingale measure, or the risk-neutral measure.
The expectation taken with respect to this measure is called the expectation in the risk-
neutral world. Customarily we shall use the notations

Ê[e−rtSt] = EQ[e−rtSt]

Êu[e
−rtSt] = EQ[e−rtSt|Fu]
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It is worth noting that Ê[e−rtSt] = Ê0[e
−rtSt], since e

−rtSt is independent of the initial
information set F0.

The importance of the process Ŵt is contained in the following useful result.

Proposition 14.1.4 The probability measure that makes the discounted stock price,
e−rtSt, a martingale changes the rate of return µ into the risk-free interest rate r, i.e

dSt = rStdt+ σStdŴt.

Proof: The proof is a straightforward verification using (14.1.6)

dSt = µStdt+ σStdWt = rStdt+ (µ− r)Stdt+ σStdWt

= rStdt+ σSt

(µ− r

σ
dt+ dWt

)

= rStdt+ σStdŴt

We note that the solution of the previous stochastic equation is

St = S0e
rteσŴt− 1

2
σ2t.

Exercise 14.1.5 Assume µ 6= r and let u < t.

(a) Find EP [e−rtSt|Fu] and show that e−rtSt is not a martingale w.r.t. the proba-
bility measure P .

(b) Find EQ[e−µtSt|Fu] and show that e−µtSt is not a martingale w.r.t. the proba-
bility measure Q.

14.2 Risk-neutral World Density Functions

The purpose of this section is to establish formulas for the densities of Brownian motions
Wt and Ŵt with respect to both probability measures P and Q, and discuss their
relationship. This will clear some confusions that appear in practical applications
when we need to choose the right probability density.

The densities of Wt and Ŵt with respect to P and Q will be denoted respectively
by p

P
, p

Q
and p̂

P
, p̂

Q
. Since Wt and Ŵt are Brownian motions on the spaces (Ω,F , P )

and (Ω,F , Q), respectively, they have the following normal probability densities

pP (x) =
1√
2πt

e−
x2

2t = p(x);

p̂
Q
(x) =

1√
2πt

e−
x2

2t = p(x).
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The associated distribution functions are

F
P

Wt
(x) = P (Wt ≤ x) =

∫

{Wt≤x}
dP (ω) =

∫ x

−∞
p(u) du;

F
Q

Ŵt
(x) = Q(Ŵt ≤ x) =

∫

{Ŵt≤x}
dQ(ω) =

∫ x

−∞
p(u) du.

ExpressingWt in terms of Ŵt and using that Ŵt is normally distributed with respect
to Q we get the distribution function of Wt with respect to Q as

F
Q

Wt
(x) = Q(Wt ≤ x) = Q(Ŵt − ηt ≤ x)

= Q(Ŵt ≤ x+ ηt) =

∫

{Ŵt≤x+ηt}
dQ(ω)

=

∫ x+ηt

−∞
p(y) dy =

∫ x+ηt

−∞

1√
2πt

e−
y2

2t dy.

Differentiating yields the density function

p
Q
(x) =

d

dx
F
Q

Wt
(x) =

1√
2πt

e−
1
2t
(y+ηt)2 .

It is worth noting that pQ(x) can be decomposed as

p
Q
(x) = e−ηx− 1

2
η2tp(x),

which makes the connection with the Girsanov theorem.

The distribution function of Ŵt with respect to P can be worked out in a similar
way

F
P

Ŵt
(x) = P (Ŵt ≤ x) = P (Wt + ηt ≤ x)

= P (Wt ≤ x− ηt) =

∫

{Wt≤x−ηt}
dP (ω)

=

∫ x−ηt

−∞
p(y) dy =

∫ x−ηt

−∞

1√
2πt

e−
y2

2t dy,

so the density function is

pP (x) =
d

dx
F
P

Ŵt
(x) =

1√
2πt

e−
1
2t
(y−ηt)2 .
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14.3 Correlation of Stocks

Consider two stock prices driven by the same novelty term

dS1 = µ1S1dt+ σ1S1dWt (14.3.7)

dS2 = µ2S2dt+ σ2S2dWt. (14.3.8)

Since the underlying Brownian motions are perfectly correlated, one may be tempted
to think that the stock prices S1and S2 are also correlated. The following result shows
that in general the stock prices are positively correlated:

Proposition 14.3.1 The correlation coefficient between the stock prices S1 and S2

driven by the same Brownian motion is

Corr(S1, S2) =
eσ1σ2t − 1

(eσ
2
1t − 1)1/2(eσ

2
2t − 1)1/2

> 0.

In particular, if σ1 = σ2, then Corr(S1, S2) = 1.

Proof: Since

S1(t) = S1(0)e
µ1t− 1

2
σ2
1teσ1Wt , S2(t) = S2(0)e

µ2t− 1
2
σ2
2t, eσ2Wt ,

from Exercise 14.3.4 and formula E[ekWt ] = ek
2t/2 we have

Corr(S1, S2) = Corr(eσ1Wt, eσ2Wt) =
Cov(eσ1Wt , eσ2Wt)√

V ar(eσ1Wt)V ar(eσ2Wt)

=
E[e(σ1+σ2)Wt ]− E[eσ1Wt]E[eσ2Wt ]√

V ar(eσ1Wt)V ar(eσ2Wt)

=
e

1
2
(σ1+σ2)2t − e

1
2
σ2
1te

1
2
σ2
2t

[eσ
2
1t(eσ

2
1t − 1)eσ

2
2t(eσ

2
2t − 1)]1/2

=
eσ1σ2t − 1

(eσ
2
1t − 1)1/2(eσ

2
2t − 1)1/2

.

If σ1 = σ2 = σ then the previous formula provides

Corr(S1, S2) =
eσ

2t − 1

eσ2t − 1
= 1,

i.e. the stocks are perfectly correlated if they have the same volatility.

Corollary 14.3.2 The stock prices S1 and S2 are positively strongly correlated for
small values of t:

Corr(S1, S2) → 1 as t → 0.
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Figure 14.1: The correlation function f(t) = eσ1σ2t−1

(eσ
2
1
t−1)1/2(eσ

2
2
t−1)1/2

in the case σ1 = 0.15,

σ2 = 0.40.

This fact has the following financial interpretation. If some stocks are driven by the
same unpredictable news, when one stock increases, then the other one tends to increase
too, at least for a small amount of time. In the case when some bad news affects an
entire financial market, the risk becomes systemic, and hence if one stock fails, all the
others tend to decrease as well, leading to a severe strain on the financial market.

Corollary 14.3.3 The stock prices correlation gets weak as t gets large:

Corr(S1, S2) → 0 as t → ∞.

Proof: It follows from the asymptotic correspondence

eσ1σ2t − 1

(eσ
2
1t − 1)1/2(eσ

2
2t − 1)1/2

∼ eσ1σ2t

e
σ2
1
+σ2

2
2

t

= e−
(σ1−σ2)

2

2
t → 0, t → 0.

It follows that in the long run any two stocks tend to become uncorrelated, see Fig.14.1.

Exercise 14.3.4 If X and Y are random variables and α, β ∈ R, show that

Corr(αX, βY ) =

{
Corr(X,Y ), if αβ > 0
−Corr(X,Y ), if αβ < 0.

Exercise 14.3.5 Find the following

(a) Cov
(
dS1(t), dS2(t)

)
;

(b) Corr
(
dS1(t), dS2(t)

)
.
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14.4 Self-financing Portfolios

The value of a portfolio that contains θj(t) units of stock Sj(t) at time t is given by

V (t) =

n∑

j=1

θj(t)Sj(t).

The portfolio is called self-financing if

dV (t) =
n∑

j=1

θj(t)dSj(t).

This means that an infinitesinal change in the value of the portfolio is due to infinites-
imal changes in stock values. All portfolios will be assumed self-financing, if otherwise
stated.

14.5 The Sharpe Ratio

If µ is the expected return on the stock St, the risk premium is defined as the difference
µ−r, where r is the risk-free interest rate. The Sharpe ratio, η, is the quotient between
the risk premium and stock price volatility

η =
µ− r

σ
.

The following result shows that the Sharpe ratio is an important invariant for the
family of stocks driven by the same uncertain source. It is also known under the name
of the market price of risk for assets.

Proposition 14.5.1 Let S1 and S2 be two stocks satisfying equations (14.3.7)−(14.3.8).
Then their Sharpe ratio are equal

µ1 − r

σ1
=

µ2 − r

σ2
· (14.5.9)

Proof: Eliminating the term dWt from equations (14.3.7) − (14.3.8) yields

σ2
S1

dS1 −
σ1
S2

dS2 = (µ1σ2 − µ2σ1)dt. (14.5.10)

Consider the portfolio P (t) = θ1(t)S1(t) − θ2(t)S2(t), with θ1(t) =
σ2(t)

S1(t)
and θ2(t) =

σ1(t)

S2(t)
. Using the properties of self-financing portfolios,, we have

dP (t) = θ1(t)dS1(t)− θ2(t)dS2(t)

=
σ2
S1

dS1 −
σ1
S2

dS2.
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Substituting in (14.5.10) yields dP = (µ1σ2 − µ2σ1)dt, i.e. P is a risk-less portfolio.
Since the portfolio earns interest at the risk-free interest rate, we have dP = rPdt.
Then equating the coefficients of dt yields

µ1σ2 − µ2σ1 = rP (t).

Using the definition of P (t), the previous relation becomes

µ1σ2 − µ2σ1 = rθ1S1 − rθ2S2,

that can be transformed to

µ1σ2 − µ2σ1 = rσ2 − rσ1,

which is equivalent with (14.5.9).

Using Proposition 14.1.4, relations (14.3.7) − (14.3.8) can be written as

dS1 = rS1dt+ σ1S1dŴt

dS2 = rS2dt+ σ2S2dŴt,

where the risk-neutral process dŴt is the same in both equations

dŴt =
µ1 − r

σ1
dt+ dWt =

µ2 − r

σ2
dt+ dWt.

This shows that the process Ŵt is a Brownian motion with drift, where the drift is the
Sharpe ratio.

14.6 Risk-neutral Valuation for Derivatives

The risk-neutral process dŴt plays an important role in the risk neutral valuation of
derivatives. In this section we shall prove that if fT is the price of a derivative at the
maturity time, then ft = Ê[e−r(T−t)fT |Ft] is the price of the derivative at the time t,
for any t < T .

In other words, the discounted price of a derivative in the risk-neutral world is the
price of the derivative at the new instance of time. This is based on the fact that e−rtft
is an Ft-martingale with respect to the risk-neutral measure Q introduced previously.

In particular, the idea of the proof can be applied for the stock St. Applying the
product rule

d(e−rtSt) = d(e−rt)St + e−rtdSt + d(e−rt)dSt︸ ︷︷ ︸
=0

= −re−rtStdt+ e−rt(rStdt+ σStdŴt)

= e−rt(rStdt+ σStdŴt).
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If u < t, integrating between u and t

e−rtSt = e−ruSu +

∫ t

u
σe−rsSsdŴs,

and taking the risk-neutral expectation with respect to the information set Fu yields

Ê[e−rtSt|Fu] = Ê[e−ruSu +

∫ t

u
σe−rsSsdŴs | Fu]

= e−ruSu + Ê
[ ∫ t

u
σe−rsSsdŴs|Fu

]

= e−ruSu + Ê
[ ∫ t

u
σe−rsSsdŴs

]

= e−ruSu,

since

∫ t

u
σe−rsSsdŴs is independent of Fu. It follows that e

−rtSt is an Ft-martingale in

the risk-neutral world. The following fundamental result can be shown using a similar
proof as the one encountered previously:

Theorem 14.6.1 If ft = f(t, St) is the price of a derivative at time t, then e−rtft is
an Ft-martingale in the risk-neutral world, i.e.

Ê[e−rtft|Fu] = e−rufu, ∀0 < u < t.

Proof: Using Ito’s formula and the risk neutral process dS = rS+σSdŴt, the process
followed by ft is

dft =
∂f

∂t
dt+

∂f

∂S
dS +

1

2

∂2f

∂S2
(dS)2

=
∂f

∂t
dt+

∂f

∂S
(rSdt+ σSdŴt) +

1

2
σ2S2 ∂

2f

∂S2
dt

=
(∂f
∂t

+ rS
∂f

∂S
+

1

2
σ2S2 ∂

2f

∂S2

)
dt+ σS

∂f

∂S
dŴt

= rfdt+ σS
∂f

∂S
dŴt,

where in the last identity we used that f satisfies the Black-Scholes equation. Applying
the product rule we obtain

d(e−rtft) = d(e−rt)ft + e−rtdft + d(e−rt)dft︸ ︷︷ ︸
=0

= −re−rtftdt+ e−rt(rftdt+ σS
∂f

∂S
dŴt)

= e−rtσS
∂f

∂S
dŴt.
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Integrating between u and t we get

e−rtft = e−rufu +

∫ t

u
e−rsσS

∂fs
∂S

dŴs,

which assures that e−rtft is a martingale, since Ŵs is a Brownian motion process. Using

that e−rufu is Fu-predictable, and

∫ t

u
e−rsσS

∂fs
∂S

dŴs is independent of the information

set Fu, we have

Ê[e−rtft|Fu] = e−rufu + Ê
[ ∫ t

u
e−rsσS

∂fs
∂S

dŴs

]
= e−rufu.

Exercise 14.6.2 Show the following:

(a) Ê[eσ(Wt−Wu)|Fu] = e(r−µ+ 1
2
σ2)(t−u), u < t;

(b) Ê
[
St
Su

|Fu

]
= e(µ−

1
2
σ2)(t−u)Ê

[
eσ(Wt−Wu)|Fu

]
, u < t;

(c) Ê
[
St
Su

|Fu

]
= er(t−u), u < t.

Exercise 14.6.3 Find the following risk-neutral world conditional expectations:

(a) Ê[
∫ t
0 Su du|Fs], s < t;

(b) Ê[St

∫ t
0 Su du|Fs], s < t;

(c) Ê[
∫ t
0 Su dWu|Fs], s < t;

(d) Ê[St

∫ t
0 Su dWu|Fs], s < t;

(e) Ê[
( ∫ t

0 Su du
)2|Fs], s < t;

Exercise 14.6.4 Use risk-neutral valuation to find the price of a derivative that pays
at maturity the following payoffs:

(a) fT = TST ;

(b) f
T
=
∫ T
0 Su du;

(c) f
T
=
∫ T
0 Su dWu.



Chapter 15

Black-Scholes Analysis

15.1 Heat Equation

This section is devoted to a basic discussion on the heat equation. Its importance resides
in the remarkable fact that the Black-Scholes equation, which is the main equation of
derivatives calculus, can be reduced to this type of equation.

Let u(τ, x) denote the temperature in an infinite rod at point x and time τ . In the
absence of exterior heat sources the heat diffuses according to the following parabolic
differential equation

∂u

∂τ
− ∂2u

∂x2
= 0, (15.1.1)

called the heat equation. If the initial heat distribution is known and is given by
u(0, x) = f(x), then we have an initial value problem for the heat equation.

Solving this equation involves a convolution between the initial temperature f(x)
and the fundamental solution of the heat equation G(τ, x), which will be defined shortly.

Definition 15.1.1 The function

G(τ, x) =
1√
4πτ

e−
x2

4τ , τ > 0,

is called the fundamental solution of the heat equation (15.1.1).

We recall the most important properties of the function G(τ, x).

• G(τ, x) has the properties of a probability density1, i.e.

1. G(τ, x) > 0, ∀x ∈ R, τ > 0;

1In fact it is a Gaussian probability density.
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Figure 15.1: The function G(τ, x) tends to the Dirac measure δ(x) as τ ց 0, and
flattens out as τ → ∞.

2.

∫

R

G(τ, x) dx = 1, ∀τ > 0.

• it satisfies the heat equation

∂G

∂τ
− ∂2G

∂x2
= 0, τ > 0.

• G tends to the Dirac measure δ(x) as τ gets closer to the initial time

lim
τց0

G(τ, x) = δ(x),

where the Dirac measure can be defined using integration as

∫

R

ϕ(x)δ(x)dx = ϕ(0),

for any smooth function with compact support ϕ. Consequently, we also have

∫

R

ϕ(x)δ(x − y)dx = ϕ(y).

One can think of δ(x) as a measure with infinite value at x = 0 and zero for the rest
of the values, and with the integral equal to 1, see Fig.15.1.

The physical significance of the fundamental solution G(τ, x) is that it describes the
heat evolution in the infinite rod after an initial heat impulse of infinite size is applied
at x = 0.
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Proposition 15.1.2 The solution of the initial value heat equation

∂u

∂τ
− ∂2u

∂x2
= 0

u(0, x) = f(x)

is given by the convolution between the fundamental solution and the initial temperature

u(τ, x) =

∫

R

G(τ, y − x)f(y) dy, τ > 0.

Proof: Substituting z = y − x, the solution can be written as

u(τ, x) =

∫

R

G(τ, z)f(x+ z) dz. (15.1.2)

Differentiating under the integral yields

∂u

∂τ
=

∫

R

∂G(τ, z)

∂τ
f(x+ z) dz,

∂2u

∂x2
=

∫

R

G(τ, z)
∂2f(x+ z)

∂x2
dz =

∫

R

G(τ, z)
∂2f(x+ z)

∂z2
dz

=

∫

R

∂2G(τ, z)

∂z2
f(x+ z) dz,

where we applied integration by parts twice and the fact that

lim
z→∞

G(τ, z) = lim
z→∞

∂G(τ, z)

∂z
= 0.

Since G satisfies the heat equation,

∂u

∂τ
− ∂2u

∂x2
=

∫

R

[∂G(τ, z)

∂τ
− ∂2G(τ, z)

∂z2

]
f(x+ z) dz = 0.

Since the limit and the integral commute2, using the properties of the Dirac measure,
we have

u(0, x) = lim
τց0

u(τ, x) = lim
τց0

∫

R

G(τ, z)f(x+ z) dz

=

∫

R

δ(z)f(x+ z) dz = f(x).

Hence (15.1.2) satisfies the initial value heat equation.

It is worth noting that the solution u(τ, x) =
∫
R
G(y − x, τ)f(y) dy provides the

temperature at any point in the rod for any time τ > 0, but it cannot provide the

2This is allowed by the dominated convergence theorem.
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temperature for τ < 0, because of the singularity the fundamental solution exhibits at
τ = 0. We can reformulate this by saying that the heat equation is semi-deterministic,
in the sense that given the present, we can know the future but not the past.

The semi-deterministic character of diffusion phenomena can be exemplified with a
drop of ink which starts diffusing in a bucket of water at time t = 0. We can determine
the density of the ink at any time t > 0 at any point x in the bucket. However, given
the density of ink at a time t > 0, it is not possible to trace back in time the ink
distribution density and to find the initial point where the drop started its diffusion.

The semi-deterministic behavior occurs in the study of derivatives too. In the case
of the Black-Scholes equation, which is a backwards heat equation3, given the present
value of the derivative, we can find the past values but not the future ones. This
is the capital difficulty in foreseeing the prices of stock market instruments from the
present prices. This difficulty will be overcome by working the price from the given
final condition, which is the payoff at maturity.

15.2 What is a Portfolio?

A portfolio is a position in the market that consists in long and short positions in
one or more stocks and other securities. The value of a portfolio can be represented
algebraically as a linear combination of stock prices and other securities’ values:

P =
n∑

j=1

ajSj +
m∑

k=1

bkFk.

The market participant holds aj units of stock Sj and bk units in derivative Fk. The
coefficients are positive for long positions and negative for short positions. For instance,
a portfolio given by P = 2F − 3S means that we buy 2 securities and sell 3 units of
stock (a position with 2 securities long and 3 stocks short).

The portfolio is self-financing if

dP =
n∑

j=1

ajdSj +
m∑

k=1

bkdFk.

15.3 Risk-less Portfolios

A portfolio P is called risk-less if the increments dP are completely predictable. In this
case the increments’ value dP should equal the interest earned in the time interval dt
on the portfolio P . This can be written as

dP = rPdt, (15.3.3)

3This comes from the fact that at some point τ becomes −τ due to a substitution
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where r denotes the risk-free interest rate. For the sake of simplicity the rate r will be
assumed constant throughout this section.

Let’s assume now that the portfolio P depends on only one stock S and one deriva-
tive F , whose underlying asset is S. The portfolio depends also on time t, so

P = P (t, S, F ).

We are interested in deriving the stochastic differential equation followed by the port-
folio P . We note that at this moment the portfolio is not assumed risk-less. By Ito’s
formula we get

dP =
∂P

∂t
dt+

∂P

∂S
dS +

∂P

∂F
dF +

1

2

∂2P

∂S2
dS2 +

1

2

∂2P

∂F 2
(dF )2. (15.3.4)

The stock S is assumed to follow the geometric Brownian motion

dS = µSdt+ σSdWt, (15.3.5)

where the expected return rate on the stock µ and the stock’s volatility σ are constants.
Since the derivative F depends on time and underlying stock, we can write F = F (t, S).
Applying Ito’s formula, yields

dF =
∂F

∂t
dt+

∂F

∂S
dS +

1

2

∂2F

∂S2
(dS)2

=
(∂F
∂t

+ µS
∂F

∂S
+

1

2
σ2S2∂

2F

∂S2

)
dt+ σS

∂F

∂S
dWt, (15.3.6)

where we have used (15.3.5). Taking the squares in relations (15.3.5) and (15.3.6), and
using the stochastic relations (dWt)

2 = dt and dt2 = dWtdt = 0, we get

(dS)2 = σ2S2dt

(dF )2 = σ2S2
(∂F
∂S

)2
dt.

Substituting back in (15.3.4), and collecting the predictable and unpredictable parts,
yields

dP =
[∂P
∂t

+ µS
(∂P
∂S

+
∂P

∂F

∂F

∂S

)
+

∂P

∂F

(∂F
∂t

+
1

2
σ2S2 ∂

2F

∂S2

)

+
1

2
σ2S2

(∂2P

∂S2
+

∂2P

∂F 2

(∂F
∂S

)2)]
dt

+σS
(∂P
∂S

+
∂P

∂F

∂F

∂S

)
dWt. (15.3.7)

Looking at the unpredictable component, we have the following result:
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Proposition 15.3.1 The portfolio P is risk-less if and only if
dP

dS
= 0.

Proof: A portfolio P is risk-less if and only if its unpredictable component is identically
zero, i.e.

∂P

∂S
+

∂P

∂F

∂F

∂S
= 0.

Since the total derivative of P is given by

dP

dS
=

∂P

∂S
+

∂P

∂F

∂F

∂S
,

the previous relation becomes
dP

dS
= 0.

Definition 15.3.2 The amount ∆P =
dP

dS
is called the delta of the portfolio P .

The previous result can be reformulated by saying that a portfolio is risk-less if and
only if its delta vanishes. In practice this can hold only for a short amount of time, so
the portfolio needs to be re-balanced periodically. The process of making a portfolio
risk-less involves a procedure called delta hedging, through which the portfolio’s delta
becomes zero or very close to this value.

Assume P is a risk-less portfolio, so

dP

dS
=

∂P

∂S
+

∂P

∂F

∂F

∂S
= 0. (15.3.8)

Then equation (15.3.7) simplifies to

dP =
[∂P
∂t

+
∂P

∂F

(∂F
∂t

+
1

2
σ2S2∂

2F

∂S2

)

+
1

2
σ2S2

(∂2P

∂S2
+

∂2P

∂F 2

(∂F
∂S

)2)]
dt. (15.3.9)

Comparing with (15.3.3) yields

∂P

∂t
+

∂P

∂F

(∂F
∂t

+
1

2
σ2S2 ∂

2F

∂S2

)
+

1

2
σ2S2

(∂2P

∂S2
+

∂2P

∂F 2

(∂F
∂S

)2)
= rP. (15.3.10)

This is the equation satisfied by a risk-free financial instrument, P = P (t, S, F ), that
depends on time t, stock S and derivative price F .
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15.4 Black-Scholes Equation

This section deals with a parabolic partial differential equation satisfied by all European-
type securities, called the Black-Scholes equation. This was initially used by Black and
Scholes to find the value of options. This is a deterministic equation obtained by elim-
inating the unpredictable component of the derivative by making a risk-less portfolio.
The main reason for this being possible is the fact that both the derivative F and the
stock S are driven by the same source of uncertainty.

The next result holds in a market with the following restrictive conditions:

• the risk-free rate r and stock volatility σ are constant.

• there are no arbitrage opportunities.

• no transaction costs.

Proposition 15.4.1 If F (t, S) is a derivative defined for t ∈ [0, T ], then

∂F

∂t
+ rS

∂F

∂S
+

1

2
σ2S2 ∂

2F

∂S2
= rF. (15.4.11)

Proof: The equation (15.3.10) works under the general hypothesis that P = P (t, S, F )
is a risk-free financial instrument that depends on time t, stock S and derivative F .
We shall consider P to be the following particular portfolio

P = F − λS.

This means to take a long position in derivative and a short position in λ units of stock
(assuming λ positive). The partial derivatives in this case are

∂P

∂t
= 0,

∂P

∂F
= 1,

∂P

∂S
= −λ,

∂2P

∂F 2
= 0,

∂2P

∂S2
= 0.

From the risk-less property (15.3.8) we get λ =
∂F

∂S
. Substituting into equation

(15.3.10) yields

∂F

∂t
+

1

2
σ2S2 ∂

2F

∂S2
= rF − rS

∂F

∂S
,

which is equivalent to the desired equation.

However, the Black-Scholes equation is derived most often in a less rigorous way.
It is based on the assumption that the number λ = ∂F

∂S , which appears in the formula
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of the risk-less portfolio P = F − λS, is considered constant for the time interval ∆t.
If we consider the increments over the time interval ∆t

∆Wt = Wt+∆t −Wt

∆S = St+∆t − St

∆F = F (t+∆t, St +∆S)− F (t, S),

then Ito’s formula yields

∆F =
(∂F
∂t

(t, S) + µS
∂F

∂S
(t, S) +

1

2
σ2S2 ∂

2F

∂S2
(t, S)

)
∆t

+σS
∂F

∂S
(t, S)∆Wt.

On the other side, the increments in the stock are given by

∆S = µS∆t+ σS∆Wt.

Since both increments ∆F and ∆S are driven by the same uncertainly source, ∆Wt,
we can eliminate it by multiplying the latter equation by ∂F

∂S and subtract it from the
former

∆F − ∂F

∂S
(t, S)∆S =

(∂F
∂t

(t, S) +
1

2
σ2S2 ∂

2F

∂S2
(t, S)

)
∆t.

The left side can be regarded as the increment ∆P , of the portfolio

P = F − ∂F

∂S
S.

This portfolio is risk-less because its increments are totally deterministic, so it must
also satisfy ∆P = rP∆t. The number ∂F

∂S is assumed constant for small intervals of
time ∆t. Even if this assumption is not rigorous enough, the procedure still leads to
the right equation. This is obtained by equating the coefficients of ∆t in the last two
equations

∂F

∂t
(t, S) +

1

2
σ2S2∂

2F

∂S2
(t, S) = r

(
F − ∂F

∂S
S
)
,

which is equivalent to the Black-Scholes equation.

15.5 Delta Hedging

The proof for the Black-Scholes’ equation is based on the fact that the portfolio P =

F − ∂F

∂S
S is risk-less. Since the delta of the derivative F is

∆F =
dF

dS
=

∂F

∂S
,

then the portfolio P = F −∆FS is risk-less. This leads to the delta-hedging procedure,
by which selling ∆F units of the underlying stock S yields a risk-less investment.
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Exercise 15.5.1 Find the value of the portfolio P = F −∆FS in th ecase when F is
a call option.

P = F −∆FS = c−N(d1)S = −Ke−r(T−t).

15.6 Tradeable securities

A derivative F (t, S) that is a solution of the Black-Scholes equation is called tradeable.
Its name comes from the fact that it can be traded (either on an exchange or over-the-
counter). The Black-Scholes equation constitutes the equilibrium relation that provides
the traded price of the derivative. We shall deal next with a few examples of tradeable
securities.

Example 15.6.1 (i) It is easy to show that F = S is a solution of the Black-Scholes
equation. Hence the stock is a tradeable security.

(ii) If K is a constant, then F = ertK is a tradeable security.

(iii) If S is the stock price, then F = eS is not a tradeable security, since F does not
satisfy equation (15.4.11).

Exercise 15.6.1 Show that F = lnS is not a tradeable security.

Exercise 15.6.2 Find all constants α such that Sα is tradeable.

Substituting F = Sα into equation (15.4.11) we obtain

rSαSα−1 +
1

2
σ2S2α(α − 1)Sα−2 = rSα.

Dividing by Sα yields rα+
1

2
σ2α(α− 1) = r. This can be factorized as

1

2
σ2(α− 1)(α +

2r

σ2
) = 0,

with two distinct solutions α1 = 1 and α2 = −2r

σ2
. Hence there are only two tradeable

securities that are powers of the stock: the stock itself, S, and S−2r/σ2
. In particular,

S2 is not tradeable, since −2r/σ2 6= 2 (the left side is negative). The role of these two
cases will be clarified by the next result.

Proposition 15.6.3 The general form of a traded derivative, which does not depend
explicitly on time, is given by

F (S) = C1S + C2S
−2r/σ2

, (15.6.12)

with C1, C2 constants.



288

Proof: If the derivative depends solely on the stock, F = F (S), then the Black-Scholes
equation becomes the ordinary differential equation

rS
dF

dS
+

1

2
σ2S2 d

2F

dS2
= rF. (15.6.13)

This is an Euler-type equation, which can be solved by using the substitution S = ex.

The derivatives
d

dS
and

d

dx
are related by the chain rule

d

dx
=

dS

dx

d

dS
.

Since
dS

dx
=

dex

dx
= ex = S, it follows that

d

dx
= S

d

dS
. Using the product rule,

d2

dx2
= S

d

dS

(
S

d

dS

)
= S

d

dS
+ S2 d2

dS2
,

and hence

S2 d2

dS2
=

d2

dx2
− d

dx
.

Substituting into (15.6.13) yields

1

2
σ2 d

2G(x)

dx2
+ (r − 1

2
σ2)

dG(x)

dx
= rG(x).

where G(x) = G(ex) = F (S). The associated indicial equation

1

2
σ2α2 − (r − 1

2
σ2)α = r

has solutions α1 = 1, α2 = −r/σ2, so the general solution has the form

G(x) = C1e
x + C2e

− r
σ2

x,

which is equivalent with (15.6.12).

Exercise 15.6.4 Show that the price of a forward contract, which is given by F (t, S) = S −Ke−r(T−t),
satisfies the Black-Scholes equation, i.e. a forward contract is a tradeable derivative.

Exercise 15.6.5 Show that the bond F (t) = e−r(T−t)K is a tradeable security.

Exercise 15.6.6 Let d1 and d2 be given by

d1 = d2 + σ
√
T − t

d2 =
ln(St/K) + (r − σ2

2 )(T − t)

σ
√
T − t

.
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Show that the following functions satisfy the Black-Scholes equation:

(a) F1(t, S) = SN(d1)

(b) F2(t, S) = e−r(T−t)N(d2)

(c) F2(t, S) = SN(d1)−Ke−r(T−t)N(d2).

To which well-known derivatives do these formulas correspond?

15.7 Risk-less investment revised

A risk-less investment, P (t, S, F ), which depends on time t, stock price S and derivative
F , and has S as underlying asset, satisfies equation (15.3.10). Using the Black-Scholes
equation satisfied by the derivative F

∂F

∂t
+

1

2
σ2S2 ∂

2F

∂S2
= rF − rS

∂F

∂S
,

equation (15.3.10) becomes

∂P

∂t
+

∂P

∂F

(
rF − rS

∂F

∂S

)
+

1

2
σ2S2

(∂2P

∂S2
+

∂2P

∂F 2

(∂F
∂S

)2)
= rP.

Using the risk-less condition (15.3.8)

∂P

∂S
= −∂P

∂F

∂F

∂S
, (15.7.14)

the previous equation becomes

∂P

∂t
+ rS

∂P

∂S
+ rF

∂P

∂F
+

1

2
σ2S2

[∂2P

∂S2
+

∂2P

∂F 2

(∂F
∂S

)2]
= rP. (15.7.15)

In the following we shall find an equivalent expression for the last term on the left side.
Differentiating in (15.7.14) with respect to F yields

∂2P

∂F∂S
= −∂2P

∂F 2

∂F

∂S
− ∂P

∂F

∂2F

∂F∂S

= −∂2P

∂F 2

∂F

∂S
,

where we used
∂2F

∂F∂S
=

∂

∂S

∂F

∂F
= 1.

Multiplying by
∂F

∂S
implies

∂2P

∂F 2

(∂F
∂S

)2
= − ∂2P

∂F∂S

∂F

∂S
.
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Substituting in the aforementioned equation yields the Black-Scholes equation for port-
folios

∂P

∂t
+ rS

∂P

∂S
+ rF

∂P

∂F
+

1

2
σ2S2

[∂2P

∂S2
− ∂2P

∂F∂S

∂F

∂S

]
= rP. (15.7.16)

We have seen in section 15.4 that P = F − ∂F
∂S S is a risk-less investment, in fact a

risk-less portfolio. We shall discuss in the following another risk-less investment.

Application 15.7.1 If a risk-less investment P has the variable S and F separable,
i.e. it is the sum P (S,F ) = f(F ) + g(S), with f and g smooth functions, then

P (S,F ) = F + c1S + c2S
−2r/σ2

,

with c1, c2 constants. The derivative F is given by the formula

F (t, S) = −c1S − c2S
−2r/σ2

+ c3e
rt, c3 ∈ R.

Since P has separable variables, the mixed derivative term vanishes, and the equation
(15.7.16) becomes

Sg′(S) +
σ2

2r
S2g′′(S)− g(S) = f(F )− Ff ′(F ).

There is a separation constant C such that

f(F )− Ff ′(F ) = C

Sg′(S) +
σ2

2r
S2g′′(S)− g(S) = C.

Dividing the first equation by F 2 yields the exact equation

( 1

F
f(F )

)′
= − C

F 2
,

with the solution f(F ) = c0F +C. To solve the second equation, let κ = σ2

2r . Then the
substitution S = ex leads to the ordinary differential equation with constant coefficients

κh′′(x) + (1− κ)h′(x)− h(x) = C,

where h(x) = g(ex) = g(S). The associated indicial equation

κλ2 + (1− κ)λ− 1 = 0

has the solutions λ1 = 1, λ2 = − 1
κ . The general solution is the sum between the par-

ticular solution hp(x) = −C and the solution of the associated homogeneous equation,

which is h0(x) = c1e
x + c2e

− 1
κ
x. Then

h(x) = c1e
x + c2e

− 1
κ
x − C.
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Going back to the variable S, we get the general form of g(S)

g(S) = c1S + c2S
−2r/σ2 − C,

with c1, c2 constants. Since the constant C cancels by addition, we have the following
formula for the risk-less investment with separable variables F and S:

P (S,F ) = f(F ) + g(S) = c0F + c1S + c2S
−2r/σ2

.

Dividing by c0, we may assume c0 = 1. We shall find the derivative F (t, S) which
enters the previous formula. Substituting in (15.7.14) yields

−∂F

∂S
= c1 −

2r

σ2
c2S

−1−2r/σ2
,

which after partial integration in S gives

F (t, S) = −c1S − c2S
−2r/σ2

+ φ(t),

where the integration constant φ(t) is a function of t. The sum of the first two terms
is the derivative given by formula (15.6.12). The remaining function φ(t) has also to
satisfy the Black-Scholes equation, and hence it is of the form φ(t) = c3e

rt, with c3
constant. Then the derivative F is given by

F (t, S) = −c1S − c2S
−2r/σ2

+ c3e
rt.

It is worth noting that substituting in the formula of P yields P = c3e
rt, which agrees

with the formula of a risk-less investment.

Example 15.7.1 Find the function g(S) such that the product P = Fg(S) is a risk-
less investment, with F = F (t, S) derivative. Find the expression of the derivative F
in terms of S and t.

Proof: Substituting P = Fg(S) into equation (15.7.15) and simplifying by rF yields

S
dg(S)

dS
+

σ2

2r
S2d

2g(S)

dS2
= 0.

Substituting S = ex, and h(x) = g(ex) = g(S) yields

h′′(x) +
(2r
σ2

− 1
)
h′(x) = 0.

Integrating leads to the solution

h(x) = C1 +C2e
(1− 2r

σ2
)x.

Going back to variable S

g(S) = h(lnS) = C1 + C2e
(1− 2r

σ2
) lnS = C1 + C2S

1− 2r
σ2 .



292

15.8 Solving the Black-Scholes

In this section we shall solve the Black-Scholes equation and show that its solution
coincides with the one provided by the risk-neutral evaluation in section 13. This way,
the Black-Scholes equation provides a variant approach for European-type derivatives
by using partial differential equations instead of expectations.

Consider a European-type derivative F , with the payoff at maturity T given by
fT , which is a function of the stock price at maturity, ST . Then F (t, S) satisfies the
following final condition partial differential equation

∂F

∂t
+ rS

∂F

∂S
+

1

2
σ2S2 ∂

2F

∂S2
= rF

F (T, ST ) = fT (ST ).

This means the solution is known at the final time T and we need to find its expression
at any time t prior to T , i.e.

ft = F (t, St), 0 ≤ t < T.

First we shall transform the equation into an equation with constant coefficients.
Substituting S = ex, and using the identities

S
∂

∂S
=

∂

∂x
, S2 ∂2

∂S2
=

∂2

∂x2
− ∂

∂x

the equation becomes

∂V

∂t
+

1

2
σ2 ∂

2V

∂x2
+ (r − 1

2
σ2)

∂V

∂x
= rV,

where V (t, x) = F (t, ex). Using the time scaling τ = 1
2σ

2(T−t), the chain rule provides

∂

∂t
=

∂τ

∂t

∂

∂τ
= −1

2
σ2 ∂

∂τ
.

Denote k =
2r

σ2
. Substituting in the aforementioned equation yields

∂W

∂τ
=

∂2W

∂x2
+ (k − 1)

∂W

∂x
− kW, (15.8.17)

where W (τ, x) = V (t, x). Next we shall get rid of the last two terms on the right side
of the equation by using a crafted substitution.

Consider W (τ, x) = eϕu(τ, x), where ϕ = αx + βτ , with α, β constants that will
be determined such that the equation satisfied by u(τ, x) has on the right side only the
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second derivative in x. Since

∂W

∂x
= eϕ

(
αu+

∂u

∂x

)

∂2W

∂x2
= eϕ

(
α2u+ 2α

∂u

∂x
+

∂u

∂x2

)

∂W

∂τ
= eϕ

(
βu+

∂u

∂τ

)
,

substituting in (15.8.17), dividing by eϕ and collecting the derivatives yields

∂u

∂τ
=

∂2u

∂x2
+
(
2α+ k − 1

)∂u
∂x

+
(
α2 + α(k − 1)− k − β

)
u = 0

The constants α and β are chosen such that the coefficients of ∂u
∂x and u vanish

2α+ k − 1 = 0

α2 + α(k − 1)− k − β = 0.

Solving yields

α = −k − 1

2

β = α2 + α(k − 1)− k = −(k + 1)2

4
.

The function u(τ, x) satisfies the heat equation

∂u

∂τ
=

∂2u

∂x2

with the initial condition expressible in terms of fT

u(0, x) = e−ϕ(0,x)W (0, x) = e−αxV (T, x)

= e−αxF (T, ex) = e−αxfT (e
x).

From the general theory of heat equation, the solution can be expressed as the convo-
lution between the fundamental solution and the initial condition

u(τ, x) =

∫ ∞

−∞

1√
4πτ

e−
(y−x)2

4τ u(0, y) dy

The previous substitutions yield the following relation between F and u

F (t, S) = F (t, ex) = V (t, x) = W (τ, x) = eϕ(τ,x)u(τ, x),

so F (T, ex) = eαxu(0, x). This implies
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F (t, ex) = eϕ(τ,x)u(τ, x) = eϕ(τ,x)
∫ ∞

−∞

1√
4πτ

e−
(y−x)2

4τ u(0, y) dy

= eϕ(τ,x)
∫ ∞

−∞

1√
4πτ

e−
(y−x)2

4τ e−αyF (T, ey) dy.

With the substitution y = x = s
√
2τ this becomes

F (t, ex) = eϕ(τ,x)
∫ ∞

−∞

1√
2π

e−
s2

2
−α(x+s

√
2τ)F (T, ex+s

√
2τ ) dy.

Completing the square as

−s2

2
− α(x+ s

√
2τ) =

1

2

(
s− k − 1

2

√
2τ
)2

+
(k − 1)2τ

4
+

k − 1

2
x,

after cancelations, the previous integral becomes

F (t, ex) = e−
(k+1)2

4
τ 1√

2π

∫ ∞

−∞
e−

1
2

(
s− k−1

2

√
2τ
)2
e

(k−1)2

4
τF (T, ex+s

√
2τ ) ds.

Using

e−
(k+1)2

4
τe

(k−1)2

4
τ = e−kτ = e−r(T−t),

(k − 1)τ = (r − 1

2
σ2)(T − t),

after the substitution z = x+ s
√
2τ we get

F (t, ex) = e−r(T−t) 1√
2π

∫ ∞

−∞
e−

1
2

(z−x−(k−1)τ)2

2τ F (T, ez)
1√
2τ

dz

= e−r(T−t) 1√
2πσ2(T − t)

∫ ∞

−∞
e
− [z−x−(r−1

2σ
2)(T−t)]2

2σ2(T−t) F (T, ez) dz.

Since ex = St, considering the probability density

p(z) =
1√

2πσ2(T − t)
e
− [z−lnSt−(r−1

2σ
2)(T−t)]2

2σ2(T−t) ,

the previous expression becomes

F (t, St) = e−r(T−t)

∫ ∞

−∞
p(z)fT (e

z) dz = e−r(T−t)Êt[fT ],

with fT (ST ) = F (T, ST ) and Êt the risk-neutral expectation operator as of time t,
which was introduced and used in section 13.
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15.9 Black-Scholes and Risk-neutral Valuation

The conclusion of the computation of the last section is of capital importance for
derivatives calculus. It shows the equivalence between the Black-Scholes equation and
the risk-neutral evaluation. It turns out that instead of computing the risk-neutral
expectation of the payoff, as in the case of the risk-neutral evaluation, we may have
the choice to solve the Black-Scholes equation directly, and impose the final condition
to be the payoff.

In many cases solving a partial differential equation is simpler than evaluating the
expectation integral. This is due to the fact that we may look for a solution dictated
by the particular form of the payoff fT . We shall apply that in finding put-call parities
for different types of derivatives.

Consequently, all derivatives evaluated by the risk-neutral valuation are solutions
of the Black-Scholes equation. The only distinction is their payoff. A few of them are
given in the next example.

Example 15.9.1 (a) The price of a European call option is the solution F (t, S) of the
Black-Scholes equation satisfying

fT (ST ) = max(ST −K, 0).

(b) The price of a European put option is the solution F (t, S) of the Black-Scholes
equation with the final condition

fT (ST ) = max(K − ST , 0).

(c) The value of a forward contract is the solution the Black-Scholes equation with the
final condition

fT (ST ) = ST −K.

It is worth noting that the superposition principle discussed in section 13 can be
explained now by the fact that the solution space of the Black-Scholes equation is a
linear space. This means that a linear combination of solutions is also a solution.

Another interesting feature of the Black-Scholes equation is its independence of the
stock drift rate µ. Then its solutions must have the same property. This explains why,
in the risk-neutral valuation, the value of µ does not appear explicitly in the solution.

Asian options satisfy similar Black-Scholes equations, with small differences, as we
shall see in the next section.

15.10 Boundary Conditions

We have solved the Black-Scholes equation for a call option, under the assumption
that there is a unique solution. The Black-Scholes equation is of first order in the time
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Figure 15.2: NEEDS TO BE REDONE The graph of the option price before maturity
in the case K = 40, σ = 30%, r = 8%, and T − t = 1.

variable t and of second order in the stock variable S, so it needs one final condition
at t = T and two boundary conditions for S = 0 and S → ∞.

In the case of a call option, the final condition is given by the following payoff:

F (T, ST ) = max{ST −K, 0}.

When S → 0, the option does not get exercised, so the initial boundary condition is

F (t, 0) = 0.

When S → ∞ the price becomes linear

F (t, S) ∼ S −K,

the graph of F ( · , S) having a slant asymptote, see Fig.15.2.

15.11 Risk-less Portfolios for Rare Events

Consider the derivative P = P (t, S, F ), which depends on the time t, stock price S and
the derivative F , whose underlying asset is S. We shall find the stochastic differential
equation followed by P , under the hypothesis that the stock exhibits rare events, i.e.

dS = µSdt+ σSdWt + ρSdMt, (15.11.18)

where the constant µ, σ, ρ denote the drift rate, volatility and jump in the stock price
in the case of a rare event. The processes Wt and Mt = Nt − λt denote the Brownian
motion and the compensated Poisson process, respectively. The constant λ > 0 denotes
the rate of occurrence of the rare events in the market.
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By Ito’s formula we get

dP =
∂P

∂t
dt+

∂P

∂S
dS +

∂P

∂F
dF +

1

2

∂2P

∂S2
dS2 +

1

2

∂2P

∂F 2
(dF )2. (15.11.19)

We shall use the following stochastic relations:

(dWt)
2 = dt, (dMt)

2 = dNt, dt2 = dt dWt = dt dMt = dWt dMt = 0,

see sections 3.11.2 and 3.11.2. Then

(dS)2 = σ2S2dt+ ρ2S2dNt

= (σ2 + λρ2)S2dt+ ρ2S2dMt, (15.11.20)

where we used dMt = dNt−λdt. It is worth noting that the unpredictable part of (dS)2

depends only on the rare events, and does not depend on the regular daily events.

Exercise 15.11.1 If S satisfies (15.11.18), find the following

(a) E[(dS)2] (b) E[dS] (c) V ar[dS].

Using Ito’s formula, the infinitesimal change in the value of the derivative F = F (t, S)
is given by

dF =
∂F

∂t
dt+

∂F

∂S
dS +

1

2

∂2F

∂S2
(dS)2

=
(∂F
∂t

+ µS
∂F

∂S
+

1

2
(σ2 + λρ2)S2 ∂

2F

∂S2

)
dt

+σS
∂F

∂S
dWt

+
(1
2
ρ2S2∂

2F

∂S2
+ ρS

∂F

∂S

)
dMt, (15.11.21)

where we have used (15.11.18) and (15.11.20). The increment dF has two independent
sources of uncertainty: dWt and dMt, both with mean equal to 0.

Taking the square, yields

(dF )2 = σ2S2
(∂F
∂S

)2
dt+

(1
2
ρ2S2∂

2F

∂S2
+ ρS

∂F

∂S

)
dNt. (15.11.22)

Substituting back in (15.11.19), we obtain the unpredictable part of dP as the sum of
two components

σS
(∂P
∂S

+
∂P

∂F

∂F

∂S

)
dWt

+ρS
(∂P
∂S

+
∂P

∂F

∂F

∂S

)
+

1

2
ρ2S2

(∂P
∂F

∂2F

∂S2
+

∂2P

∂S2
+

∂2P

∂F 2

∂2F

∂S2

)
dMt.
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The risk-less condition for the portfolio P is obtained when the coefficients of dWt

and dMt vanish

∂P

∂S
+

∂P

∂F

∂F

∂S
= 0 (15.11.23)

∂P

∂F

∂2F

∂S2
+

∂2P

∂S2
+

∂2P

∂F 2

∂2F

∂S2
= 0. (15.11.24)

These relations can be further simplified. If we differentiate in (15.11.23) with respect
to S

∂2P

∂S2
+

∂P

∂F

∂2F

∂S2
= − ∂2P

∂S∂F

∂F

∂S
.

Substituting into (15.11.24) yields

∂2P

∂F 2

∂2F

∂S2
=

∂2P

∂S∂F

∂F

∂S
. (15.11.25)

Differentiating in (15.11.23) with respect to F we get

∂2P

∂F∂S
= −∂2P

∂F 2

∂F

∂S
− ∂P

∂F

∂2F

∂F∂S

= −∂2P

∂F 2

∂F

∂S
, (15.11.26)

since
∂2F

∂F∂S
=

∂

∂S

(∂F
∂F

)
.

Multiplying (15.11.26) by
∂F

∂S
yields

∂2P

∂F∂S

∂F

∂S
= −∂2P

∂F 2

(∂F
∂S

)2
,

and substituting in the right side of (15.11.25) leads to the equation

∂2P

∂F 2

[∂2F

∂S2
+
(∂F
∂S

)2]
= 0.

We have arrived at the following result:

Proposition 15.11.2 Let F = F (t, S) be a derivative with the underlying asset S.
The investment P = P (t, S, F ) is risk-less if and only if

∂P

∂S
+

∂P

∂F

∂F

∂S
= 0

∂2P

∂F 2

[∂2F

∂S2
+
(∂F
∂S

)2]
= 0.
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There are two risk-less conditions because there are two unpredictable components in
the increments of dP , one due to regular changes and the other due to rare events.

The first condition is equivalent with the vanishing total derivative,
dP

dS
= 0, and

corresponds to offsetting the regular risk.

The second condition vanishes either if
∂2P

∂F 2
= 0 or if

∂2F

∂S2
+
(∂F
∂S

)2
= 0. In the

first case P is linear in F . For instance, if P = F −f(S), from the first condition yields

f ′(S) =
∂F

∂S
. In the second case, denote U(t, S) = ∂F

∂S . Then we need to solve the

partial differential equation
∂U

∂t
+ U2 = 0.

Future research directions:

1. Solve the above equation.

2. Find the predictable part of dP .

3. Get an analog of the Black-Scholes in this case.

4. Evaluate a call option in this case.

5. Is the risk-neutral valuation still working and why?
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Chapter 16

Black-Scholes for Asian
Derivatives

In this chapter we shall develop the Black-Scholes equation in the case of Asian deriva-
tives and we shall discuss the particular cases of options and forward contracts on
weighted averages. In the case of the latter contracts we obtain closed form solutions,
while for the former ones we apply the reduction variable method to decrease the
number of variables and discuss the solution.

16.1 Weighted averages

In many practical problems the asset price needs to be considered with a certain weight.
For instance, when computing car insurance, more weight is assumed for recent acci-
dents than for accidents that occurred 10 years ago.

In the following we shall define the weight function and provide several examples.

Let ρ : [0, T ] → R be a weight function, i.e. a function satisfying

1. ρ > 0;

2.
∫ T
0 ρ(t) dt = 1.

The stock weighted average with respect to the weight ρ is defined as

Save =

∫ T

0
ρ(t)St dt.

Example 16.1.1 (a) The uniform weight is obtained for ρ(t) =
1

T
. In this case

Save =
1

T

∫ T

0
St dt

301
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is the continuous arithmetic average of the stock on the time interval [0, T ].

(b) The linear weight is obtained if ρ(t) =
2t

T 2
. In this case the weight is the time

Save =
2

T 2

∫ T

0
tSt dt.

(c) The exponential weight is obtained for ρ(t) =
kekt

ekT − 1
. If k > 0, the weight is

increasing, so recent data are weighted more than old data; if k < 0, the weight is
decreasing. The exponential weighted average is given by

Save =
k

ekT − 1

∫ T

0
ektSt dt.

Exercise 16.1.2 Consider the polynomial weighted average

S(n)
ave =

n+ 1

T n+1

∫ T

0
tnSt dt.

Find the limit lim
n→∞

S(n)
ave in the cases 0 < T < 1, T = 1, and T > 1.

In all previous examples ρ(t) = ρ(t, T ) =
f(t)

g(T )
, with

∫ T
0 f(t) dt = g(T ), so g′(T ) =

f(T ) and g(0) = 0. The average becomes

Save(T ) =
1

g(T )

∫ T

0
f(u)Su du =

IT
g(T )

,

with It =
∫ t
0 f(u)Su du satisfying dIt = f(t)Stdt. From the product rule we get

dSave(t) =
dIt g(t)− Itdg(t)

g(t)2
=

(
f(t)

g(t)
St −

g′(t)
g(t)

It
g(t)

)
dt

=
f(t)

g(t)

(
St −

g′(t)
f(t)

Save(t)
)
dt

=
f(t)

g(t)

(
St − Save(t)

)
dt,

since g′(t) = f(t). The initial condition is

Save(0) = lim
tց0

Save(t) = lim
tց0

It
g(t)

= lim
tց0

f(t)St

g′(t)
= S0 lim

tց0

f(t)

g′(t)
= S0,
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Proposition 16.1.3 The weighted average Save(t) satisfies the stochastic differential
equation

dXt =
f(t)

g(t)
(St −Xt)dt

X0 = S0.

Exercise 16.1.4 Let x(t) = E[Save(t)].

(a) Show that x(t) satisfies the ordinary differential equation

x′(t) =
f(t)

g(t)

(
S0e

µt − x(t)
)

x(0) = S0.

(b) Find x(t).

Exercise 16.1.5 Let y(t) = E[S2
ave(t)].

(a) Find the stochastic differential equation satisfied by S2
ave(t);

(b) Find the ordinary differential equation satisfied by y(t);

(c) Solve the previous equation to get y(t) and compute V ar[Save].

16.2 Setting up the Black-Scholes Equation

Consider an Asian derivative whose value at time t, F (t, St, Save(t)), depends on vari-
ables t, St, and Save(t). Using the stochastic process of St

dSt = µStdt+ σStdWt

and Proposition 16.1.3, an application of Ito’s formula together with the stochastic
formulas

dt2 = 0, (dWt)
2 = 0, (dSt)

2 = σ2S2dt, (dSave)
2 = 0

yields

dF =
∂F

∂t
dt+

∂F

∂St
dSt +

1

2

∂2F

∂S2
t

(dSt)
2 +

∂F

∂Save
dSave

=
(∂F
∂t

+ µSt
∂F

∂St
+

1

2
σ2S2

t

∂2F

∂S2
t

+
f(t)

g(t)
(St − Save)

∂F

∂Save

)
dt

+σSt
∂F

∂St
dWt.

Let ∆F = ∂F
∂St

. Consider the following portfolio at time t

P (t) = F −∆FSt,
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obtained by buying one derivative F and selling ∆F units of stock. The change in the
portfolio value during the time dt does not depend on Wt

dP = dF −∆F dSt

=
(∂F
∂t

+
1

2
σ2S2

t

∂2F

∂S2
t

+
f(t)

g(t)
(St − Save)

∂F

∂Save

)
dt (16.2.1)

so the portfolio P is risk-less. Since no arbitrage opportunities are allowed, investing a
value P at time t in a bank at the risk-free rate r for the time interval dt yields

dP = rPdt =
(
rF − rSt

∂F

∂St

)
dt. (16.2.2)

Equating (16.2.1) and (16.2.2) yields the following form of the Black-Scholes equation
for Asian derivatives on weighted averages

∂F

∂t
+ rSt

∂F

∂St
+

1

2
σ2S2

t

∂2F

∂S2
t

+
f(t)

g(t)
(St − Save)

∂F

∂Save
= rF.

16.3 Weighted Average Strike Call Option

In this section we shall use the reduction variable method to decrease the number of

variables from three to two. Since Save(t) =
It
g(t)

, it is convenient to consider the

derivative as a function of t, St and It

V (t, St, It) = F (t, St, Save).

A computation similar to the previous one yields the simpler equation

∂V

∂t
+ rSt

∂V

∂St
+

1

2
σ2S2

t

∂2V

∂S2
t

+ f(t)St
∂V

∂It
= rV. (16.3.3)

The payoff at maturity of an average strike call option can be written in the following
form

VT = V (T, ST , IT ) = max{ST − Save(T ), 0}

= max{ST − IT
g(T )

, 0} = ST max{1 − 1

g(T )

IT
ST

, 0}

= STL(T,RT ),

where

Rt =
It
St

, L(t, R) = max{1 − 1

g(t)
R, 0}.
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Since at maturity the variable ST is separated from T and RT , we shall look for a
solution of equation (16.3.3) of the same type for any t ≤ T , i.e. V (t, S, I) = SG(t, R)
. Since

∂V

∂t
= S

∂G

∂t
,

∂V

∂I
= S

∂G

∂R

1

S
=

∂G

∂R
;

∂V

∂S
= G+ S

∂G

∂R

∂R

∂S
= G−R

∂G

∂R
;

∂2V

∂S2
=

∂

∂S
(G−R

∂G

∂R
) =

∂G

∂R

∂R

∂S
− ∂R

∂S

∂G

∂R
−R

∂2G

∂R2

∂R

∂S
;

= R
∂2G

∂R2

I

S
;

S2∂
2V

∂S2
= RI

∂2G

∂R2
,

substituting in (16.3.3) and using that
RI

S
= R2, after cancelations yields

∂G

∂t
+

1

2
σ2R2∂

2G

∂R2
+ (f(t)− rR)

∂G

∂R
= 0. (16.3.4)

This is a partial differential equation in only two variables, t and R. It can be solved
explicitly sometimes, depending on the form of the final condition G(T,RT ) and ex-
pression of the function f(t).

In the case of a weighted average strike call option the final condition is

G(T,RT ) = max{1− RT

g(T )
, 0}. (16.3.5)

Example 16.3.1 In the case of the arithmetic average the function G(t, R) satisfies
the partial differential equation

∂G

∂t
+

1

2
σ2R2∂

2G

∂R2
+ (1− rR)

∂G

∂R
= 0

with the final condition G(T,RT ) = max{1− RT

T
, 0}.

Example 16.3.2 In the case of the exponential average the function G(t, R) satisfies
the equation

∂G

∂t
+

1

2
σ2R2∂

2G

∂R2
+ (kekt − rR)

∂G

∂R
= 0 (16.3.6)

with the final condition G(T,RT ) = max{1− RT

ekT − 1
, 0}.

Neither of the previous two final condition problems can be solved explicitly.
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Figure 16.1: The profile of the solution H(t, R): (a) at expiration; (b) when there is
T − t time left before expiration.

16.4 Boundary Conditions

The partial differential equation (16.3.4) is of first order in t and second order in R.
We need to specify one condition at t = T (the payoff at maturity), which is given
by (16.3.5), and two conditions for R = 0 and R → ∞, which specify the behavior of
solution G(t, R) at two limiting positions of the variable R.

Taking R → 0 in equation (16.3.4) and using Exercise 16.4.1 yields the first bound-
ary condition for G(t, R)

(∂G
∂t

+ f
∂G

∂R

)∣∣∣
R=0

= 0. (16.4.7)

The term ∂G
∂R

∣∣
R=0

represents the slope of G(t, R) with respect to R at R = 0, while
∂G
∂t

∣∣
R=0

is the variation of the price G with respect to time t when R = 0.

Another boundary condition is obtained by specifying the behavior of G(t, R) for
large values of R. If Rt → ∞, we must have St → 0, because

Rt =
1

St

∫ t

0
f(u)Su du

and
∫ t
0 f(u)Su du > 0 for t > 0. In this case we are better off not exercising the option

(since otherwise we get a negative payoff), so the boundary condition is

lim
R→∞

G(R, t) = 0. (16.4.8)

It can be shown in the theory of partial differential equations that equation (16.3.4)
together with the final condition (16.3.5), see Fig.16.1(a), and boundary conditions
(16.4.7) and (16.4.8) has a unique solution G(t, R), see Fig.16.1(b).



307

Exercise 16.4.1 Let f be a bounded differentiable function. Show that

(a) lim
x→0

xf ′(x) = 0;

(b) lim
x→0

x2f ′′(x) = 0.

There is no close form solution for the weighted average strike call option. Even in
the simplest case, when the average is arithmetic, the solution is just approximative,
see section 13.13. In real life the price is worked out using the Monte-Carlo simulation.
This is based on averaging a large number, n, of simulations of the process Rt in the
risk-neutral world, i.e. assuming µ = r. For each realization, the associated payoff

GT,j = max{1 − RT,j

g(T )
} is computed, with j ≤ n. Here RT,j represents the value of R

at time T in the jth realization. The average

1

n

n∑

j=1

GT,j

is a good approximation of the payoff expectation E[GT ]. Discounting under the risk-
free rate we get the price at time t

G(t, R) = e−r(T−t)
( 1
n

n∑

j=1

GT,j

)
.

It is worth noting that the term on the right is an approximation of the risk neutral
conditional expectation Ê[GT |Ft].

When simulating the process Rt, it is convenient to know its stochastic differential
equation. Using

dIt = f(t)Stdt, d
( 1

St

)
=

1

St

(
(σ2 − µ)dt− σdWt

)
dt,

the product rule yields

dRt = d
( It
St

)
= d
(
It

1

St

)

= dIt
1

St
+ Itd

( 1

St

)
+ dItd

( 1

St

)

= f(t)dt+Rt

(
(σ2 − µ)dt− σdWt

)
.

Collecting terms yields the following stochastic differential equation for Rt:

dRt = −σRtdWt +
(
f(t) + (σ2 − µ)Rt

)
dt. (16.4.9)
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The initial condition is R0 =
I0
S0

= 0, since I0 = 0.

Can we solve explicitly this equation? Can we find the mean and variance of Rt?

We shall start by finding the mean E[Rt]. The equation can be written as

dRt − (σ2 − µ)Rtdt = f(t)dt− σRtdWt.

Multiplying by e−(σ2−µ)t yields the exact equation

d
(
e−(σ2−µ)tRt

)
= e−(σ2−µ)tf(t)dt− σe−(σ2−µ)tRtdWt.

Integrating yields

e−(σ2−µ)tRt =

∫ t

0
e−(σ2−µ)uf(u) du−

∫ t

0
σe−(σ2−µ)uRu dWu.

The first integral is deterministic while the second is an Ito integral. Using that the
expectations of Ito integrals vanish, we get

E[e−(σ2−µ)tRt] =

∫ t

0
e−(σ2−µ)uf(u) du

and hence

E[Rt] = e(σ
2−µ)t

∫ t

0
e−(σ2−µ)uf(u) du.

Exercise 16.4.2 Find E[R2
t ] and V ar[Rt].

Equation (16.4.9) is a linear equation of the type discussed in section 7.8. Multi-
plying by the integrating factor

ρt = eσWt+
1
2
σ2t

the equation is transformed into an exact equation

d(ρtRt) =
(
ρtf(t) + (σ2 − µ)ρtRt

)
dt.

Substituting Yt = ρtRt yields

dYt =
(
ρtf(t) + (σ2 − µ)Yt

)
dt,

which can be written as

dYt − (σ2 − µ)Ytdt = ρtf(t)dt.

Multiplying by e−(σ2−µ)t yields the exact equation

d(e−(σ2−µ)tYt) = e−(σ2−µ)tρtf(t)dt,
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which can be solved by integration

e−(σ2−µ)tYt =

∫ t

0
e−(σ2−µ)uρuf(u) du.

Going back to the variable Rt = Yt/ρt, we obtain the following closed form expression

Rt =

∫ t

0
e(µ−

1
2
σ2)(u−t)+σ(Wu−Wt)f(u) du. (16.4.10)

Exercise 16.4.3 Find E[Rt] by taking the expectation in formula (16.4.10).

It is worth noting that we can arrive at formula (16.4.10) directly, without going
through solving a stochastic differential equation. We shall show this procedure in the
following.

Using the well-known formulas for the stock price

Su = S0e
(µ− 1

2
σ2)u+σWu , St = S0e

(µ− 1
2
σ2)t+σWt ,

and dividing, yields
Su

St
= e(µ−

1
2
σ2)(u−t)+σ(Wu−Wt).

Then we get

Rt =
It
St

=
1

St

∫ t

0
Suf(u) du

=

∫ t

0

Su

St
f(u) du =

∫ t

0
e(µ−

1
2
σ2)(u−t)+σ(Wu−Wt)f(u) du,

which is formula (16.4.10).

Exercise 16.4.4 Find an explicit formula for Rt in terms of the integrated Brownian

motion Z
(σ)
t =

∫ t
0 e

σWu du, in the case of an exponential weight with k = 1
2σ

2 − µ, see
Example 16.1.1(c).

Exercise 16.4.5 (a) Find the price of a derivative G which satisfies

∂G

∂t
+

1

2
σ2R2∂

2G

∂R2
+ (1− rR)

∂G

∂R
= 0

with the payoff G(T,RT ) = R2
T .

(b) Find the value of an Asian derivative Vt on the arithmetic average, that has the
payoff

VT = V (T, ST , IT ) =
I2T
ST

,

where IT =
∫ T
0 St dt.

Exercise 16.4.6 Use a computer simulation to find the value of an Asian arithmetic
average strike option with r = 4%, σ = 50%, S0 = $40, and T = 0.5 years.
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16.5 Asian Forward Contracts on Weighted Averages

Since the payoff of this derivative is given by

VT = ST − Save(T ) = ST

(
1− RT

g(T )

)
,

the reduction variable method suggests considering a solution of the type V (t, St, It) =
StG(t, Rt), where G(t, T ) satisfies equation (16.3.4) with the final condition G(T,RT ) =

1− RT

g(T )
. Since this is linear in RT , this implies looking for a solution G(t, Rt) in the

following form

G(t, Rt) = a(t)Rt + b(t), (16.5.11)

with functions a(t) and b(t) subject to be determined. Substituting into (16.3.4) and
collecting Rt yields

(a′(t)− ra(t))Rt + b′(t) + f(t)a(t) = 0.

Since this polynomial in Rt vanishes for all values of Rt, then its coefficients are iden-
tically zero, so

a′(t)− ra(t) = 0, b′(t) + f(t)a(t) = 0.

When t = T we have

G(T,RT ) = a(T )RT + b(T ) = 1− RT

g(T )
.

Equating the coefficients of RT yields the final conditions

a(T ) = − 1

g(T )
, b(T ) = 1.

The coefficient a(t) satisfies the ordinary differential equation

a′(t) = ra(t)

a(T ) = − 1

g(T )

which has the solution

a(t) = − 1

g(T )
e−r(T−t).

The coefficient b(t) satisfies the equation

b′(t) = −f(t)a(t)

b(T ) = 1
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with the solution

b(t) = 1 +

∫ T

t
f(u)a(u) du.

Substituting in (16.5.11) yields

G(t, R) = − 1

g(T )
e−r(T−t)Rt + 1 +

∫ T

t
f(u)a(u) du

= 1− 1

g(T )

[
Rte

−r(T−t) +

∫ T

t
f(u)e−r(T−u) du

]
.

Then going back into the variable It = StRt yields

V (t, St, It) = StG(t, Rt)

= St −
1

g(T )

[
Ite

−r(T−t) + St

∫ T

t
f(u)e−r(T−u) du

]
.

Using that ρ(u) =
f(u)

g(T )
and going back to the initial variable Save(t) = It/g(t) yields

F (t, St, Save(t)) = V (t, St, It)

= St −
g(t)

g(T )
Save(t)e

−r(T−t) − St

∫ T

t
ρ(u)e−r(T−u) du.

We have arrived at the following result:

Proposition 16.5.1 The value at time t of an Asian forward contract on a weighted
average with the weight function ρ(t), i.e. an Asian derivative with the payoff FT =
ST − Save(T ), is given by

F (t, St, Save(t)) = St

(
1−

∫ T

t
ρ(u)e−r(T−u) du

)
− g(t)

g(T )
e−r(T−t)Save(t).

It is worth noting that the previous price can be written as a linear combination of
St and Save(t)

F (t, St, Save(t)) = α(t)St + β(t)Save(t),

where

α(t) = 1−
∫ T

t
ρ(u)e−r(T−u) du

β(t) = − g(t)

g(T )
e−r(T−t) = −

∫ t
0 f(u) du∫ T
0 f(u) du

e−r(T−t).

In the first formula ρ(u)e−r(T−u) is the discounted weight at time u, and α(t) is 1 minus
the total discounted weight between t and T . One can easily check that α(T ) = 1 and
β(T ) = −1.
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Exercise 16.5.2 Find the value at time t of an Asian forward contract on an arith-
metic average At =

∫ t
0 Su du.

Exercise 16.5.3 (a) Find the value at time t of an Asian forward contract on an
exponential weighted average with the weight given by Example 16.1.1 (c).

(b) What happens if k = −r? Why?

Exercise 16.5.4 Find the value at time t of an Asian power contract with the payoff
FT =

( ∫ T
0 Su du

)n
.



Chapter 17

American Options

American options are options that are allowed to be execised at any time before ma-
turity. Because of this advantage, they tend to be more expensive than the European
counterparts. Exact pricing formulas exist just for perpetuities, while they are missing
for finitely lived American options.

17.1 Perpetual American Options

A perpetual American option is an American option that never expires. These contracts
can be exercised at any time t, 0 ≤ t ≤ ∞. Even if finding the optimal exercise time for
finite maturity American options is a delicate matter, in the case of perpetual American
calls and puts there is always possible to find the optimal exercise time and to derive
a close form pricing formula (see Merton, [12]).

17.1.1 Present Value of Barriers

Our goal in this section will be to learn how to compute the present value of a contract
that pays a fixed cash amount at a stochastic time defined by the first passage of time
of a stock. These formulas will be the main ingredient in pricing perpetual American
options over the next couple of sections.

Reaching the barrier from below Let St denote the stock price with initial
value S0 and consider a positive number b such that b > S0. We recall the first passage
of time τb when the stock St hits for the first time the barrier b, see Fig. 17.1

τb = inf{t > 0;St = b}.
Consider a contract that pays $1 at the time when the stock reaches the barrier b for
the first time. Under the constant interest rate assumption, the value of the contract
at time t = 0 is obtained by discounting the value of $1 at the rate r for the period τb
and taking the expectation in the risk neutral world

f0 = Ê[e−rτb ].

313
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Figure 17.1: The first passage of time when St hits the level b from below.

In the following we shall compute the right side of the previous expression using
two different approaches. Using that the stock price in the risk-neutral world is given

by the expression St = S0e
(r−σ2

2
)t+σWt , with r > σ2

2 , then

Mt = e−rtSt = S0e
σWt−σ2

2
t, t ≥ 0

is a martingale. Applying the Optional Stopping Theorem (Theorem 3.2.1) yields
E[Mτb ] = E[M0], which is equivalent to

E[e−rτbSτb ] = S0.

Since Sτb = b, the previous relation implies

E[e−rτb ] =
S0

b
,

where the expectation is taken in the risk-neutral world. Hence, we arrived at the
following result:

Proposition 17.1.1 The value at time t = 0 of $1 received at the time when the stock
reaches level b from below is

f0 =
S0

b
.

Exercise 17.1.2 In the previous proof we had applied the Optional Stopping Theorem
(Theorem 3.2.1). Show that the hypothesis of the theorem are satisfied.

Exercise 17.1.3 Let 0 < S0 < b and assume r > σ2

2 .
(a) Show that P (St reaches b) = 1. Compare with Exercise 3.5.2.
(b) Prove the identity P (ω; τb(ω) < ∞) = 1.
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The result of Proposition 17.1.1 can be also obtained directly as a consequence of
Proposition 3.6.4. Using the expression of the stock price in the risk-neutral world,

St = S0e
(r−σ2

2
)t+σWt , we have

τb = inf{t > 0;St = b} = inf{t > 0; (r − σ2

2
)t+ σWt = ln

b

S0
}

= inf{t > 0;µt+ σWt = x},

where x = ln b
S0

> 0 and µ = r − σ2

2 > 0. Choosing s = r in Proposition 3.6.4 yields

E[e−rτb ] = e
1
σ2

(µ−
√

2sσ2+µ2)x = e
1
σ2

(
r−σ2

2
−
√

2rσ2+(r−σ2

2
)2
)
ln b
S0

= e
− ln b

S0 = eln
S0
b =

S0

b
,

where we used that

r − σ2

2
−
√

2rσ2 +
(
r − σ2

2

)2
= r − σ2

2
−
√(

r +
σ2

2

)2
= r − σ2

2
− r − σ2

2
= −σ2.

Exercise 17.1.4 Let S0 < b. Find the probability density function of the hitting time
τb.

Exercise 17.1.5 Assume the stock pays continuous dividends at the constant rate δ >
0 and let b > 0 such that S0 < b.

(a) Prove that the value at time t = 0 of $1 received at the time when the stock reaches
level b from below is

f0 =
(S0

b

)h1

,

where

h1 =
1

2
− r − δ

σ2
+

√(r − δ

σ2
− 1

2

)2
+

2r

σ2
.

(b) Show that h1(0) = 1 and h1(δ) is an increasing function for δ > 0.

(c) Find the limit of the rate of change lim
δ→∞

h′1(δ).

(d) Work out a formula for the sensitivity of the value f0 with respect to the dividend
rate δ and compute the long run value of this rate.

Reaching the barrier from above Sometimes a stock can reach a barrier b from
above. Let S0 be the initial value of the stock St and assume the inequality b < S0.
Consider again the first passage of time τb = inf{t > 0;St = b}, see Fig. 17.2.

In this paragraph we compute the value of a contract that pays $1 at the time when
the stock reaches the barrier b for the first time, which is given by f0 = Ê[e−rτb ]. We

shall keep the assumption that the interest rate r is constant and r > σ2

2 .
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Figure 17.2: The first passage of time when St hits the level b from above.

Proposition 17.1.6 The value at time t = 0 of $1 received at the time when the stock
reaches level b from above is

f0 =
(S0

b

)−2r
σ2 .

Proof: The reader might be tempted to use the Optional Stopping Theorem, but we
refrain from applying it in this case (Why?) We should rather use a technique which
reduces the problem to Proposition 3.6.6. Following this idea, we write

τb = inf{t > 0;St = b} = inf{t > 0;
(
r − σ2

2

)
t+ σWt = ln

b

S0
}

= inf{t > 0;µt+ σWt = −x},

where x = ln S0
b > 0, µ = r − σ2

2 . Choosing s = r in Proposition 3.6.6 yields

E[e−rτb ] = e
−1

σ2
(µ+

√
2rσ2+µ2)x = e

−1

σ2

(
r−σ2

2
+

√
2rσ2+(r−σ2

2
)2
)
x

= e−
2r
σ2

x = e−
2r
σ2

ln
S0
b =

(S0

b

)− 2r
σ2 .

In the previous computation we used that

r − σ2

2
+

√
2rσ2 +

(
r − σ2

2

)2
= r − σ2

2
+

√
(
r +

σ2

2

)2

= r − σ2

2
+ r +

σ2

2
= 2r.

Exercise 17.1.7 Assume the stock pays continuous dividends at the constant rate δ >
0 and let b > 0 such that b < S0.
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(a) Use a similar method as in the proof of Proposition 17.1.6 to prove that the value
at time t = 0 of $1 received at the time when the stock reaches level b from above is

f0 =
(S0

b

)h2

,

where

h2 =
1

2
− r − δ

σ2
−
√(r − δ

σ2
− 1

2

)2
+

2r

σ2
.

(b) What is the value of the contract at any time t, with 0 ≤ t < τb?

Perpetual American options have simple exact pricing formulas. This is because of
the “time invariance” property of their values. Since the time to expiration for these
type of options is the same (i.e infinity), the option exercise problem looks the same
at every instance of time. Consequently, their value do not depend on the time to
expiration.

17.1.2 Perpetual American Calls

A perpetual American call is a call option that never expires, i.e. is a contract that
gives the holder the right to buy the stock for the price K at any instance of time
0 ≤ t ≤ +∞. The infinity is included to cover the case when the option is never
exercised.

When the call is exercised the holder receives Sτ −K, where τ denotes the exercise
time. Assume the holder has the strategy to exercise the call whenever the stock St

reaches the barrier b, with b > K subject to be determined later. Then at exercise time
τb the payoff is b−K, where

τb = inf{t > 0;St = b}.
We note that it makes sense to choose the barrier such that S0 < b. The value of
this amount at time t = 0 is obtained discounting at the interest rate r and using
Proposition 17.1.1

f(b) = E[(b −K)e−rτb ] = (b−K)
S0

b
=
(
1− K

b

)
S0.

We need to choose the value of the barrier b > 0 for which f(b) reaches its maximum.
Since 1− K

b is an increasing function of b, the optimum value can be evaluated as

max
b>0

f(b) = max
b>0

(
1− K

b

)
S0 = lim

b→∞

(
1− K

b

)
S0 = S0.

This is reached for the optimal barrier b∗ = ∞, which corresponds to the infinite
exercise time τb∗ = ∞. Hence, it is never optimal to exercise a perpetual call option on
a nondividend paying stock.

The next exercise covers the case of the dividend paying stock. The method is
similar with the one described previously.
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Exercise 17.1.8 Consider a stock that pays continuous dividends at rate δ > 0.

(a) Assume a perpetual call is exercised whenever the stock reaches the barrier b from
below. Show that the discounted value at time t = 0 is

f(b) = (b−K)
(S0

h

)h1

,

where

h1 =
1

2
− r − δ

σ2
+

√(r − δ

σ2
− 1

2

)2
+

2r

σ2
.

(b) Use differentiation to show that the maximum value of f(b) is realized for

b∗ = K
h1

h1 − 1
.

(c) Prove the price of perpetual call

f(b∗) = max
b>0

f(b) =
K

h1 − 1

(h1 − 1

h1

S0

K

)h1

.

(d) Let τb∗ be the exercise time of the perpetual call. When do you expect to exercise
the call? (Find E[τb∗ ]).

17.1.3 Perpetual American Puts

A perpetual American put is a put option that never expires, i.e. is a contract that gives
the holder the right to sell the stock for the price K at any instance of time 0 ≤ t < ∞.

Assume the put is exercised when St reaches the barrier b. Then its payoff, K−St =
K − b, has a couple of noteworthy features. First, if we choose b too large, we loose
option value, which eventually vanishes for b ≥ K. Second, if we pick b too small,
the chances that the stock St will hit b are also small (see Exercise 17.1.9), fact that
diminishes the put value. It follows that the optimum exercise barrier, b∗, is somewhere
in between the two previous extreme values.

Exercise 17.1.9 Let 0 < b < S0 and let t > 0 fixed.

(a) Show that the following inequality holds in the risk neutral world

P (St < b) ≤ e−
1

2σ2t
[ln(S0/b)+(r−σ2/2)t]2 .

(b) Use the Squeeze Theorem to show that lim
b→0+

P (St < b) = 0.

Since a put is an insurance that gets exercised when the the stock declines, it makes
sense to assume that at the exercise time, τb, the stock reaches the barrier b from above,
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i.e 0 < b < S0. Using Proposition 17.1.6 we obtain the value of the contract that pays
K − b at time τb

f(b) = E[(K − b)e−rτb ] = (K − b)E[e−rτb ] = (K − b)
(S0

b

)− 2r
σ2 .

We need to pick the optimal value b∗ for which f(b) is maximum

f(b∗) = max
0<b<S0

f(b).

It is useful to notice that the functions f(b) and g(b) = (K− b)b
2r
σ2 reach the maximum

for the same value of b. For the same of simplicity, denote α = 2r
σ2 . Then

g(b) = Kbα − bα+1

g′(b) = αKbα−1 − (α+ 1)bα = bα−1[αK − (α+ 1)b],

and the equation g′(b) = 0 has the solution b∗ = α
α+1K. Since g′(b) > 0 for b < b∗ and

g′(b) < 0 for b > b∗, it follows that b∗ is a maximum point for the function g(b) and
hence for the function f(b). Substituting for the value of α the optimal value of the
barrier becomes

b∗ =
2r/σ2

2r/σ2 + 1
K =

K

1 + σ2

2r

. (17.1.1)

The condition b∗ < K is obviously satisfied, while the condition b∗ < S0 is equivalent
with

K <
(
1 +

σ2

2r

)
S0.

The value of the perpetual put is obtained computing the value at b∗

f(b∗) = max f(b) = (K − b∗)
(S0

b∗

)− 2r
σ2 =

(
K − K

1 + σ2

2r

)[S0

K

(
1 +

σ2

2r

)]− 2r
σ2

=
K

1 + 2r
σ2

[S0

K

(
1 +

σ2

2r

)]− 2r
σ2 .

Hence the price of a perpetual put is

K

1 + 2r
σ2

[S0

K

(
1 +

σ2

2r

)]− 2r
σ2 .

The optimal exercise time of the put, τb∗ , is when the stock hits the optimal barrier

τb∗ = inf{t > 0;St = b∗} = inf{t > 0;St = K/
(
1 +

σ2

2r

)
}.
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But when is the expected exercise time of a perpetual American put? To answer this
question we need to compute E[τb∗ ]. Substituting

τ = τb∗ , x = ln
S0

b
, µ = r − σ2

2
(17.1.2)

in Proposition 3.6.6 (c) yields

E[τb∗ ] =
x

µ
e−

2µx

σ2 =
ln S0

b∗

r − σ2

2

e−
2
σ2

(r−σ2

2
) ln

S0
b∗

= ln
[(S0

b∗

) 1

r−σ
2
2

]
e(1−

2r
σ2

) ln
S0
b∗ = ln

[(S0

b∗

) 1

r−σ2
2

](S0

b∗

)1− 2r
σ2 .

Hence the expected time when the holder should exercise the put is given by the exact
formula

E[τb∗ ] = ln
[(S0

b∗

) 1

r−σ2
2

](S0

b∗

)1− 2r
σ2 ,

with b∗ given by (17.1.1). The probability density function of the optimal exercise time
τb∗ can be found from Proposition 3.6.6 (b) using substitutions (17.1.2)

p(τ) =
ln S0

b∗

σ
√
2πτ3/2

e−

(
ln
S0
b∗

+τ(r−σ
2

2 )

)2
2τσ2 , τ > 0. (17.1.3)

Exercise 17.1.10 Consider a stock that pays continuous dividends at rate δ > 0.

(a) Assume a perpetual put is exercised whenever the stock reaches the barrier b from
above. Show that the discounted value at time t = 0 is

g(b) = (K − b)
(S0

h

)h2

,

where

h2 =
1

2
− r − δ

σ2
−
√(r − δ

σ2
− 1

2

)2
+

2r

σ2
.

(b) Use differentiation to show that the maximum value of g(b) is realized for

b∗ = K
h2

h2 − 1
.

(c) Prove the price of perpetual put

g(b∗) = max
b>0

g(b) =
K

1− h2

(h2 − 1

h2

S0

K

)h2

.
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Figure 17.3: The graph of the function g(b) = ln b
b , b > 0.

17.2 Perpetual American Log Contract

A perpetual American log contract is a contract that never expires and can be exercised
at any time, providing the holder the log of the value of the stock, lnSt, at the exercise
time t. It is interesting to note that these type of contracts are always optimal to be
exercised, and their pricing formula is fairly uncomplicated.

Assume the contract is exercised when the stock St reaches the barrier b, with
S0 < b. If the hitting time of the barrier b is τb, then its payoff is lnSτ = ln b.
Discounting at the risk free interest rate, the value of the contract at time t = 0 is

f(b) = E[e−rτb lnSτ ] = E[e−rτb ln b] =
ln b

b
S0,

since the barrier is assumed to be reached from below, see Proposition 17.1.1.

The function g(b) =
ln b

b
, b > 0, has the derivative g′(b) =

1− ln b

b2
, so b∗ = e is a

global maximum point, see Fig. 17.3. The maximum value is g(b∗) = 1/e. Then the
optimal value of the barrier is b∗ = e, and the price of the contract at t = 0 is

f0 = max
b>0

f(b) = S0max
b>0

g(b) =
S0

e
.

In order for the stock to reach the optimum barrier b∗ from below we need to require
the condition S0 < e. Hence we arrived at the following result:

Proposition 17.2.1 Let S0 < e. Then the optimal exercise price of a perpetual Amer-
ican log contract is

τ = inf{t > 0;St = e},

and its value at t = 0 is
S0

e
.

Remark 17.2.2 If S0 > e, then it is optimal to exercise the perpetual log contract as
soon as possible.
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Exercise 17.2.3 Consider a stock that pays continuous dividends at a rate δ > 0, and
assume that S0 < e1/h1 , where

h1 =
1

2
− r − δ

σ2
+

√(r − δ

σ2
− 1

2

)2
+

2r

σ2
.

(a) Assume a perpetual log contract is exercised whenever the stock reaches the barrier
b from below. Show that the discounted value at time t = 0 is

f(b) = ln b
(S0

b

)h1

.

(b) Use differentiation to show that the maximum value of f(b) is realized for

b∗ = e1/h1 .

(c) Prove the price of perpetual log contract

f(b∗) = max
b>0

f(b) =
Sh1
0

h1e
.

(d) Show that the higher the dividend rate δ, the lower the optimal exercise time is.

17.3 Perpetual American Power Contract

A perpetual American power contract is a contract that never expires and can be exer-
cised at any time, providing the holder the n-th power of the value of the stock, (St)

α,
at the exercise time t, where α 6= 0. (If α = 0 the payoff is a constant, which is equal
to 1).

1. Case α > 0. Since we expect the value of the payoff to increase over time, we
assume the contract is exercised when the stock St reaches the barrier b, from below.
If the hitting time of the barrier b is τb, then its payoff is (Sτ )

α. Discounting at the
risk free interest rate, the value of the contract at time t = 0 is

f(b) = E[e−rτb(Sτ )
α] = E[e−rτbbα] = bα

S0

b
= bα−1S0,

where we used Proposition 17.1.1. We shall discuss the following cases:
(i) If α > 1, then the optimal barrier is b∗ = ∞, and hence, it is never optimal to

exercise the contract in this case.
(ii) If 0 < α < 1, the function f(b) is decreasing, so its maximum is reached for

b∗ = S0, which corresponds to τb∗ = 0. Hence is is optimal to exercise the contract as
soon as possible.

(iii) In the case α = 1, the value of f(b) is constant, and the contract can be
exercised at any time.



323

2. Case α < 0. The payoff value, (St)
α, is expected to decrease, so we assume the

exercise occurs when the stock reaches the barrier b from above. Discounting to initial
time t = 0 and using Proposition 17.1.6 yields

f(b) = E[e−rτb(Sτ )
α] = E[e−rτbbα] = bα

(S0

b

)− 2r
σ2 = bα+

2r
σ2 S

− 2r
σ2

0 .

(i) If α < − 2r
σ2 , then f(b) is decreasing, so its maximum is reached for b∗ = S0,

which corresponds to τb∗ = 0. Hence is is optimal to exercise the contract as soon as
possible.

(ii) If − 2r
σ2 < α < 0, then the maximum of f(b) occurs for b∗ = ∞. Hence it is

never optimal to exercise the contract.

Exercise 17.3.1 Consider a stock that pays continuous dividends at a rate δ > 0, and

assume α > h1, with h1 =
1
2 − r−δ

σ2 +

√(
r−δ
σ2 − 1

2

)2
+ 2r

σ2 . Show that the perpetual power

contract with payoff Sα
t is never optimal to be exercised.

Exercise 17.3.2 (Perpetual American power put) Consider an perpetual American-
type contract with the payoff (K−St)

2, where K > 0 is the strike price. Find the optimal
exercise time and the contract value at t = 0.

17.4 Finitely Lived American Options

Exact pricing formulas are great when they exist and can be easily implemented. Even
if we cherish all closed form pricing formulas we can get, there is also a time when
exact formulas are not possible and approximations are in order. If we run into a
problem whose solution cannot be found explicitly, it would still be very valuable to
know something about its approximate quantitative behavior. This will be the case of
finitely lived American options.

17.4.1 American Call

The case of Non-dividend Paying Stock

The holder has the right to buy a stock for the price K at any time before or at the
expiration T . The strike price K and expiration T are specified at the beginning of
the contract. The payoff at time t is (St −K)+ = max{St −K, 0}. The price of the
American call at time t = 0 is given by

f0 = max
0≤τ≤T

Ê[e−rτ (Sτ −K)+],

where the maximum is taken over all stopping times τ less than or equal to T .
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Theorem 17.4.1 It is not optimal to exercise an American call on a non-dividend pay-
ing stock early. It is optimal to exercise the call at maturity, T , if at all. Consequently,
the price of an American call is equal to the price of the corresponding European call.

Proof: The heuristic idea of the proof is based on the observation that the difference
St−K tends to be larger as time goes on. As a result, there is always hope for a larger
payoff and the later we exercise the better. In the following we shall formalize this
idea mathematically using the submartingale property of the stock together with the
Optional Stopping Theorem.

Let Xt = e−rtSt and f(t) = −Ke−rt. Since Xt is a martingale in the risk-neutral-
world, see Proposition 14.1.1, and f(t) is an increasing, integrable function, applying
Proposition 2.12.3 (c) it follows that

Yt = Xt + f(t) = e−rt(St −K)

is an Ft-submartingale, where Ft is the information set provided by the underlying
Brownian motion Wt.

Since the hokey-stick function φ(x) = x+ = max{x, 0} is convex, then by Proposi-
tion 2.12.3 (b), the process Zt = φ(Yt) = e−rt(St −K)+ is a submartingale. Applying
Doob’s stopping theorem (see Theorem 3.2.2) for stopping times τ and T , with τ ≤ T ,
we obtain Ê[Zτ ] ≤ Ê[ZT ]. This means

Ê[e−rτ (Sτ −K)+] ≤ Ê[e−rT (ST −K)+],

i.e. the maximum of the American call price is realized for the optimum exercise time
τ∗ = T . The maximum value is given by the right side, which denotes the price of an
European call option.

With a slight modification in the proof we can treat the problem of American power
contract.

Proposition 17.4.2 (American power contract) Consider a contract with matu-
rity date T , which pays, when exercised, Sn

t , where n > 1, and t ≤ T . Then it is not
optimal to exercise this contract early.

Proof: Using that Mt = e−rtSt is a martingale (in the risk neutral world), then

Xt = Mn
t is a submartingale. Since Yt = e−rtSn

t =
(
e−rtSt

)n
e(n−1)rt = Xte

(n−1)rt,

then for s < t

E[Yt|Fs] = E[Xte
(n−1)rt|Fs] > E[Xte

(n−1)rs|Fs]

= e(n−1)rsE[Xt|Fs] ≥ e(n−1)rsXs = Ys,
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so Yt is a submartingale. Applying Doob’s stopping theorem (see Theorem 3.2.2)
for stopping times τ and T , with τ ≤ T , we obtain Ê[Yτ ] ≤ Ê[YT ], or equivalently,
Ê[e−rτSn

τ ] ≤ Ê[e−rTSn
T ], which implies

max
τ≤T

Ê[e−rτSn
τ ] = Ê[e−rTSn

T ].

Then it is optimal to exercise the contract at maturity T .

Exercise 17.4.3 Consider an American future contract with maturity date T and de-
livery price K, i.e. a contract with payoff at maturity ST −K, which can be exercised
at any time t ≤ T . Show that it is not optimal to exercise this contract early.

Exercise 17.4.4 Consider an American option contract with maturity date T , and
time-dependent strike price K(t), i.e. a contract with payoff at maturity ST − K(T ),
which can be exercised at any time.

(a) Show that it is not optimal to exercise this contract early in the following two cases:
(i) If K(t) is a decreasing function;
(ii) If K(t) is an increasing function with K(t) < ert.

(b) What happens if K(t) is increasing and K(t) > ert?

The case of Dividend Paying Stock

When the stock pays dividends it is optimal to exercise the American call early. An
exact solution of this problem is hard to get explicitly, or might not exist. However,
there are some asymptotic solutions that are valid close to expiration (see Wilmott)
and analytic approximations given by MacMillan, Barone-Adesi and Whaley.

In the following we shall discuss why it is difficult to find an exact optimal exercise
time for an American call on a dividend paying stock. First, consider two contracts:

1. Consider a contract by which one can acquire a stock, St, at any time before or
at time T . This can be seen as a contract with expiration T , that pays when exercised
the stock price, St. Assume the stock pays dividends at a continuous rate δ > 0. When
should the contract be exercised in order to maximize its value?

The value of the contract at time t = 0 is max
τ≤T

{e−rτSτ}, where the maximum is

taken over all stopping times τ less than or equal to T . Since the stock price, which
pays dividends at rate δ, is given by

St = S0e
(r−δ−σ2

2
)t+σWt ,

then Mt = e−(r−δ)tSt is a martingale (in the risk neutral world). Therefore e−rtSt =
e−δtMt. Let Xt = e−rtSt. Then for 0 < s < t

Ê[Xt|Fs] = Ê[e−δtMt|Fs] < Ê[e−δsMt|Fs]

= e−δsÊ[Mt|Fs] = e−δsMs = e−rsSs = Ms,
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so Xt is a supermartingale (i.e. −Xt is a submartingale). Applying the Optional
Stopping Theorem for the stopping time τ we obtain

Ê[Xτ ] ≤ Ê[X0] = S0.

Hence it is optimal to exercise the contract at the initial time t = 0. This makes sense,
since in this case we have a longer period of time during which dividends are collected.

2. Consider a contract by which one has to pay the amount of cash K at any time
before or at time T . Given the time value of money

e−rtK > e−rTK, t < T,

it is always optimal to defer the payment until time T .

3. Now consider a combination of the previous two contracts. This new contract
pays St −K and can be exercised at any time t, with t ≤ T . Since it is not clear when
is optimal to exercise this contract, we shall consider two limiting cases. Let τ∗ denote
its optimal exercise time.

(i) When K → 0+, then τ∗ → 0+, because we approach the conditions of case 1,
and also assume continuity conditions on the price.

(ii) If K → ∞, then the latter the pay day, the better, i.e. τ∗ → T−.

The optimal exercise time, τ∗, is somewhere between 0 and T , with the tendency
of moving towards T as K gets large.

17.4.2 American Put

17.4.3 Mac Millan-Barone-Adesi-Whaley Approximation

TO COME

17.4.4 Black’s Approximation

TO COME

17.4.5 Roll-Geske-Whaley Approximation

TO COME

17.4.6 Other Approximations
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Hints and Solutions

Chapter 1

1.6.1 Let X ∼ N(µ, σ2). Then the distribution function of Y is

FY (y) = P (Y < y) = P (αX + β < y) = P
(
X <

y − β

α

)

=
1√
2πσ

∫ y−β
α

−∞
e−

(x−µ)2

2σ2 dx =
1√

2πασ

∫ y

−∞
e−

(
z−(αµ+β)

)2
2α2σ2 dz

=
1√
2πσ′

∫ y

−∞
e
− (z−µ′)2

2(σ′)2 dz,

with µ′ = αµ + β, σ′ = ασ.

1.6.2 (a) Making t = n yields E[Y n] = E[enX ] = eµn+n2σ2/2.

(b) Let n = 1 and n = 2 in (a) to get the first two moments and then use the formula
of variance.

1.11.5 The tower property

E
[
E[X|G]|H

]
= E[X|H], H ⊂ G

is equivalent with ∫

A
E[X|G] dP =

∫
X dP, ∀A ∈ H.

Since A ∈ G, the previous relation holds by the definition on E[X|G].

1.11.6 (a) Direct application of the definition.

(b) P (A) =
∫
A dP =

∫
Ω χA(ω) dP (ω) = E[χA].

(d) E[χAX] = E[χA]E[X] = P (A)E[X].
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(e) We have the sequence of equivalencies

E[X|G] = E[X] ⇔
∫

A
E[X] dP =

∫

A
X dP,∀A ∈ G ⇔

E[X]P (A) =

∫

A
X dP ⇔ E[X]P (A) = E[χA],

which follows from (d).

1.12.4 If µ = E[X] then

E[(X − E[X])2] = E[X2 − 2µX + µ2] = E[X2]− 2µ2 + µ2

= E[X2]− E[X]2 = V ar[X].

1.12.5 From 1.12.4 we have V ar(X) = 0 ⇔ X = E[X], i.e. X is a constant.

1.12.6 The same proof as the one in Jensen’s inequality.

1.12.7 It follows from Jensen’s inequality or using properties of integrals.

1.12.12 (a) m(t) = E[etX ] =
∑

k e
tk λke−λ

k! = eλ(e
t−1);

(b) It follows from the first Chernoff bound.

1.12.16 Choose f(x) = x2k+1 and g(x) = x2n+1.

1.13.2 By direct computation we have

E[(X − Y )2] = E[X2] +E[Y 2]− 2E[XY ]

= V ar(X) + E[X]2 + V ar[Y ] + E[Y ]2 − 2E[X]E[Y ]

+2E[X]E[Y ]− 2E[XY ]

= V ar(X) + V ar[Y ] + (E[X] − E[Y ])2 − 2Cov(X,Y ).

1.13.3 (a) Since

E[(X −Xn)
2] ≥ E[X −Xn]

2 = (E[Xn]−E[X])2 ≥ 0,

the Squeeze theorem yields limn→∞(E[Xn]− E[X]) = 0.

(b) Writing

X2
n −X2 = (Xn −X)2 − 2X(X −Xn),

and taking the expectation we get

E[X2
n]− E[X2] = E[(Xn −X)2]− 2E[X(X −Xn)].
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The right side tends to zero since

E[(Xn −X)2] → 0

|E[X(X −Xn)]| ≤
∫

Ω
|X(X −Xn)| dP

≤
( ∫

Ω
X2 dP

)1/2( ∫

Ω
(X −Xn)

2 dP
)1/2

=
√

E[X2]E[(X −Xn)2] → 0.

(c) It follows from part (b).

(d) Apply Exercise 1.13.2.

1.13.4 Using Jensen’s inequality we have

E
[(
E[Xn|H]− E[X|H]

)2]
= E

[(
E[Xn −X|H]

)2]

≤ E
[
E[(Xn −X)2|H]

]

= E[(Xn −X)2] → 0,

as n → 0.

1.15.7 The integrability of Xt follows from

E[|Xt|] = E
[
|E[X|Ft]|

]
≤ E

[
E[|X| |Ft]

]
= E[|X|] < ∞.

Xt is Ft-predictable by the definition of the conditional expectation. Using the tower
property yields

E[Xt|Fs] = E
[
E[X|Ft]|Fs

]
= E[X|Fs] = Xs, s < t.

1.15.8 Since

E[|Zt|] = E[|aXt + bYt + c|] ≤ |a|E[|Xt|] + |b|E[|Yt|] + |c| < ∞

then Zt is integrable. For s < t, using the martingale property of Xt and Yt we have

E[Zt|Fs] = aE[Xt|Fs] + bE[Yt|Fs] + c = aXs + bYs + c = Zs.

1.15.9 In general the answer is no. For instance, if Xt = Yt the process X2
t is not a

martingale, since the Jensen’s inequality

E[X2
t |Fs] ≥

(
E[Xt|Fs]

)2
= X2

s

is not necessarily an identity. For instance B2
t is not a martingale, with Bt the Brownian

motion process.
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1.15.10 It follows from the identity

E[(Xt −Xs)(Yt − Ys)|Fs] = E[XtYt −XsYs|Fs].

1.15.11 (a) Let Yn = Sn − E[Sn]. We have

Yn+k = Sn+k − E[Sn+k]

= Yn +

k∑

j=1

Xn+j −
k∑

j=1

E[Xn+j ].

Using the properties of expectation we have

E[Yn+k|Fn] = Yn +

k∑

j=1

E[Xn+j |Fn]−
k∑

j=1

E[E[Xn+j ]|Fn]

= Yn +

k∑

j=1

E[Xn+j ]−
k∑

j=1

E[Xn+j ]

= Yn.

(b) Let Zn = S2
n − V ar(Sn). The process Zn is an Fn-martingale iff

E[Zn+k − Zn|Fn] = 0.

Let U = Sn+k − Sn. Using the independence we have

Zn+k − Zn = (S2
n+k − S2

n)−
(
V ar(Sn+k − V ar(Sn)

)

= (Sn + U)2 − S2
n −

(
V ar(Sn+k − V ar(Sn)

)

= U2 + 2USn − V ar(U),

so

E[Zn+k − Zn|Fn] = E[U2] + 2SnE[U ]− V ar(U)

= E[U2]− (E[U2]−E[U ]2)

= 0,

since E[U ] = 0.

1.15.12 Let Fn = σ(Xk; k ≤ n). Using the independence

E[|Pn|] = E[|X0|] · · ·E[|Xn|] < ∞,

so |Pn| integrable. Taking out the predictable part we have

E[Pn+k|Fn] = E[PnXn+1 · · ·Xn+k|Fn] = PnE[Xn+1 · · ·Xn+k|Fn]

= PnE[Xn+1] · · ·E[Xn+k] = Pn.
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1.15.13 (a) Since the random variable Y = θX is normally distributed with mean θµ
and variance θ2σ2, then

E[eθX ] = eθµ+
1
2
θ2σ2

.

Hence E[eθX ] = 1 iff θµ+ 1
2θ

2σ2 = 0 which has the nonzero solution θ = −2µ/σ2.

(b) Since eθXi are independent, integrable and satisfy E[eθXi ] = 1, by Exercise
1.15.12 we get that the product Zn = eθSn = eθX1 · · · eθXn is a martingale.

Chapter 2

2.1.4 Bt starts at 0 and is continuous in t. By Proposition 2.1.2 Bt is a martingale
with E[B2

t ] = t < ∞. Since Bt −Bs ∼ N(0, |t− s|), then E[(Bt −Bs)
2] = |t− s|.

2.1.10 It is obvious that Xt = Wt+t0 −Wt0 satisfies X0 = 0 and that Xt is continuous
in t. The increments are normal distributed Xt −Xs = Wt+t0 −Ws+t0 ∼ N(0, |t− s|).
If 0 < t1 < · · · < tn, then 0 < t0 < t1 + t0 < · · · < tn + t0. The increments
Xtk+1

−Xtk = Wtk+1+t0 −Wtk+t0 are obviously independent and stationary.

2.1.11 For any λ > 0, show that the process Xt =
1√
λ
Wλt is a Brownian motion. This

says that the Brownian motion is invariant by scaling. Let s < t. Then Xt − Xs =
1√
λ
(Wλt −Wλs) ∼ 1√

λ
N
(
0, λ(t− s)

)
= N(0, t− s). The other properties are obvious.

2.1.12 Apply Property 2.1.8.

2.1.13 Using the moment generating function, we get E[W 3
t ] = 0, E[W 4

t ] = 3t2.

2.1.14 (a) Let s < t. Then

E[(W 2
t − t)(W 2

s − s)] = E
[
E[(W 2

t − t)(W 2
s − s)]|Fs

]
= E

[
(W 2

s − s)E[(W 2
t − t)]|Fs

]

= E
[
(W 2

s − s)2
]
= E

[
W 4

s − 2sW 2
s + s2

]

= E[W 4
s ]− 2sE[W 2

s ] + s2 = 3s2 − 2s2 + s2 = 2s2.

(b) Using part (a) we have

2s2 = E[(W 2
t − t)(W 2

s − s)] = E[W 2
s W

2
t ]− sE[W 2

t ]− tE[W 2
s ] + ts

= E[W 2
s W

2
t ]− st.

Therefore E[W 2
s W

2
t ] = ts+ 2s2.

(c) Cov(W 2
t ,W

2
s ) = E[W 2

s W
2
t ]− E[W 2

s ]E[W 2
t ] = ts+ 2s2 − ts = 2s2.

(d) Corr(W 2
t ,W

2
s ) =

2s2

2ts = s
t , where we used

V ar(W 2
t ) = E[W 4

t ]− E[W 2
t ]

2 = 3t2 − t2 = 2t2.
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2.1.15 (a) The distribution function of Yt is given by

F (x) = P (Yt ≤ x) = P (tW1/t ≤ x) = P (W1/t ≤ x/t)

=

∫ x/t

0
φ1/t(y) dy =

∫ x/t

0

√
t/(2π)ety

2/2 dy

=

∫ x/
√
t

0

1√
2π

e−u2/2 du.

(b) The probability density of Yt is obtained by differentiating F (x)

p(x) = F ′(x) =
d

dx

∫ x/
√
t

0

1√
2π

e−u2/2 du =
1√
2π

e−x2/2,

and hence Yt ∼ N(0, t).
(c) Using that Yt has independent increments we have

Cov(Ys, Yt) = E[YsYt]− E[Ys]E[Yt] = E[YsYt]

= E
[
Ys(Yt − Ys) + Y 2

s

]
= E[Ys]E[Yt − Ys] + E[Y 2

s ]

= 0 + s = s.

(d) Since
Yt − Ys = (t− s)(W1/t −W0)− s(W1/s −W1/t)

E[Yt − Ys] = (t− s)E[W1/t]− sE[W1/s −W1/t] = 0,

and

V ar(Yt − Ys) = E[(Yt − Ys)
2] = (t− s)2

1

t
+ s2(

1

s
− 1

t
)

=
(t− s)2 + s(t− s)

t
= t− s.

2.1.16 (a) Applying the definition of expectation we have

E[|Wt|] =

∫ ∞

−∞
|x| 1√

2πt
e−

x2

2t dx =

∫ ∞

0
2x

1√
2πt

e−
x2

2t dx

=
1√
2πt

∫ ∞

0
e−

y
2t dy =

√
2t/π.

(b) Since E[|Wt|2] = E[W 2
t ] = t, we have

V ar(|Wt|) = E[|Wt|2]− E[|Wt|]2 = t− 2t

π
= t(1− 2

π
).

2.1.17 By the martingale property of W 2
t − t we have

E[W 2
t |Fs] = E[W 2

t − t|Fs] + t = W 2
s + t− s.
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2.1.18 (a) Expanding

(Wt −Ws)
3 = W 3

t − 3W 2
t Ws + 3WtW

2
s −W 3

s

and taking the expectation

E[(Wt −Ws)
3|Fs] = E[W 3

t |Fs]− 3WsE[W 2
t ] + 3W 2

sE[Wt|Fs]−W 3
s

= E[W 3
t |Fs]− 3(t− s)Ws −W 3

s ,

so
E[W 3

t |Fs] = 3(t− s)Ws +W 3
s ,

since
E[(Wt −Ws)

3|Fs] = E[(Wt −Ws)
3] = E[W 3

t−s] = 0.

(b) Hint: Start from the expansion of (Wt −Ws)
4.

2.2.3 Using that eWt−Ws is stationary, we have

E[eWt−Ws] = E[eWt−s ] = e
1
2
(t−s).

2.2.4 (a)

E[Xt|Fs] = E[eWt |Fs] = E[eWt−WseWs |Fs]

= eWsE[eWt−Ws|Fs] = eWsE[eWt−Ws ]

= eWset/2e−s/2.

(b) This can be written also as

E[e−t/2eWt |Fs] = e−s/2eWs ,

which shows that e−t/2eWt is a martingale.
(c) From the stationarity we have

E[ecWt−cWs ] = E[ec(Wt−Ws)] = E[ecWt−s ] = e
1
2
c2(t−s).

Then for any s < t we have

E[ecWt |Fs] = E[ec(Wt−Ws)ecWs |Fs] = ecWsE[ec(Wt−Ws)|Fs]

= ecWsE[ec(Wt−Ws)] = ecWse
1
2
c2(t−s) = Yse

1
2
c2t.

Multiplying by e−
1
2
c2t yields the desired result.

2.2.5 (a) Using Exercise 2.2.3 we have

Cov(Xs,Xt) = E[XsXt]− E[Xs]E[Xt] = E[XsXt]− et/2es/2

= E[eWs+Wt]− et/2es/2 = E[eWt−Wse2(Ws−W0)]− et/2es/2

= E[eWt−Ws]E[e2(Ws−W0)]− et/2es/2 = e
t−s
2 e2s − et/2es/2

= e
t+3s

2 − e(t+s)/2.
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(b) Using Exercise 2.2.4 (b), we have

E[XsXt] = E
[
E[XsXt|Fs]

]
= E

[
XsE[Xt|Fs]

]

= et/2E
[
XsE[e−t/2Xt|Fs]

]
= et/2E

[
Xs e

−s/2Xs]
]

= e(t−s)/2E[X2
s ] = e(t−s)/2E[e2Ws ]

= e(t−s)/2e2s = e
t+3s

2 ,

and continue like in part (a).

2.2.6 Using the definition of the expectation we have

E[e2W
2
t ] =

∫
e2x

2
φt(x) dx =

1√
2πt

∫
e2x

2
e−

x2

2t dx

=
1√
2πt

∫
e−

1−4t
2t

x2
dx =

1√
1− 4t

,

if 1 − 4t > 0. Otherwise, the integral is infinite. We used the standard integral∫
e−ax2

=
√

π/a, a > 0.

2.3.4 It follows from the fact that Zt is normally distributed.

2.3.5 Using the definition of covariance we have

Cov
(
Zs, Zt

)
= E[ZsZt]− E[Zs]E[Zt] = E[ZsZt]

= E
[ ∫ s

0
Wu du ·

∫ t

0
Wv dv

]
= E

[ ∫ s

0

∫ t

0
WuWv dudv

]

=

∫ s

0

∫ t

0
E[WuWv] dudv =

∫ s

0

∫ t

0
min{u, v} dudv

= s2
( t
2
− s

6

)
, s < t.

2.3.6 (a) Using Exercise 2.3.5

Cov(Zt, Zt − Zt−h) = Cov(Zt, Zt)− Cov(Zt, Zt−h)

=
t3

3
− (t− h)2(

t

2
− t− h

6
)

=
1

2
t2h+ o(h).

(b) Using Zt − Zt−h =
∫ t
t−hWu du = hWt + o(h),

Cov(Zt,Wt) =
1

h
Cov(Zt, Zt − Zt−h)

=
1

h

(1
2
t2h+ o(h)

)
=

1

2
t2.
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2.3.7 Let s < u. Since Wt has independent increments, taking the expectation in

eWs+Wt = eWt−Wse2(Ws−W0)

we obtain

E[eWs+Wt ] = E[eWt−Ws ]E[e2(Ws−W0)] = e
u−s
2 e2s

= e
u+s
2 es = e

u+s
2 emin{s,t}.

2.3.8 (a) E[Xt] =
∫ t
0 E[eWs ] ds =

∫ t
0 E[es/2] ds = 2(et/2 − 1)

(b) Since V ar(Xt) = E[X2
t ] − E[Xt]

2, it suffices to compute E[X2
t ]. Using Exercise

2.3.7 we have

E[X2
t ] = E

[ ∫ t

0
eWt ds ·

∫ t

0
eWu du

]
= E

[ ∫ t

0

∫ t

0
eWseWu dsdu

]

=

∫ t

0

∫ t

0
E[eWs+Wu ] dsdu =

∫ t

0

∫ t

0
e
u+s
2 emin{s,t} dsdu

=

∫∫

D1

e
u+s
2 esduds+

∫ ∫

D2

e
u+s
2 eududs

= 2

∫∫

D2

e
u+s
2 eududs =

4

3

(1
2
e2t − 2et/2 +

3

2

)
,

where D1{0 ≤ s < u ≤ t} and D2{0 ≤ u < s ≤ t}. In the last identity we applied
Fubini’s theorem. For the variance use the formula V ar(Xt) = E[X2

t ]− E[Xt]
2.

2.3.9 (a) Splitting the integral at t and taking out the predictable part, we have

E[ZT |Ft] = E[

∫ T

0
Wu du|Ft] = E[

∫ t

0
Wu du|Ft] + E[

∫ T

t
Wu du|Ft]

= Zt + E[

∫ T

t
Wu du|Ft]

= Zt + E[

∫ T

t
(Wu −Wt +Wt) du|Ft]

= Zt + E[

∫ T

t
(Wu −Wt) du|Ft] +Wt(T − t)

= Zt + E[

∫ T

t
(Wu −Wt) du] +Wt(T − t)

= Zt +

∫ T

t
E[Wu −Wt] du+Wt(T − t)

= Zt +Wt(T − t),
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since E[Wu −Wt] = 0.
(b) Let 0 < t < T . Using (a) we have

E[ZT − TWT |Ft] = E[ZT |Ft]− TE[WT |Ft]

= Zt +Wt(T − t)− TWt

= Zt − tWt.

2.4.1

E[VT |Ft] = E
[
e
∫ t
0
Wu du+

∫ T
t

Wu du|Ft

]

= e
∫ t
0 Wu duE

[
e
∫ T
t Wu du|Ft

]

= e
∫ t
0 Wu duE

[
e
∫ T
t (Wu−Wt) du+(T−t)Wt |Ft

]

= Vte
(T−t)WtE

[
e
∫ T
t (Wu−Wt) du|Ft

]

= Vte
(T−t)WtE

[
e
∫ T
t (Wu−Wt) du

]

= Vte
(T−t)WtE

[
e
∫ T−t
0

Wτ dτ
]

= Vte
(T−t)Wte

1
2

(T−t)3

3 .

2.6.1

F (x) = P (Yt ≤ x) = P (µt+Wt ≤ x) = P (Wt ≤ x− µt)

=

∫ x−µt

0

1√
2πt

e−
u2

2t du;

f(x) = F ′(x) =
1√
2πt

e−
(x−µt)2

2t .

2.7.2 Since

P (Rt ≤ ρ) =

∫ ρ

0

1

t
xe−

x2

2t dx,

use the inequality

1− x2

2t
< e−

x2

2t < 1

to get the desired result.

2.7.3

E[Rt] =

∫ ∞

0
xpt(x) dx =

∫ ∞

0

1

t
x2e−

x2

2t dx

=
1

2t

∫ ∞

0
y1/2e−

y
2t dy =

√
2t

∫ ∞

0
z

3
2
−1e−z dz

=
√
2tΓ

(3
2

)
=

√
2πt

2
.
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Since E[R2
t ] = E[W1(t)

2 +W2(t)
2] = 2t, then

V ar(Rt) = 2t− 2πt

4
= 2t

(
1− π

4

)
.

2.7.4

E[Xt] =
E[Xt]

t
=

√
2πt

2t
=

√
π

2t
→ 0, t → ∞;

V ar(Xt) =
1

t2
V ar(Rt) =

2

t
(1− π

4
) → 0, t → ∞.

By Example 1.13.1 we get Xt → 0, t → ∞ in mean square.

2.8.2

P (Nt −Ns = 1) = λ(t− s)e−λ(t−s)

= λ(t− s)
(
1− λ(t− s) + o(t− s)

)

= λ(t− s) + o(t− s).

P (Nt −Ns ≥ 1) = 1− P (Nt −Ns = 0) + P (Nt −Ns = 1)

= 1− e−λ(t−s) − λ(t− s)e−λ(t−s)

= 1−
(
1− λ(t− s) + o(t− s)

)

−λ(t− s)
(
1− λ(t− s) + o(t− s)

)

= λ2(t− s)2 = o(t− s).

2.8.6 Write first as

N2
t = Nt(Nt −Ns) +NtNs

= (Nt −Ns)
2 +Ns(Nt −Ns) + (Nt − λt)Ns + λtNs,

then

E[N2
t |Fs] = E[(Nt −Ns)

2|Fs] +NsE[Nt −Ns|Fs] +E[Nt − λt|Fs]Ns + λtNs

= E[(Nt −Ns)
2] +NsE[Nt −Ns] + E[Nt − λt]Ns + λtNs

= λ(t− s) + λ2(t− s)2 + λtNs +N2
s − λsNs + λtNs

= λ(t− s) + λ2(t− s)2 + 2λ(t− s)Ns +N2
s

= λ(t− s) + [Ns + λ(t− s)]2.

Hence E[N2
t |Fs] 6= N2

s and hence the process N2
t is not an Fs-martingale.
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2.8.7 (a)

mNt(x) = E[exNt ] =
∑

k≥0

exhP (Nt = k)

=
∑

k≥0

exke−λtλ
ktk

k!

= e−λteλte
x
= eλt(e

x−1).

(b) E[N2
t ] = m′′

Nt
(0) = λ2t2 + λt. Similarly for the other relations.

2.8.8 E[Xt] = E[eNt ] = mNt(1) = eλt(e−1).

2.8.9 (a) Since exMt = ex(Nt−λt) = e−λtxexNt , the moment generating function is

mMt(x) = E[exMt ] = e−λtxE[exNt ]

= e−λtxeλt(e
x−1) = eλt(e

x−x−1).

(b) For instance
E[M3

t ] = m′′′
Mt

(0) = λt.

Since Mt is a stationary process, E[(Mt −Ms)
3] = λ(t− s).

2.8.10

V ar[(Mt −Ms)
2] = E[(Mt −Ms)

4]− E[(Mt −Ms)
2]2

= λ(t− s) + 3λ2(t− s)2 − λ2(t− s)2

= λ(t− s) + 2λ2(t− s)2.

2.11.3 (a) E[Ut] = E
[ ∫ t

0 Nu du
]
=
∫ t
0 E[Nu] du =

∫ t
0 λu du = λt2

2 .

(b) E
[ Nt∑

k=1

Sk

]
= E[tNt − Ut] = tλt− λt2

2
=

λt2

2
.

2.11.5 The proof cannot go through because a product between a constant and a
Poisson process is not a Poisson process.

2.11.6 Let p
X
(x) be the probability density of X. If p(x, y) is the joint probability

density of X and Y , then p
X
(x) =

∑
y p(x, y). We have

∑

y≥0

E[X|Y = y]P (Y = y) =
∑

y≥0

∫
xp

X|Y=y
(x|y)P (Y = y) dx

=
∑

y≥0

∫
xp(x, y)

P (Y = y)
P (Y = y) dx =

∫
x
∑

y≥0

p(x, y) dx

=

∫
xpX (x) dx = E[X].
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2.11.8 (a) Since Tk has an exponential distribution with parameter λ

E[e−σTk ] =

∫ ∞

0
e−σxλe−λx dx =

λ

λ+ σ
.

(b) We have

Ut = T2 + 2T3 + 3T4 + · · · + (n− 2)Tn−1 + (n− 1)Tn + (t− Sn)n

= T2 + 2T3 + 3T4 + · · · + (n− 2)Tn−1 + (n− 1)Tn + nt− n(T1 + T2 + · · ·+ Tn)

= nt− [nT1 + (n − 1)T2 + · · ·+ Tn].

(c) Using that the arrival times Sk, k = 1, 2, . . . n, have the same distribution as the
order statistics U(k) corresponding to n independent random variables uniformly dis-
tributed on the interval (0, t), we get

E
[
e−σUt

∣∣∣Nt = n
]

= E[e−σ(tNt−
∑Nt
k=1 Sk)|Nt = n]

= e−nσtE[eσ
∑n
i=1 U(i) ] = e−nσtE[eσ

∑n
i=1 Ui ]

= e−nσtE[eσU1 ] · · ·E[eσUn ]

= e−nσt 1

t

∫ t

0
eσx1 dx1 · · ·

1

t

∫ t

0
eσxn dxn

=
(1− e−σt)n

σntn
·

(d) Using Exercise 2.11.6 we have

E
[
e−σUt ] =

∑

n≥0

P (Nt = n)E
[
e−σUt

∣∣∣Nt = n
]

=
∑

n≥0

e−λtnλn

n!

(1− e−σt)n

σntn

= eλ(1−e−σt)/σ−λ·

3.11.6 (a) dt dNt = dt(dMt + λdt) = dt dMt + λdt2 = 0

(b) dWt dNt = dWt(dMt + λdt) = dWtdMt + λdWtdt = 0

2.12.6 Use Doob’s inequality for the submartingalesW 2
t and |Wt|, and use that E[W 2

t ] =
t and E[|Wt|] =

√
2t/π, see Exercise 2.1.16 (a).

2.12.7 Divide by t in the inequality from Exercise 2.12.6 part (b).

2.12.10 Let σ = n and τ = n+ 1. Then

E
[

sup
n≤t≤n=1

(Nt

t
− λ

)2]
≤ 4λ(n + 1)

n2
·
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The result follows by taking n → ∞ in the sequence of inequalities

0 ≤ E
[(Nt

t
− λ

)2]
≤ E

[
sup

n≤t≤n=1

(Nt

t
− λ

)2]
≤ 4λ(n + 1)

n2
·

Chapter 3

3.1.2 We have

{ω; τ(ω) ≤ t} =

{
Ω, if c ≤ t
Ø, if c > t

and use that Ø,Ω ∈ Ft.

3.1.3 First we note that

{ω; τ(ω) < t} =
⋃

0<s<t

{ω; |Ws(ω)| > K}. (18.0.1)

This can be shown by double inclusion. Let As = {ω; |Ws(ω)| > K}.
“ ⊂ ” Let ω ∈ {ω; τ(ω) < t}, so inf{s > 0; |Ws(ω)| > K} < t. Then exists τ < u < t
such that |Wu(ω)| > K, and hence ω ∈ Au.
“ ⊃ ” Let ω ∈ ⋃0<s<t{ω; |Ws(ω)| > K}. Then there is 0 < s < t such that |Ws(ω)| >
K. This implies τ(ω) < s and since s < t it follows that τ(ω) < t.
Since Wt is continuous, then (18.0.1) can be also written as

{ω; τ(ω) < t} =
⋃

0<r<t,r∈Q
{ω; |Wr(ω)| > K},

which implies {ω; τ(ω) < t} ∈ Ft since {ω; |Wr(ω)| > K} ∈ Ft, for 0 < r < t. Next we
shall show that P (τ < ∞) = 1.

P ({ω; τ(ω) < ∞}) = P
( ⋃

0<s

{ω; |Ws(ω)| > K}
)
> P ({ω; |Ws(ω)| > K})

= 1−
∫

|x|<K

1√
2πs

e−
y2

2s dy > 1− 2K√
2πs

→ 1, s → ∞.

Hence τ is a stopping time.

3.1.4 Let Km = [a+ 1
m , b− 1

m ]. We can write

{ω; τ ≤ t} =
⋂

m≥1

⋃

r<t,r∈Q
{ω;Xr /∈ Km} ∈ Ft,

since {ω;Xr /∈ Km} = {ω;Xr ∈ Km} ∈ Fr ⊂ Ft.

3.1.8 (a) We have {ω; cτ ≤ t} = {ω; τ ≤ t/c} ∈ Ft/c ⊂ Ft. And P (cτ < ∞) = P (τ <
∞) = 1.
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(b) {ω; f(τ) ≤ t} = {ω; τ ≤ f−1(t)} = Ff−1(t) ⊂ Ft, since f−1(t) ≤ t. If f is bounded,
then it is obvious that P (f(τ) < ∞) = 1. If limt→∞ f(t) = ∞, then P (f(τ) < ∞) =
P
(
τ < f−1(∞)

)
= P (τ < ∞) = 1.

(c) Apply (b) with f(x) = ex.

3.1.10 If let G(n) = {x; |x − a| < 1
n}, then {a} =

⋂
n≥1G(n). Then τn = inf{t ≥

0;Wt ∈ G(n)} are stopping times. Since supn τn = τ , then τ is a stopping time.

3.2.3 The relation is proved by verifying two cases:
(i) If ω ∈ {ω; τ > t} then (τ ∧ t)(ω) = t and the relation becomes

Mτ (ω) = Mt(ω) +Mτ (ω)−Mt(ω).

(ii) If ω ∈ {ω; τ ≤ t} then (τ ∧ t)(ω) = τ(ω) and the relation is equivalent with the
obvious relation

Mτ = Mτ .

3.2.5 Taking the expectation in E[Mτ |Fσ] = Mσ yields E[Mτ ] = E[Mσ], and then
make σ = 0.

3.3.9 Since Mt = W 2
T − t is a martingale with E[Mt] = 0, by the Optional Stopping

Theorem we get E[Mτa ] = E[M0] = 0, so E[W 2
τa − τa] = 0, from where E[τa] =

E[W 2
τa ] = a2, since Wτa = a.

3.3.10 (a)

F (a) = P (Xt ≤ a) = 1− P (Xt > a) = 1− P ( max
0≤s≤t

Ws > a)

= 1− P (Ta ≤ t) = 1− 2√
2π

∫ ∞

|a|/
√
t
e−y2/2 dy

=
2√
2π

∫ ∞

0
e−y2/2 dy − 2√

2π

∫ ∞

|a|/
√
t
e−y2/2 dy

=
2√
2π

∫ |a|/
√
t

0
e−y2/2 dy.

(b) The density function is p(a) = F ′(a) = 2√
2πt

e−a2/(2t), a > 0. Then

E[Xt] =

∫ ∞

0
xp(x) dx =

2√
2πt

∫ ∞

0
xe−x2/(2t) dy =

√
2t

π

E[X2
t ] =

2√
2πt

∫ ∞

0
x2e−x2/(2t) dx =

4t√
π

∫ ∞

0
y2e−y2 dy

=
2√
2πt

1

2

∫ ∞

0
u1/2e−u du =

1√
2πt

Γ(3/2) = t

V ar(Xt) = E[X2
t ]− E[Xt]

2 = t
(
1− 2

π

)
.
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3.3.16 It is recurrent since P (∃t > 0 : a < Wt < b) = 1.

3.4.4 Since

P (Wt > 0; t1 ≤ t ≤ t2) =
1

2
P (Wt 6= 0; t1 ≤ t ≤ t2) =

1

π
arcsin

√
t1
t2
,

using the independence

P (W 1
t > 0,W 2

t ) = P (W 1
t > 0)P (W 2

t > 0) =
1

π2

(
arcsin

√
t1
t2

)2
.

The probability for Wt = (W 1
t ,W

2
t ) to be in one of the quadrants is

4

π2

(
arcsin

√
t1
t2

)2
.

3.5.2 (a) We have

P (Xt goes up to α) = P (Xt goes up to α before down to −∞) = lim
β→∞

e2µβ − 1

e2µβ − e−2µα
= 1.

3.5.3

P (Xt never hits −β) = P (Xt goes up to ∞ before down to −β) = lim
α→∞

e2µβ − 1

e2µβ − e−2µα
.

3.5.4 (a) Use that E[XT ] = αpα − β(1 − pα); (b) E[X2
T ] = α2pα + β2(1 − pα), with

pα = e2µβ−1
e2µβ−e−2µα ; (c) Use V ar(T ) = E[T 2]− E[T ]2.

3.5.7 Since Mt = W 2
t − t is a martingale, with E[Mt] = 0, by the Optional Stopping

Theorem we get E[W 2
T − T ] = 0. Using WT = XT − µT yields

E[X2
T − 2µTXT + µ2T 2] = E[T ].

Then

E[T 2] =
E[T ](1 + 2µE[XT ])− E[X2

T ]

µ2
.

Substitute E[XT ] and E[X2
T ] from Exercise 3.5.4 and E[T ] from Proposition 3.5.5.

3.6.11 See the proof of Proposition 3.6.3.

3.6.12

E[T ] = − d

ds
E[e−sT ]|s=0

=
1

µ
(αpα + β(1 − pβ)) =

E[XT ]

µ
.

3.6.13 (b) Applying the Optional Stopping Theorem

E[ecMT−λT (ec−c−1)] = E[X0] = 1

E[eca−λTf(c)] = 1

E[e−λTf(c)] = e−ac.
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Let s = f(c), so c = ϕ(s). Then E[e−λsT ] = e−aϕ(s).

(c) Differentiating and taking s = 0 yields

−λE[T ] = −ae−aϕ(0)ϕ′(0)

= −a
1

f ′(0)
= −∞,

so E[T ] = ∞.

(d) The inverse Laplace transform L−1
(
e−aϕ(s)

)
cannot be represented by elementary

functions.

3.8.8 Use that if Wt is a Brownian motion then also tW1/t is a Brownian motion.

3.8.11 Use E[(|Xt| − 0)2] = E[|Xt|2] = E[(Xt − 0)2].

3.8.15 Let an = ln bn. Then Gn = elnGn = e
a1+···+an

n → elnL = L.

3.9.3 (a) L = 1. (b) A computation shows

E[(Xt − 1)2] = E[X2
t − 2Xt + 1] = E[X2

t ]− 2E[Xt] + 1

= V ar(Xt) + (E[Xt]− 1)2.

(c) Since E[Xt] = 1, we have E[(Xt − 1)2] = V ar(Xt). Since

V ar(Xt) = e−tE[eWt ] = e−t(e2t − et) = et − 1,

then E[(Xt − 1)2] does not tend to 0 as t → ∞.

3.11.3 (a) E[(dWt)
2 − dt2] = E[(dWt)

2]− dt2 = 0.

(b) V ar((dWt)
2 − dt) = E[(dW 2

t − dt)2] = E[(dWt)
4 − 2dtdWt + dt2]

= 3st2 − 2dt · 0 + dt2 = 4dt2.

Chapter 4

4.2.3 (a) Use either the definition or the moment generation function to show that
E[W 4

t ] = 3t2. Using stationarity, E[(Wt −Ws)
4] = E[W 4

t−s] = 3(t− s)2.

4.4.1 (a) E[

∫ T

0
dWt] = E[WT ] = 0.

(b) E[

∫ T

0
Wt dWt] = E[

1

2
W 2

T − 1

2
T ] = 0.

(c) V ar(

∫ T

0
Wt dWt) = E[(

∫ T

0
Wt dWt)

2] = E[
1

4
W 2

T +
1

4
T 2 − 1

2
TW 2

T ] =
T 2

2
.

4.6.2 X ∼ N(0,
∫ T
1

1
t dt) = N(0, ln T ).
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4.6.3 Y ∼ N(0,
∫ T
1 tdt) = N

(
0, 12 (T

2 − 1)
)

4.6.4 Normally distributed with zero mean and variance

∫ t

0
e2(t−s) ds =

1

2
(e2t − 1).

4.6.5 Using the property of Wiener integrals, both integrals have zero mean and vari-

ance
7t3

3
.

4.6.6 The mean is zero and the variance is t/3 → 0 as t → 0.

4.6.7 Since it is a Wiener integral, Xt is normally distributed with zero mean and
variance ∫ t

0

(
a+

bu

t

)2
du = (a2 +

b2

3
+ ab)t.

Hence a2 + b2

3 + ab = 1.

4.6.8 Since both Wt and
∫ t
0 f(s) dWs have the mean equal to zero,

Cov
(
Wt,

∫ t

0
f(s) dWs

)
= E[Wt,

∫ t

0
f(s) dWs] = E[

∫ t

0
dWs

∫ t

0
f(s) dWs]

= E[

∫ t

0
f(u) ds] =

∫ t

0
f(u) ds.

The general result is

Cov
(
Wt,

∫ t

0
f(s) dWs

)
=

∫ t

0
f(s) ds.

Choosing f(u) = un yields the desired identity.

4.8.6 Apply the expectation to

( Nt∑

k=1

f(Sk)
)2

=

Nt∑

k=1

f2(Sk) + 2

Nt∑

k 6=j

f(Sk)f(Sj).

4.9.1

E
[ ∫ T

0
eks dNs

]
=

λ

k
(ekT − 1)

V ar
(∫ T

0
eks dNs

)
=

λ

2k
(e2kT − 1).

Chapter 5

5.2.1 Let Xt =
∫ t
0 e

Wu du. Then

dGt = d(
Xt

t
) =

tdXt −Xtdt

t2
=

teWtdt−Xtdt

t2
=

1

t

(
eWt −Gt

)
dt.
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5.3.3

(a) eWt(1 + 1
2Wt)dt+ eWt(1 +Wt)dWt;

(b) (6Wt + 10e5Wt)dWt + (3 + 25e5Wt)dt;

(c) 2et+W 2
t (1 +W 2

t )dt+ 2et+W 2
t WtdWt;

(d) n(t+Wt)
n−2
(
(t+Wt +

n−1
2 )dt+ (t+Wt)dWt

)
;

(e)
1

t

(
Wt −

1

t

∫ t

0
Wu du

)
dt;

(f)
1

tα

(
eWt − α

t

∫ t

0
eWu du

)
dt.

5.3.4

d(tW 2
t ) = td(W 2

t ) +W 2
t dt = t(2WtdWt + dt) +W 2

t dt = (t+W 2
t )dt+ 2tWtdWt.

5.3.5 (a) tdWt +Wtdt;
(b) et(Wtdt+ dWt);
(c) (2− t/2)t cosWt dt− t2 sinWt dWt;
(d) (sin t+W 2

t cos t)dt+ 2 sin tWt dWt;

5.3.7 It follows from (5.3.9).

5.3.8 Take the conditional expectation in

M2
t = M2

s + 2

∫ t

s
Mu− dMu +Nt −Ns

and obtain

E[M2
t |Fs] = M2

s + 2E[

∫ t

s
Mu− dMu|Fs] + E[Nt|Fs]−Ns

= M2
s + E[Mt + λt|Fs]−Ns

= M2
s +Ms + λt−Ns

= M2
s + λ(t− s).

5.3.9 Integrating in (5.3.10) yields

Ft = Fs +

∫ t

s

∂f

∂x
dW 1

t +

∫ t

s

∂f

∂y
dW 2

t .

One can check that E[Ft|Fs] = Fs.

5.3.10 (a) dFt = 2W 1
t dW

1
t + 2W 2

t dW
2
t + 2dt; (b) dFt =

2W 1
t dW

1
t + 2W 2

t dW
2
t

(W 1
t )

2 + (W 2
t )

2
.
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5.3.11 Consider the function f(x, y) =
√

x2 + y2. Since
∂f

∂x
=

x√
x2 + y2

,
∂f

∂y
=

y√
x2 + y2

, ∆f =
1

2
√

x2 + y2
, we get

dRt =
∂f

∂x
dW 1

t +
∂f

∂y
dW 2

t +∆fdt =
W 1

t

Rt
dW 1

t +
W 2

t

Rt
dW 2

t +
1

2Rt
dt.

Chapter 6

6.2.1 (a) Use integration formula with g(x) = tan−1(x).

∫ T

0

1

1 +W 2
t

dWt =

∫ T

0
(tan−1)′(Wt) dWt = tan−1 WT +

1

2

∫ T

0

2Wt

(1 +Wt)2
dt.

(b) Use E
[ ∫ T

0

1

1 +W 2
t

dWt

]
= 0.

(c) Use Calculus to find minima and maxima of the function ϕ(x) =
x

(1 + x2)2
.

6.2.2 (a) Use integration by parts with g(x) = ex and get

∫ T

0
eWt dWt = eWT − 1− 1

2

∫ T

0
eWt dt.

(b) Applying the expectation we obtain

E[eWT ] = 1 +
1

2

∫ T

0
E[eWt ] dt.

If let φ(T ) = E[eWT ], then φ satisfies the integral equation

φ(T ) = 1 +
1

2

∫ T

0
φ(t) dt.

Differentiating yields the ODE φ′(T ) = 1
2φ(T ), with φ(0) = 1. Solving yields φ(T ) =

eT/2.

6.2.3 (a) Apply integration by parts with g(x) = (x− 1)ex to get

∫ T

0
Wte

Wt dWt =

∫ T

0
g′(Wt) dWt = g(WT )− g(0) − 1

2

∫ T

0
g′′(Wt) dt.

(b) Applying the expectation yields
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E[WT e
WT ] = E[eWT ]− 1 +

1

2

∫ T

0

[
E[eWt ] + E[Wte

Wt ]
]
dt

= eT/2 − 1 +
1

2

∫ T

0

(
et/2 + E[Wte

Wt ]
)
dt.

Then φ(T ) = E[WT e
WT ] satisfies the ODE φ′(T )− φ(T ) = eT/2 with φ(0) = 0.

6.2.4 (a) Use integration by parts with g(x) = ln(1 + x2).
(e) Since ln(1+ T ) ≤ T , the upper bound obtained in (e) is better than the one in (d),
without contradicting it.

6.3.1 By straightforward computation.

6.3.2 By computation.

6.3.13 (a) e√
2
sin(

√
2W1); (b)

1
2e

2T sin(2W3); (c)
1√
2
(e

√
2W4−4 − 1).

6.3.14 Apply Ito’s formula to get

dϕ(t,Wt) = (∂tϕ(t,Wt) +
1

2
∂2
xϕ(t,Wt))dt+ ∂xϕ(t,Wt)dWt

= G(t)dt + f(t,Wt) dWt.

Integrating between a and b yields

ϕ(t,Wt)|ba =

∫ b

a
G(t) dt +

∫ b

a
f(t,Wt) dWt.

Chapter 7

7.2.1 Integrating yields Xt = X0+
∫ t
0 (2Xs+e2s) ds+

∫ t
0 b dWs. Taking the expectation

we get

E[Xt] = X0 +

∫ t

0
(2E[Xs] + e2s) ds.

Differentiating we obtain f ′(t) = 2f(t) + e2t, where f(t) = E[Xt], with f(0) = X0.
Multiplying by the integrating factor e−2t yields (e−2tf(t))′ = 1. Integrating yields
f(t) = e2t(t+X0).

7.2.4 (a) Using product rule and Ito’s formula, we get

d(W 2
t e

Wt) = eWt(1 + 2Wt +
1

2
W 2

t )dt+ eWt(2Wt +W 2
t )dWt.

Integrating and taking expectations yields

E[W 2
t e

Wt ] =

∫ t

0

(
E[eWs ] + 2E[Wse

Ws ] +
1

2
E[W 2

s e
Ws ]
)
ds.
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Since E[eWs ] = et/2, E[Wse
Ws ] = tet/2, if let f(t) = E[W 2

t e
Wt ], we get by differentiation

f ′(t) = et/2 + 2tet/2 +
1

2
f(t), f(0) = 0.

Multiplying by the integrating factor e−t/2 yields (f(t)e−t/2)′ = 1 + 2t. Integrating
yields the solution f(t) = t(1 + t)et/2. (b) Similar method.

7.2.5 (a) Using Exercise 2.1.18

E[W 4
t − 3t2|Ft] = E[W 4

t |Ft]− 3t2

= 3(t− s)2 + 6(t− s)W 2
s +W 4

s − 3t2

= (W 4
s − 3s2) + 6s2 − 6ts+ 6(t− s)W 2

s 6= W 4
s − 3s2

Hence W 4
t − 3t2 is not a martingale. (b)

E[W 3
t |Fs] = W 3

s + 3(t− s)Ws 6= W 3
s ,

and hence W 3
t is not a martingale.

7.2.6 (a) Similar method as in Example 7.2.4.
(b) Applying Ito’s formula

d(cos(σWt)) = −σ sin(σWt)dWt −
1

2
σ2 cos(σWt)dt.

Let f(t) = E[cos(σWt)]. Then f ′(t) = −σ2

2 f(t), f(0) = 1. The solution is f(t) = e−
σ2

2
t.

(c) Since sin(t+σWt) = sin t cos(σWt)+cos t sin(σWt), taking the expectation and using
(a) and (b) yields

E[sin(t+ σWt)] = sin tE[cos(σWt)] = e−
σ2

2
t sin t.

(d) Similarly starting from cos(t+ σWt) = cos t cos(σWt)− sin t sin(σWt).

7.2.7 From Exercise 7.2.6 (b) we have E[cos(Wt)] = e−t/2. From the definition of
expectation

E[cos(Wt)] =

∫ ∞

−∞
cosx

1√
2πt

e−
x2

2t dx.

Then choose t = 1/2 and t = 1 to get (a) and (b), respectively.

7.2.8 (a) Using a standard method involving Ito’s formula we can get E(Wte
bWt) =

bteb
2t/2. Let a = 1/(2t). We can write

∫
xe−ax2+bx dx =

√
2πt

∫
xebx

1√
2πt

e−
x2

2t dx

=
√
2πtE(Wte

bWt) =
√
2πtbteb

2t/2 =

√
π

a

( b

2a

)
eb

2/(4a).
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The same method for (b) and (c).

7.2.9 (a) We have

E[cos(tWt)] = E
[∑

n≥0

(−1)n
W 2n

t t2n

(2n)!

]
=
∑

n≥0

(−1)n
E[W 2n

t ]t2n

(2n)!

=
∑

n≥0

(−1)n
t2n

(2n)!

(2n)!tn

2nn!
=
∑

n≥0

(−1)n
t3n

2nn!

= e−t3/2.

(b) Similar computation using E[W 2n+1
t ] = 0.

7.3.2 (a) Xt = 1 + sin t −
∫ t
0 sin s dWs, E[Xt] = 1 + sin t, V ar[Xt] =

∫ t
0 (sin s)

2 ds =
t
2 − 1

4 sin(2t);

(b) Xt = et − 1 +
∫ t
0

√
s dWs, E[Xt] = et − 1, V ar[Xt] =

t2

2 ;

(c) Xt = 1 + 1
2 ln(1 + t2) +

∫ t
0 s

3/2 dWs, E[Xt] = 1 + 1
2 ln(1 + t2), V ar(Xt) =

t4

4 .

7.3.4

Xt = 2(1 − e−t/2) +

∫ t

0
e−

s
2
+Ws dWs = 1− 2e−t/2 + e−t/2+Wt

= 1 + et/2(eWt − 2);

Its distribution function is given by

F (y) = P (Xt ≤ y) = P (1 + et/2(eWt − 2) ≤ y) = P
(
Wt ≤ ln(2 + (y − 1)et/2)

)

=
1√
2πt

∫ ln(2+(y−1)et/2)

−∞
e−

x2

2t dx.

E[Xt] = 2(1 − e−t/2), V ar(Xt) = V ar(e−t/2eWt) = e−tV ar(eWt) = et − 1.

7.5.1 (a)

dXt = (2WtdWt + dt) +Wtdt+ tdWt

= d(W 2
t ) + d(tWt) = d(tWt +W 2

t )

so Xt = tWt +W 2
t . (b) We have

dXt = (2t− 1

t2
Wt)dt+

1

t
dWt

= 2tdt+ d(
1

t
Wt) = d(t2 +

1

t
Wt),
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so Xt = t2 + 1
tWt − 1−W1.

(c) dXt =
1

2
et/2Wtdt+ et/2dWt = d(et/2Wt), so Xt = et/2Wt. (d) We have

dXt = t(2WtdWt + dt)− tdt+W 2
t dt

= td(W 2
t ) +W 2

t dt−
1

2
d(t2)

= d(tW 2
t − t2

2
),

so Xt = tWt − t2

2 . (e) dXt = dt+ d(
√
tWt) = d(t+

√
tWt), so Xt = t+

√
tWt −W1.

7.6.1 (a) Xt = X0e
4t +

1

4
(1− e4t) + 2

∫ t

0
e4(t−s) dWs;

(b) Xt = X0e
3t +

2

3
(1− e3t) + e3tWt;

(c) Xt = et(X0 + 1 +
1

2
W 2

t − t

2
)− 1;

(d) Xt = X0e
4t − t

4
− 1

16
(1− e4t) + e4tWt;

(e) Xt = X0e
t/2 − 2t− 4 + 5et/2 − et cosWt;

(f) Xt = X0e
−t + e−tWt.

7.8.1 (a) The integrating factor is ρt = e−
∫ t
0 αdWs+

1
2

∫ t
0 α2ds = e−αWt+

α2

2
t, which trans-

forms the equation in the exact form d(ρtXt) = 0. Then ρtXt = X0 and hence

Xt = X0e
αWt−α2

2
t.

(b) ρt = e−αWt+
α2

2
t, d(ρtXt) = ρtXtdt, dYt = Ytdt, Yt = Y0e

t, ρtXt = X0e
t, Xt =

X0e
(1−α2

2
)t+αWt .

7.8.2 σt dAt = dXt − σAt dt, E[At] = 0, V ar(At) = E[A2
t ] =

1
t2

∫ t
0 E[Xs]

2 ds =
X2

0
t .

Chapter 8

8.1.2 A = 1
2∆ = 1

2

∑n
k=1 ∂

2
k.

8.1.4

X1(t) = x01 +W1(t)

X2(t) = x02 +

∫ t

0
X1(s) dW2(s)

= x02 + x01W2(t) +

∫ t

0
W1(s) dW2(s).

8.4.2 E[τ ] is maximum if b − x0 = x0 − a, i.e. when x0 = (a + b)/2. The maximum
value is (b− a)2/4.
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8.5.1 Let τk = min(k, τ) ր τ and k → ∞. Apply Dynkin’s formula for τk to show that

E[τk] ≤
1

n
(R2 − |a|2),

and take k → ∞.

8.5.3 x0 and x2−n.

8.6.1 (a) We have a(t, x) = x, c(t, x) = x, ϕ(s) = xes−t and u(t, x) =
∫ T
t xes−t ds =

x(eT−t − 1).

(b) a(t, x) = tx, c(t, x) = − lnx, ϕ(s) = xe(s
2−t2)/2 and u(t, x) = −

∫ T
t ln

(
xe(s

2−t2)/2
)
ds =

−(T − t)[lnx+ T
6 (T + t)− t2

3 ].

8.6.2 (a) u(t, x) = x(T − t) + 1
2(T − t)2. (b) u(t, x) = 2

3e
x
(
e

3
2
(T−t) − 1

)
. (c) We have

a(t, x) = µx, b(t, x) = σx, c(t, x) = x. The associated diffusion is dXs = µXsds +
σXsdWs, Xt = x, which is the geometric Brownian motion

Xs = xe(µ−
1
2
σ2)(s−t)+σ(Ws−Wt), s ≥ t.

The solution is

u(t, x) = E
[ ∫ T

t
xe(µ−

1
2
σ2)(s−t)+σ(Ws−Wt) ds

]

= x

∫ T

t
e(µ−

1
2
(s−t))(s−t)E[eσ(s−t)] ds

= x

∫ T

t
e(µ−

1
2
(s−t))(s−t)eσ

2(s−t)/2 ds

= x

∫ T

t
eµ(s−t) ds =

x

µ

(
eµ(T−t) − 1

)
.

Chapter 9

9.1.7 Apply Example 9.1.6 with u = 1.

9.1.8 Xt =
∫ t
0 h(s) dWs ∼ N(0,

∫ t
0 h

2(s) ds). Then eXt is log-normal with E[eXt ] =

e
1
2
V ar(Xt) = e

1
2

∫ t
0
h(s)2 ds.

9.1.9 (a) Using Exercise 9.1.8 we have

E[Mt] = E[e−
∫ t
0
u(s) dWse−

1
2

∫ t
0
u(s)2 ds]

= e−
1
2

∫ t
0
u(s)2 dsE[e−

∫ t
0
u(s) dWs ] = e−

1
2

∫ t
0
u(s)2 dse

1
2

∫ t
0
u(s)2 ds = 1.

(b) Similar computation with (a).

9.1.10 (a) Applying the product and Ito’s formulas we get

d(et/2 cosWt) = −e−t/2 sinWt dWt.
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Integrating yields

et/2 cosWt = 1−
∫ t

0
e−s/2 sinWs dWs,

which is an Ito integral, and hence a martingale; (b) Similarly.

9.1.12 Use that the function f(x1, x2) = ex1 cosx2 satisfies ∆f = 0.

9.1.14 (a) f(x) = x2; (b) f(x) = x3; (c) f(x) = xn/(n(n − 1)); (d) f(x) = ecx; (e)
f(x) = sin(cx).

Chapter 10

10.3.4 (a) Since rt ∼ N(µ, s2), with µ = b+ (r0 − b)e−at and s2 = σ2

2a (1− e−2at). Then

P (rt < 0) =

∫ 0

−∞

1√
2πs

e−
(x−µ)2

2s2 dx =
1√
2π

∫ −µ/s

−∞
e−v2/2 dv = N(−µ/s),

where by computation

−µ

s
= − 1

σ

√
2a

e2at − 1

(
r0 + b(eat − 1)

)
.

(b) Since

lim
t→∞

µ

s
=

√
2a

σ
lim
t→∞

r0 + b(eat − 1)√
e2at − 1

=
b
√
2a

σ
,

then

lim
t→∞

P (rt < 0) = lim
t→∞

N(−µ/s) = N(−b
√
2a

σ
).

It is worth noting that the previous probability is less than 0.5.
(c) The rate of change is

d

dt
P (rt < 0) = − 1√

2π
e−

µ2

2s2
d

ds

(µ
s

)

= − 1√
2π

e−
µ2

2s2
ae2at[b(e2at − 1)(e−at − 1)− r0]

(e2at − 1)3/2
.

10.3.5 By Ito’s formula

d(rnt ) =
(
na(b− rt)r

n−1
t +

1

2
n(n− 1)σ2rn−1

t

)
dt+ nσr

n− 1
2

t dWt.

Integrating between 0 and t and taking the expectation yields

µn(t) = rn0 +

∫ t

0
[nabµn−1(s)− naµn(s) +

n(n− 1)

2
σ2µn−1(s)] ds
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Differentiating yields

µ′
n(t) + naµn(t) = (nab+

n(n− 1)

2
σ2)µn−1(t).

Multiplying by the integrating factor enat yields the exact equation

[enatµn(t)]
′ = enat(nab+

n(n− 1)

2
σ2)µn−1(t).

Integrating yields the following recursive formula for moments

µn(t) = rn0 e
−nat + (nab+

n(n− 1)

2
σ2)

∫ t

0
e−na(t−s)µn−1(s) ds.

10.5.1 (a) The spot rate rt follows the process

d(ln rt) = θ(t)dt+ σdWt.

Integrating yields

ln rt = ln r0 +

∫ t

0
θ(u) du+ σWt,

which is normally distributed. (b) Then rt = r0e
∫ t
0 θ(u) du+σWt is log-normally dis-

tributed. (c) The mean and variance are

E[rt] = r0e
∫ t
0 θ(u) due

1
2
σ2t, V ar(rt) = r20e

2
∫ t
0 θ(u) dueσ

2t(eσ
2t − 1).

10.5.2 Substitute ut = ln rt and obtain the linear equation

dut + a(t)utdt = θ(t)dt+ σ(t)dWt.

The equation can be solved multiplying by the integrating factor e
∫ t
0
a(s) ds.

Chapter 11
11.1.1 Apply the same method used in the Application 11.1. The price of the bond is:

P (t, T ) = e−rt(T−t)E
[
e−σ

∫ T−t
0 Ns ds

]
.

11.2.2 The price of an infinitely lived bond at time t is given by limT→∞ P (t, T ). Using

lim
T→∞

B(t, T ) =
1

a
, and

lim
T→∞

A(t, T ) =





+∞, if b < σ2/(2a)
1, if b > σ2/(2a)

( 1a + t)(b− σ2

2a2
)− σ2

4a3
, if b = σ2/(2a),

we can get the price of the bond in all three cases.
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Chapter 12

12.1.1 Dividing the equations

St = S0e
(µ−σ2

2
)t+σWt

Su = S0e
(µ−σ2

2
)u+σWu

yields

St = Sue
(µ−σ2

2
)(t−u)+σ(Wt−Wu).

Taking the predictable part out and dropping the independent condition we obtain

E[St|Fu] = Sue
(µ−σ2

2
)(t−u)E[eσ(Wt−Wu)|Fu]

= Sue
(µ−σ2

2
)(t−u)E[eσ(Wt−Wu)]

= Sue
(µ−σ2

2
)(t−u)E[eσWt−u ]

= Sue
(µ−σ2

2
)(t−u)e

1
2
σ2(t−u)

= Sue
µ(t−u)

Similarly we obtain

E[S2
t |Fu] = S2

ue
2(µ−σ2

2
)(t−u)E[e2σ(Wt−Wu)|Fu]

= S2
ue

2µ(t−u)eσ
2(t−u).

Then

V ar(St|Fu) = E[S2
t |Fu]− E[St|Fu]

2

= S2
ue

2µ(t−u)eσ
2(t−u) − S2

ue
2µ(t−u)

= S2
ue

2µ(t−u)
(
eσ

2(t−u) − 1
)
.

When s = t we get E[St|Ft] = St and V ar(St|Ft) = 0.

12.1.2 By Ito’s formula

d(lnSt) =
1

St
dSt −

1

2

1

S2
t

(dSt)
2

= (µ− σ2

2
)dt+ σdWt,

so lnSt = lnS0+(µ− σ2

2 )t+σWt, and hence lnSt is normally distributed with E[lnSt] =

lnS0 + (µ − σ2

2 )t and V ar(lnSt) = σ2t.
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12.1.3 (a) d
(

1
St

)
= (σ2 − µ) 1

St
dt− σ

St
dWt;

(b) d
(
Sn
t

)
= n(µ+ n−1

2 σ2)dt+ nσSn
t dWt;

(c)

d
(
(St − 1)2

)
= d(S2

t )− 2dSt = 2StdSt + (dSt)
2 − 2dSt

=
(
(2µ + σ2)S2

t − 2µSt

)
dt+ 2σSt(St − 1)dWt.

12.1.4 (b) Since St = S0e
(µ−σ2

2
)t+σWt , then Sn

t = Sn
0 e

(nµ−σ2

2
)t+nσWt and hence

E[Sn
t ] = Sn

0 e
(nµ−σ2

2
)tE[enσWt ]

= Sn
0 e

(nµ−σ2

2
)te

1
2
n2σ2t

= Sn
0 e

(nµ+
n(n−1)

2
σ2)t.

(a) Let n = 2 in (b) and obtain E[S2
t ] = S0e

(2µ+σ2)t.

12.1.5 (a) Let Xt = StWt. The product rule yields

d(Xt) = WtdSt + StdWt + dStdWt

= Wt(µStdt+ σStdWt) + StdWt + (µStdt+ σStdWt)dWt

= St(µWt + σ)dt+ (1 + σWt)StdWt.

Integrating

Xs =

∫ s

0
St(µWt + σ)dt+

∫ s

0
(1 + σWt)StdWt.

Let f(s) = E[Xs]. Then

f(s) =

∫ s

0
(µf(t) + σS0e

µt) dt.

Differentiating yields

f ′(s) = µf(s) + σS0e
µs, f(0) = 0,

with the solution f(s) = σS0se
µs. Hence E[WtSt] = σS0te

µt.
(b) Cov(St,Wt) = E[StWt]− E[St]E[Wt] = E[StWt] = σS0te

µt. Then

Corr(St,Wt) =
Cov(St,Wt)

σStσWt
=

σS0te
µt

S0eµt
√

eσ2t − 1
√
t

= σ

√
t

eσ2t − 1
→ 0, t → ∞.

12.1.8 d = Sd/S0 = 0.5, u = Su/S0 = 1.5, γ = −6.5, p = 0.98.
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12.2.2 Let Ta be the time St reaches level a for the first time. Then

F (a) = P (St < a) = P (Ta > t)

= ln
a

S0

∫ ∞

t

1√
2πσ3τ3

e−
(ln a

S0
−αστ)2

2τσ3 dτ,

where α = µ− 1
2σ

2.

12.2.3 (a) P (Ta < T ) = ln a
S0

∫ T
0

1√
2πσ3τ3

e
−(ln a

S0
−αστ)2/(2τσ3)

dτ .

(b)
∫ T2

T1
p(τ) dτ .

12.4.3 E[At] = S0

(
1 + µt

2

)
+O(t2), V ar(At) =

S0
3 σ2t+O(t2).

12.4.6 (a) Since lnGt =
1
t

∫ t
0 lnSu du, using the product rule yields

d(lnGt) = d
(1
t

)∫ t

0
lnSu du+

1

t
d
( ∫ t

0
lnSu du

)

= − 1

t2

( ∫ t

0
lnSu du

)
dt+

1

t
lnSt dt

=
1

t
(lnSt − lnGt)dt.

(b) Let Xt = lnGt. Then Gt = eXt and Ito’s formula yields

dGt = deXt = eXtdXt +
1

2
eXt(dXt)

2 = eXtdXt

= Gtd(lnGt) =
Gt

t
(lnSt − lnGt)dt.

12.4.7 Using the product rule we have

d
(Ht

t

)
= d

(1
t

)
Ht +

1

t
dHt

= − 1

t2
Htdt+

1

t2
Ht

(
1− Ht

St

)
dt

= − 1

t2
H2

t

St
dt,

so, for dt > 0, then d
(
Ht
t

)
< 0 and hence Ht

t is decreasing. For the second part, try to

apply l’Hospital rule.

12.4.8 By continuity, the inequality (12.4.9) is preserved under the limit.

12.4.9 (a) Use that 1
n

∑
Sα
tk

= 1
t

∑
Stk

t
n → 1

t

∫ t
0 S

α
u du. (b) Let It =

∫ t
0 S

α
u du. Then

d
(1
t
It

)
= d
(1
t

)
It +

1

t
dIt =

1

t

(
Sα
t − It

t

)
dt.
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Let Xt = Aα
t . Then by Ito’s formula we get

dXt = α
(1
t
It

)α−1
d
(1
t
It

)
+

1

2
α(α − 1)

(1
t
It

)α−2
(
d
(1
t
It

))2

= α
(1
t
It

)α−1
d
(1
t
It

)
= α

(1
t
It

)α−1 1

t

(
Sα
t − It

t

)
dt

=
α

t

(
St(A

α
t )

1−1/α −Aα
t

)
dt.

(c) If α = 1 we get the continuous arithmetic mean, A1
t = 1

t

∫ t
0 Su du. If α = −1 we

obtain the continuous harmonic mean, A−1
t = t∫ t

0
1
Su

du
.

12.4.10 (a) By the product rule we have

dXt = d
(1
t

) ∫ t

0
SudWu +

1

t
d
( ∫ t

0
Su dWu

)

= − 1

t2

( ∫ t

0
Su dWu

)
dt+

1

t
StdWt

= = −1

t
Xtdt+

1

t
StdWt.

Using the properties of Ito integrals, we have

E[Xt] =
1

t
E[

∫ t

0
Su dWu] = 0

V ar(Xt) = E[X2
t ]− E[Xt]

2 = E[X2
t ]

=
1

t2
E
[(∫ t

0
Su dWu

)(∫ t

0
Su dWu

)]

=
1

t2

∫ t

0
E[S2

u] du =
1

t2

∫ t

0
S0e

(2µ+σ2)u du

=
S2
0

t2
e(2µ+σ2)t − 1

2µ+ σ2
.

(b) The stochastic differential equation of the stock price can be written in the form

σStdWt = dSt − µStdt.

Integrating between 0 and t yields

σ

∫ t

0
Su dWu = St − S0 − µ

∫ t

0
Su du.

Dividing by t yields the desired relation.
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12.5.2 Using independence E[St] = S0e
µtE[(1 + ρ)Nt ]. Then use

E[(1 + ρ)Nt ] =
∑

n≥0

E[(1 + ρ)n|Nt = n]P (Nt = n) =
∑

n≥0

(1 + ρ)n
(λt)n

n!
= eλ(1+ρ)t.

12.5.3 E[lnSt] = lnS0

(
µ− λρ− σ2

2 + λ ln(ρ+ 1)
)
t.

12.5.4 E[St|Fu] = Sue
(µ−λρ−σ2

2
)(t−u)(1 + ρ)Nt−u .

Chapter 13

13.2.2 (a) Substitute limSt→∞N(d1) = limSt→∞N(d2) = 1 and limSt→∞
K
St

= 0 in

c(t)

St
= N(d1)−

K

St
e−r(T−t)N(d2).

(b) Use limSt→0N(d1) = limSt→0N(d2) = 0. (c) It comes from an analysis similar to
the one used at (a).

13.2.3 Differentiating in c(t) = StN(d1)−Ke−r(T−t)N(d2) yields

dc(t)

dSt
= N(d1) + St

dN(d1)

dSt
−Ke−r(T−t) dN(d2)

dSt

= N(d1) + StN
′(d1)

∂d1
∂St

−Ke−r(T−t)N ′(d2)
∂d2
∂St

= N(d1) + St
1√
2π

e−d21/2
1

σ
√
T − t

1

St
−Ke−r(T−t) 1√

2π
e−d22/2

1

σ
√
T − t

1

St

= N(d1) +
1√
2π

1

σ
√
T − t

1

St
e−d22/2

[
Ste

(d22−d21)/2 −Ke−r(T−t)
]
.

It suffices to show

Ste
(d22−d21)/2 −Ke−r(T−t) = 0.

Since

d22 − d21 = (d2 − d1)(d2 + d1) = −σ
√
T − t

2 ln(St/K) + 2r(T − t)

σ
√
T − t

= −2
(
lnSt − lnK + r(T − t)

)
,

then we have

e(d
2
2−d21)/2 = e− lnSt+lnK−r(T−t) = e

ln 1
St elnKe−r(T−t)

=
1

St
Ke−r(T−t).



359

Therefore

Ste
(d22−d21)/2 −Ke−r(T−t) = St

1

St
Ke−r(T−t) −Ke−r(T−t) = 0,

which shows that dc(t)
dSt

= N(d1).

13.3.1 The payoff is

fT =

{
1, if lnK1 ≤ XT ≤ lnK2
0, otherwise.

where XT ∼ N
(
lnSt + (µ − σ2

2 )(T − t), σ2(T − t)
)
.

Êt[fT ] = E[fT |Ft, µ = r] =

∫ ∞

−∞
fT (x)p(x) dx

=

∫ lnK2

lnK1

1

σ
√
2π

√
T − t

e
− [x−lnSt−(r−σ

2

2 )(T−t)]2

2σ2(T−t) dx

=

∫ −d2(K2)

−d2(K1)

1√
2π

e−y2/2 dy =

∫ d2(K1)

d2(K2)

1√
2π

e−y2/2 dy

= N
(
d2(K1)

)
−N

(
d2(K2)

)
,

where

d2(K1) =
lnSt − lnK1 + (r − σ2

2 )(T − t)

σ
√
T − t

d2(K2) =
lnSt − lnK2 + (r − σ2

2 )(T − t)

σ
√
T − t

.

Hence the value of a box-contract at time t is ft = e−r(T−t)[N
(
d2(K1)

)
−N

(
d2(K2)

)
].

13.3.2 The payoff is

fT =

{
eXT , if XT > lnK
0, otherwise.

ft = e−r(T−t)Êt[fT ] = e−r(T−t)

∫ ∞

lnK
exp(x) dx.

The computation is similar with the one of the integral I2 from Proposition 13.2.1.

13.3.3 (a) The payoff is

fT =

{
enXT , if XT > lnK
0, otherwise.
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Êt[fT ] =

∫ ∞

lnK
enxp(x) dx =

1

σ
√

2π(T − t)

∫ ∞

lnK
enxe

− 1
2

[x−lnSt−(r−σ2/2)(T−t)]2

σ2(t−t) dx

=
1√
2π

∫ ∞

−d2

enσ
√
T−tyelnSnt en(r−

σ2

2
)(T−t)e−

1
2
y2 dy

=
1√
2π

Sn
t e

n(r−σ2

2
)(T−t)

∫ ∞

−d2

e−
1
2
y2+nσ

√
T−ty dy

=
1√
2π

Sn
t e

n(r−σ2

2
)(T−t)e

1
2
n2σ2(T−t)

∫ ∞

−d2

e−
1
2
(y−nσ

√
T−t)2 dy

=
1√
2π

Sn
t e

(nr+n(n−1)σ
2

2
)(T−t)

∫ ∞

−d2−nσ
√
T−t

e−
z2

2 dz

= Sn
t e

(nr+n(n−1)σ
2

2
)(T−t)N(d2 + nσ

√
T − t).

The value of the contract at time t is

ft = e−r(T−t)Êt[fT ] = Sn
t e

(n−1)(r+nσ2

2
)(T−t)N(d2 + nσ

√
T − t).

(b) Using gt = Sn
t e

(n−1)(r+nσ2

2
)(T−t), we get ft = gtN(d2 + nσ

√
T − t).

(c) In the particular case n = 1, we have N(d2+σ
√
T − t) = N(d1) and the value takes

the form ft = StN(d1).

13.4.1 Since lnST ∼ N
(
lnSt +

(
µ− σ2

2 (T − t)
)
, σ2(T − t)

)
, we have

Êt[fT ] = E
[
(lnST )

2|Ft, µ = r
]

= V ar
(
lnST |Ft, µ = r

)
+E[lnST |Ft, µ = r]2

= σ2(T − t) +
[
lnSt + (r − σ2

2
)(T − t)

]2
,

so

ft = e−r(T−t)
[
σ2(T − t) +

[
lnSt + (r − σ2

2
)(T − t)

]2]
.

13.5.1 lnSn
T is normally distributed with

lnSn
T = n lnST ∼ N

(
n lnSt + n

(
µ− σ2

2
(T − t)

)
, n2σ2(T − t)

)
.

Redo the computation of Proposition 13.2.1 in this case.

13.6.1 Let n = 2.

ft = e−r(T−t)Êt[(ST −K)2]

= e−r(T−t)Êt[S
2
T ] + e−r(T−t)

(
K2 − 2KÊt[ST ]

)

= S2
t e

(r+σ2)(T−t) + e−r(T−t)K2 − 2KSt.
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Let n = 3. Then

ft = e−r(T−t)Êt[(ST −K)3]

= e−r(T−t)Êt[S
3
T − 3KS2

T + 3K2ST +K3]

= e−r(T−t)Êt[S
3
T ]− 3Ke−r(T−t)Êt[S

2
T ] + e−r(T−t)(3K2Êt[ST ] +K3)

= e2(r+3σ2/2)(T−t)S3
t − 3Ke(r+σ2)(T−t)S2

t + 3K2St + e−r(T−t)K3.

13.8.1 Choose cn = 1/n! in the general contract formula.

13.9.1 Similar computation with the one done for the call option.

13.11.1 Write the payoff as a difference of two puts, one with strike price K1 and the
other with strike price K2. Then apply the superposition principle.

13.11.2 Write the payoff as fT = c1 + c3 − 2c2, where ci is a call with strike price Ki.
Apply the superposition principle.

13.11.4 (a) By inspection. (b) Write the payoff as the sum between a call and a put
both with strike price K, and then apply the superposition principle.

13.11.4 (a) By inspection. (b) Write the payoff as the sum between a call with strike
price K2 and a put with strike price K1, and then apply the superposition principle.
(c) The strangle is cheaper.

13.11.5 The payoff can be written as a sum between the payoffs of a (K3,K4)-bull
spread and a (K1,K2)-bear spread. Apply the superposition principle.

13.12.2 By computation.

13.12.3 The risk-neutral valuation yields

ft = e−r(T−t)Êt[ST −AT ] = e−r(T−t)Êt[ST ]− e−r(T−t)Êt[AT ]

= St − e−r(T−t) t

T
At +

1

rT
St

(
1− e−r(T−t)

)

= St

(
1 +

1

rT
− 1

rT
e−r(T−t)

)
− e−r(T−t) t

T
At.

13.12.5 We have

lim
t→0

ft = S0e
−rT+(r−σ2

2
)T
2
+σ2T

6 − e−rTK

= S0e
− 1

2
(r+σ2

6
)T − e−rTK.

13.12.6 Since GT < AT , then Êt[GT ] < Êt[AT ] and hence

e−r(T−t)Êt[GT −K] < e−r(T−t)Êt[AT −K],

so the forward contract on the geometric average is cheaper.
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13.12.7 Dividing

Gt = S0e
(µ−σ2

2
) t
2 e

σ
t

∫ t
0
Wu du

GT = S0e
(µ−σ2

2
)T
2 e

σ
T

∫ t
0 Wu du

yields
GT

Gt
= e(µ−

T−t
2

)T−t
2 e

σ
T

∫ T
0

Wu du−σ
t

∫ t
0
Wu du.

An algebraic manipulation leads to

GT = Gte
(µ−σ2

2
)T−t

2 eσ(
1
T
− 1
t
)
∫ t
0 Wu due

σ
T

∫ T
t Wu du.

13.15.7 Use that

P (max
t≤T

St ≥ z) = P
(
sup
t≤T

[(µ− σ2

2
)t+ σWt] ≥ ln

z

S0

)

= P
(
sup
t≤T

[
1

σ
(µ − σ2

2
)t+Wt] ≥

1

σ
ln

z

S0

)
.

Chapter 15

15.5.1 P = F −∆FS = c−N(d1)S = −Ke−r(T−t).

Chapter 17

17.1.9

P (St < b) = P
(
(r − σ2

2
)t+ σWt < ln

b

S0

)
= P

(
σWt < ln

b

S0
− (r − σ2

2
)t
)

= P
(
σWt < −λ

)
= P

(
σWt > λ

)
≤ e−

−λ2

2σ2t

= e−
1

2σ2t
[ln(S0/b)+(r−σ2/2)t]2 ,

where we used Proposition 1.12.11 with µ = 0.
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